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THE ESTIMATION OF CES PRODUCTION FUNCTION PARAMETERS 

BY THE AX IAL DOUBLE ITERATION METHOD

1. In tro d u c t io n

The e a r l i e r  in v e s t ig a t io n s  [ l ] ,  [ 2 ] ,  [ 7 ] on the e s tim a tio n  

methods fo r  CES p rod u c tio n  fu n c tio n  in  tho form

( 1 ) Y - a  [SK *^  + ( l  - 5 ) L~^ ] ^ + E,

w here t

Y - p rod uc tio n  ou tp u t,

K - f ix ed  a s s e ts ,

L - employment,

«  - p rod uctio n  s c a le  param eter,

S  - d is t r ib u t io n  param eter, 

v -  fu n c tio n  homogeneity param eter, 

g - s u b s t itu t io n  param oter,

E - random term ,

proved th a t the e s t im a tio n  of a four-param eter fu n c tio n  can be 

l im ite d  to tho e s t im a tio n  of a two-parameter fu n c t io n , a f t e r  

having  estim ated  tho param eter v  by K m e n t a  method (¡.3 J )  

and determ ined tho e s tim a te s  of param eter a  d i r e c t l y  from the 

f i r e t  equation  o f the system  of normal eq ua tion s. Hence, tho

*  D r . , L e c tu re r  a t  the In s t i t u t e  o f  E c o n o m e t r i c s  a n d  o t a -

t i s  t l e s , U n iv e r s i t y  of Łódź. _ .
*  *  S e n io r  A s s is ta n t  a t the In s t i t u t e  of Econom etrics  and

S t a t i s t i c s ,  U n iv e r s i t y  of Łódź.
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above problem hoo b-.-ron con iin ed  to tho d e te rm in a tio n  of such va 

lu es  c f  A , b , r fo r  which the fu n c tio n

n

( 2 )  Q(A, b, r )  x Y ]  Yi

i-1

would a t t a in  i t s  minimum ot on a p r io r i  g iven  va lu e  o f c and 

c t  the va lu e s  of A determ ined accord ing  to

¿ Yi  [ bKi r ♦

A “ ^ r r r ------------ T T ^ "  '

(Tho form o f (3 )  was generated in  [ 2 ]  from the system of normal 

equations b u i l t  fo r  the fu n c tio n  ( 2 ) ) .

To determ ine the va lu e s  of b and r a so c o lle d  double 

i t e r a t io n  wethod was suggested in  [ 2 ] .  The method co n s is ts  in  a 

otep-by-step sea rch ing  fo r  extreme va lu e s  o f b and r .  Then, 

s im ila r  c a lc u la t io n s  a re  made fo r tho o th o r param eter. The who

le  i t e r a t io n  p ro cess , co n s tru c t in g  two in te r r e la to d  b lo cks , is  

c a r r ie d  out so long th a t the two normal equations fo r  the func

t io n  ( 2 ) are so lved  w ith  a predeterm ined a ccu ra cy .

. The Monte-Corlo experim ents confirm ed t*>e num erica l e f f i c i e 

ncy o f the double i t e r a t io n  method, i . e .  reg a rd le ss  the ch o i

ce of a s ta r t in g  p o in t the predeterm ined param eters were a lw ays 

ob ta in ed . However, the i t e r a t i v e  p rocess - a lthough  converg

ing w ith  the predeterm ined va lu e3  of param eters - was too alow 

ar.d c o s t ly .  T h e re fo re  in v e s t ig a t io n s  a re  c a r r ie d  out to make 

i t  more n u m e r ic a lly  e f f i c i e n t  s in ce  the sho rten in g  o f time need

ed fo r  c a lc u la t io n s  is  n ecessa ry  a ls o  in  the case when tho pro

p e r t ie s  of e s t im a to rs  of model param eters a re  s tu d ied  by means 

of num erica l experim ents.

The poper p resen ts  a m o d if ic a tio n  of the double i t e r a t io n  

method, fu r th e r  c a l le d  the a x ia l  double i t e r a t io n  method.

- A [b K ;r ♦ a - b ) i . ; r ] r }



2. The A x ia l Oouble I t e r a t io n  Method

I t  fo llo w s  from the in v e s t ig a t io n s  [ 5 ] tha t the c r i t e r io n  

fu n c tio n  Q ( A (b , r ) ,  b. r )  in  the form (2 )  d e fin e s  the p arab o lo 

id-shaped a re a , and l t e  le v e l  l ln e e  are  the cu rves c lo se  to e l 

l ip s e s  w ith  common axes (from  the e a r l i e r  study [ 4 ] i t  fo llow ed  

th a t the " a x is "  of le v e l  l in e s  symmetry was app rox im ate ly  a 

s t r a ig h t  l i n e ) .  The p o in t of in te r s e c t io n  of these axes d e te r 

mined, w ith  some num erica l a ccu ra cy , the p o in t in  which func

t io n  Q ( A (b , r ) ,  b, r )  a tta in e d  i t s  minimum. Th is  was the ba

s is  fo r  m odifying the way of d e te rm in a tio n  o f the extreme va lu e s  

of b and r ,  i . e .  fo r  assuming another way of s o lu t io n  of the 

system of eq u a tio n s :

( 4 )

F 2( A ( b , r ) , b , r )  - —  Q (A (b , r ) . b , r )  ■ 0 , 

F 3( A ( b , r ) , b . r )  - Q (A (b ,r  ) . b , r )  - 0 .

Th is  way was d i f f e r e n t  from the double i t e r a t io n  method pro

posed and d iscussed  in  [ 2 ] .  Namely, a t g iven  r Q p o in t bQ is  

looked fo r  in  such a way th a t the fu n c tio n  F2 d i f f e r s  from zero  

le s s  than by a g iven  accu racy  VVW, and s im i la r ly  - fo r  the g iv 

en va lu e  of r a correspond ing  va lu e  of b  ̂ i *  searched fo r .

The obta ined  p o in ts  (bQ, r Q) and (b^ , r^ ) a re  the b as is  fo r  

d eterm in ing  the s t r a ig h t  l in e  corresponding  to the " a x le ” of sym

m etry fo r le v e l  l in e s .  T h is  ax ie  Is  determ ined as a s t r a ig h t  l i 

ne by the e q u a tio n !

( 5 )  b - D1r ♦ 02 ,

where s

b. - b

°1  '  r r - " F I '  °2  "  bo - V o ’

Assuming th a t the e t r a lg h t  l in e  (5 )  determ ines the a x is  of e l 

l ip s e s ,  on t h is  l in e  we search  the p o in t ( b ( r ) ,  r )  in  which the 

fu n c tio n  Q has a c o n d it io n a l minimum. T h is  corresponds to the 

d e te rm in a tio n  of a zero p la ce  of a re s p e c t iv e  d e r iv a t iv e  of
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¡unctxon . ( A ( b ( r ) ,  r ) ,  b ( r ) ,  r )  , I . e .  to tho uo.lt.iion of

titO equation

( t-) Nr ̂  * F j ( A , b , r  ) + D1F 2(A ,b , r )  • O ,

wheror

A • A ( b , r ) ,  b •• D^r Dg.

Por a num erica l r e a l iz a t io n  of the a x ia l  double I t e r a t io n  

ftiwthod the program #  CE3 7 has Loon developed (< hls program

i i  a v a i la b le  a t the L ib ra r y  o f Program s, In s t i t u t e  of Econome

t r i c s  end S t a t i s t i c s ,  U n iv e r s i t y  of Łó d ź ). The re n u lta  o f Mon- 

t*- C a r lo  experim ents ob ta ined  using the progiem #  CES 7 a llo w  

uo to e va lu a te  p ro p e r t ie s  of the p resented  method, and e s p e c ia l

ly  to answer tho fo llo w in g  q u es tio n s :

1. Does tho determ ined s t r a ig h t  l in e  (5 )  depend on the as- 

tu^ed va lu o s  of s ta r t in g  p o in ts ?  i f  so . In  whot way?

2. .What Is  the In f lu e n ce  of the c o r r e la t io n  le v e l  of v a r ia b 

le s  K and L on tho v a lu e s  taken by and 0^7

3. What la  the r e la t io n s h ip  between the d ir e c t io n s  o f tho 

s t r a ig h t  l in a  (5 )  and tho va lu a3  of param eter £ determ in ing  the 

s u b s t itu t io n  e l a s t i c i t y  d » in  the fu n c t io n ?

4. What is  the behaviour of the e stim a tes  of fu n c tio n  p ara 

meters (1 )  in  r a lo t io n  to the number of o b se rva tio n s  (n ) and ran

dów term E ?

3, A Num erical Model

To ans.vor the above q u estion s  the fo llo w in g  n um erica l model

of experim ents has been con structed «

u) tho sequence of n v a lu e s  L^, l_2 , . . . ,  L^, , has

biien d e fin e d ,

b ) as3uning s d i f f e r e n t  le v e ls  of c o r r e la t io n  between v a r ia b 

le s  K and i~ (measured by the v a lu e s  of c o r r e la t io n  c o e f f ic ie n t s  

¿-(K, L )  th t  o Lequencoo of  the va lu e s  on v a r ia b le  K, 1 .e. ^ s “  *'

K4. ,  . K were determ ined ,
4- ¿i p

Cj fo r  the act of p a l r o j i L ^  *<l 8 ) ,  1 - 1 ,  n
}

a n d  f o r



the £i03umod v a lu e s  of param eters a ,  5 »£  the va lu e s  of YT^e"

- a  [ S K &  * ( l  - © l J ] - 1/« were c a lc u la te d .

Param eters a  and 5 , as shown in  [ 5 j » can bo determ ined ot 

an a r b i t r a r y  l e v e l  by assuming measuring u n it s  fo r  K, L and V. 

In  the experim ents v a r io u s  le v e ls  were assuatod fo r  tba parometsr

£ •

In  th ie  way the s s e ts  of p o in ts  Dfi 1_̂ , Ki s '  YTi s ) - 1 • *• 

. . . .  n j on re s p e c t iv e  fu n c t io n a l su rfa ce s  were o b ta in ed .

In  tho experim ents tho fo llo w in g  lo v o la  of param eter« wore 

assumed: 

cur 2,

St  0 .4 ,

Q : - 0 .3 , 0 .2 , 1.

(o(K, L )  i 0 .324 , 0 .723 , 0 .930, 

and s ta r t in g  v a lu e s :  

rQ t 0 .3 , 0 .5 ,

Tj j -0 .5 , -0 .4 , -0 .3 , -0 .2 , - O . i ,  0 .1 , 0 .1 5 , 0 .1 9 , 0 .20 0.21, 

0 .2 5 , 0 .3 , 0 .4 , 0 .5 , 0 .6 , 0 .7 , 0 ,0 , 0 .9 , 1 .0 , 1 .2 , 1 .5 . 

The re s p o c t lv e  p o in ts  fcQ * bCr^) and b^ ■ b (r^ )  were determ ined 

in  such a way tha t

( 7 )  g ( A ( b , r ) ,  b, r ) |< 1 0 ” f>.

The se ta  0Q viero tre a te d  no sam ples. Thoy servod fo r chock

ing tha num erica l e f f i c ie n c y  o f tho a x ia l  double i t e r a t io n  mothou 

( AOXM) a t  v a r io u s  cho ice  of s ta r t in g  p o in ts  r Q and r j . They 

were a lso  a b as is  fo r  tho a n a ly s is  of the accu racy  of AOIM o- 

e tim a tes  of fu n c tio n  param eters ( l )  in  the case of randon te rn  

o ccu rr in g  in  the v a r ia b le  Y. m I P

Fo r each se t 0 „ the I P  new s e ts  of D l# * " *  ° s *  ° e
8 8

were determ inad so tha t

° a m m { ( L i * Ki ' Yl a m )* 1 - 1 ........... n }  *

where Y , „ m ie  a r e a l iz a t io n  o f a random v a r ia b le  d e fin ed  as 
10

( 8 )  Yt3 m - YTifl ♦ C j® , m - 1 ........... IP ,

where C j"  ie  the i- th  r e a l iz a t io n  of the random v a r ia b le  c B



w ith  the d lo t r lb u t io n  N (0, d j.)(c  was generated using the procedure 

NQRGEfJ w ith  a lp h a ) .  The v a r ia n ce  was chosen so os to be

O .liv  and l.O ij  of v a r i a b i l i t y  of Y. Fo r each sot Da a sequence 

of s e ts  i ° c ra« m ■ 1, . . . ,  I p J  was ob ta in ed .

4. L o c a t ion of the Leve l A x is

On the lo v e l  a x is  thero  are  p o in ts  w ith  co o rd in a tes  ( r  , 

b ( r o) ) . '  They were determ ined assuming rQ and d e fin in g  b (r  ) In  

such a way th a t r e la t io n  ( 7 )  h o ld s . Tab le  1 p rese n ts  coo rd ina 

te© of the p o in ts  on the l e v e l  axes determ ined fo r  th ree  v a r io u s  

fu n c t io n a l areas  d i f f e r e n t ia t e d  by the c o r r e la t io n  degree o f K 

and L. The Table a lso  p rese n ts  the va lu e s  of r e s id u a ls  o ( r  )
Q

obta ined  as a d if fe re n c e  between the va lu o s  of b (r  ) and bCr ) .
* 0 0 

The v a lu e s  of b ( r Q) were c a lc u la te d  from the LSM reg re ss io n  l in e »

(9 )  b ( r )  - o j  r ♦ 0*

determ ined fo r  the ob ta ined  se ts  of p o in ts  w ith  coo rd in a tes  ( r  ,

b ( r 0» .

Three reg re ss io n  l in e s  fo r  th ree  subsets y 1»K1»L i  1 - 1 ,  

n correspond ing  to th ree  le v e ls  £ (K ,  L )  - 0 .324 , 0.727,

0.935 were determ ined. These a re :

(1 0 )  b ■ 0.119B296r + 0.375885 fo r  £>(K,L) - 0 .324 ,

(1 1 ) b - 0.1372636r V 0.3726333 fo r  g (K , L )  - 0 .727 ,

(1 2 )  b • 0.1547703r ♦ 0.3697843 fo r  g (K , L )  - 0 .936 .

From the r e s u lt s  p resented  In  Tab le  1 i t  fo llo w s  th a t in  each 

case being considered  the v a lu e s  of b ( r Q ) in c re ase  w ith  the in 

c rease  in  r . A t a f ix e d  le v e l  o f r  the v a lu e s  o f b (r  ) in-
u O O .

c rease  w ith  the In c re a se  in  the c o r r e la t io n  degree o f v a r ia b le s  

K, L when r Q > ^ , and they  decrease when r Q< ^ .  Hence, the 

determ ined reg re ss io n  l in e s  (1 0 )- (1 2 ) a re  c h a ra c te r iz e d  by the 

In c rease  of In te rc e p t  v a lu e  o f 0* and the decreaee of random 

term D* fo r  h igher v a lu e s  of £>(K, L ) .

An in te r e s t in g  tendency can be observed in  the 9 igns of re-



T a b l e  1

Va lues of co o rd in a tes  b ( r  ) fo r  s e le c te d  v a lu e s  of r c

*•
£ ( K , L ) - 0.324 /p (K ,L) - 0.727 ç ( K , L )  - С>.936 .

0
b ( r Q) e ( r 0 ) b ( r o ) n ( r o ) cr

О

• ( r o )

1.00 0.4950 -0.00C71 0.5093 -0.00060 0.5252 ♦0.00065

0.90 0.4834 -0.00033 0.4961 -0.00007 0.5098 ♦0.00072

0.80 0.4717 -0.00005 0.4826 ♦0.00016 0.4943 ♦0.00070

0.70 0.4599 +0.00013 0.4691 ♦0.00038 0.4787 ♦0.00058

0.60 0.4481 +0.00032 0.4554 ♦0.00041 0.4630 ♦0.00035

0.50 0.4361 ♦0.00030 0.4416 ♦0.00033 0.4472 ♦0.00003

0.40 0.4241 ♦0.00028 0.4278 ♦0.00026 0.4314 -0.00029

0.30 0.4121 ♦0.00027 0.4139 ♦0.00009 0.4157 -0.00052

0.25 0.4060 ♦0.00018 0.4069 ♦0.00005 0.4078 -0.00068

0.21 0.4012 ♦0.00015 0.4014 -0.00006 0.4016 -0.00069

0.20 0.4000 ♦0.00015 0.4000 -0.00009 0.4000 -0.00074

0.19 0.3908 ♦0.00015 0.3986 -0.00011 0.3904 -0.00079

0.15 0.3940 ♦0.00014 0.3931 -0.00012 0.3922 -0.00080

0.10 0.3879 ♦0.00003 0.3861 -0.00026 0.3044 -0.0008G

-0.10 0.3637 -0.00020 0.3585 -0.00041 0.3536 -0.00071

-0.20 0.3517 -0.00022 0.3448 -0.00038 0.3385 -0.00033

-0.30 0.3397 -0.00024 0.3313 -0.00015 0.3236 ♦0.00025

-0.40 0.3277 -0.00025 0.3176 ♦0.00007 0.3089 ♦0.00102

•*0.50 0.3159 -0.00007 0.3046 ♦0.00060 0.2945 ♦0.00210

N o t e i  In  the column e ( r 0) t h e  va lu e s  of r e s id u a ls  I . e .  e
( r 0 ) - b ( r 0) - b (r0 ) are  g ive n .

s ld u a ls  s ( r o ) .  Namely, the grouping of r e s id u a ls  of the same 

s ign  Is  an evidence  th a t the re  la  a u to c o r re la t io n  In  the re s id u 

a ls  s e r ie s .  F ro«  a form al p o in t  o f v iew  th is  a u to c o r re la t io n  can 

p rov id e  evidence  th a t ,  f i r s t ,  the re  a re  s ys tem a tic  e r ro rs  in  

num erica l c a lc u la t lo n a ,  and seco n d ly , there  can be an erroneous 

hyp o th es is  th a t the symmetry a x is  of le v e l  l in e s  is  a s t r a ig h t  

l in e .  Changing ab so lu te  va lu e s  of r e s id u a ls  back up the second 

v a r ia n t  r a th e r ,  a lthough  they do not exclude the f i r s t  one. I t  

is  w orthw h ile  to note th a t w ith  the in c re a se  o f c o r r e la t io n  degree



of variables tho distribution of positivo and nogative rooiduals 

changos and their absoluto valuó incre&303.

Tabloo 2-4 proeont the va lu e s  of c o o f f ic ia n t s  0^ and D2 of 

• tro ig h t  l in o s  detorm inad in  (6 ) .  They aro ob ta ined  in  such a 

way th a t a l l  of them have ono common p o in t rQ ■ 0 .5  and b ( r  ) 

and the p o in t ( r ^ ,  b ( r ^ ) changos. In  most of the in v e s t ig a te d

T a b l e  2

C o e f f ic ie n ts  and 02 of s t r a ig h t  l in e  ( 5 )  
determ ined fo r  ( r 0 ,b o )-  (0 .5 ,  0 .4361) a t  g ( K , L )  *  0.324

r  

i ri
°1 °2 d * ( l ,  (0 .2 , 0 .4 ) )

1.00 0.117630 0.377326 0.000846 ( P )
0.90 0.118138 0.377072 0.000695 ( P )
0.80 0.118747 0.376727 0.000473 ( P )
0 .70 0.119035 0.376624 0.000428 ( P )
0 .60 0.119415 0.376434 0.000314 ( P )
0.40 0.120039 0.376121 0.000129 ( P )
0.30 0.120282 0.376000 0.000056 ( P )
0.25 0.120381 0.375951 0.000027 ( P )

0.21 0.120455 0.375916 0.000005 ( P )
0 .20 0.120471 0.375906 0.000000

0.19 0.120486 0.375898 0.000005 (n )

6.15 0.120547 0.375868 0.000023 (n )

0.10 0.120608 * 0.375038 0.000041 (n )

-0.10 0.120716 0.375783 0.000073 (n )

-0.20 0.120687 0.375790 0.000064 ( n )

*0 .30 0.120599 0.375841 0.000039 (n )

-0.40 0.120453 0.375915 0.000007 (p )
-0.50 0.120248 0.376018 0.000008 (p )

*  Symbol d 0 , ( 0 . 2 ,  0 .4 ) )  denotes the d is ta n c e  betneun the 
re a l p o in t (0 .2 .  0 .4 )  and the s t r a ig h t  l i n e i l  г b - D, r  ♦ 0, sym- 
bo ls  ( p ) and (n )  in  the fo u rth  column denote th a t the p o in t (0 .2 ,
0 .4 )  i s  below the s t r a ig h t  l in e  1 and above the s t r a ig h t  l in e  1, 
r e s p e c t iv e ly .

cases  the r e a l  p o in t (¿o » i)  l i e s  below these s t r a ig h t  l in e s  which 

back up the statem ent th a t the d e te ra in e d  ostim atoa  of param eter 

g can be ove restim ated  to a g rea t e x te n t. However, when r^ ie



choaan near the a c tu a l vn luo  of param eter 5 the e trn ig h t  l in e a  

boing determ inad nre q u its  near to tha p o in t ( ç , 5 ) .

T n b 1 о 3

C o e f f ic ie n t s  О} 
detorm ined fo r  ( r Q, b0)

end 0-> of o t ra lg h t  l in o  (5 )
« ( 0 .5 ‘, 0 .Л 416) J t  ^ .(K ,U ) • 0,727

r l °1 D2
d ( 1, (.0. 2, 0 . 4 »

1.00 0.135495 0.373047 0.000937 (p )

0.90 0.130142 0.373524 0.000746 ( P )

0.00 0.135724 0.373233 0.000572 ( Р )

0 .70 0.137238 0.372976 0.000420 ( P )

о . во 0.137676 0.372757 0.000209 ( P )

0.40 0.138320 0.372432 0.000096 ( P )

o .sn 0.138500 0.372350 O.OOOOiiO ( P )

0 .25 0.130599 0.372295 0.000015 ( P )

0.21 0.138641 0.372274 0.000002 (P>

0.20 0.130650 0.3/2270 0.000000

(n )
0.19 0.138658 0.3722C6 0.000002

0.15 0.130670 0.372256 0.000000 (n )

0.10 0.130683 0.372254 0.000009 (n )

-0.10 Q .138403 0.372353 0.000049 ( Р )

-0.20 0.130240 0.372471 0.000119 ( P )

-0.30 0.137922 0.372634 0.000216 ( P )

-0.40 0.137507 0.372842 0.000340 <P>

-0.50 0.137002 0.373094 0.000490 (P) ....

N 0 t e i C f. Tab le  

C o e f f ic ie n t s  t

2.

T

), and D , of O tra ig h t l in e  (5 )  
D0) - (0 .5 ,  0 .4472 ) a t ¿ » (K .U

a b l e  A
>■

• 0.936
determ ined fo r  ( r 0#l

r l °1 °2
d ( l.C O .2 , 0 .4 ) )

1 2 3 4

1.00 0.155913 0.369247 0.000424 (p )

0.90 0.156469 0.360969 0.000260 (p )

0.80 0.156923 0.368742 0.000125 (p )



Table 4 (co n td .)

1 2 3 4

0.70 0.157271 0.368568 0.000022 (p )

0.0/0 0.15751 6 0.368445 0.000051 (n )

0.40 0.157655 0.360376 0.000092 (n )

0.30 0.157559 0.368424 0.000063 (n )

0.25 0.157465 0.368471 0.000036 (n )

0.21 0.157370 0.368518 0.000008 (n )

0 .20 0.157333 0.368533 0.000000

0.19 0.157316 0.368545 0.000008 (p )

0.15 0.157195 0.368606 0.000044 (p )

0.10 0.157015 0.368696 0.000098 (p )

-0.10 0.156008 0.369199 0.000396 ( p )

-0.20 0.155334 0.369536 0.000596 ( p )

-0.30 0.154551 0.369928 0.000785 ( p )

-0.40 0.153660 0.370374 0.001093 (p )

-0.50 0.152665 0.370871 0.001388 (p )

N o t  e i C f. Tab le  2.

5. R e su lts  of the H onte-Carlo Experim ents

Tho Monto-Cario experim enta concerned a choeen sample 

Ki# L ) .  1 » 1 , . . . .  n j  fo r  which the c o r r e la t io n  c o e f f ic ie n t  

^ ( k , L )  was about 0 .723 . Tho sample co n ta in ed : n - 20, 30, 40 

e lem ents, r e s p e c t iv e ly .  In  each sample there  were randomly d i 

s tr ib u te d  the va lu es  of v a r ia b le  Y assuming Y^ d e fin ed  by (8 ) 

in s tead  of YT¿ ,

Thus, th ree  se ts  o f samples in  the form

{ { ( Y t , 1 ■ 1 , . r t |  n j  ffl ■ 1 , . . .  I P   ̂ t

,/ere ob ta ined  (acco rd in g  to the number n ). They were used to de

term ine the r e a l iz a t io n  of sample e s t im a to rs  of expected va lu es  

or param eter e s tim a te s  in  model ( l )  and t h e ir  s e le c te d  ch a ra c te 

r i s t i c s  such as v a r ia n ce  e s t im a te s , v a r i a b i l i t y  c o e f f ic ie n t s ,  

b ia s  v a lu e s , RSME (v a r ia n c e s  of e v a lu a t io n s  oround the a o tu a l va 

lu es  o f p a ram e te rs ).



The above measures wore determ ined fo r  I P  » 5 , 10, 15, 20, 25, 

. . . ,  95, 100 in  order to observo t h e ir  chongos when the numbar 

of samples In creased  and then to fo rm u late  correspond ing hypothe

ses on tho p ro p e r t ie s  of the ea tim o to rs  of model param eters ( l )  

ob ta ined  using the a x ia l  double i t e r a t io n  method.

I t  fo llo w s  from the experim ento c a r r ie d  out by the authors 

th a t w ith  the In c re a se  in  tho number e f  I P  tho f lu c tu a t io n s  of 

mean e stim a tes  correspond ing  to A , b, r decrease but the e s t i 

mates of param eter a  are not b iased  n u m e r ic a lly , -whllo the es 

tim ates  of param eter 5 a re  g e n e ra l ly  o ve res tim a ted . Mean va lu e s  

of b ios  a re  lower than the standard d o v io t io n . Tho e stim a tes  of 

poram eter g are ch a ra c te r iz e d  by h igher v a r i a b i l i t y .  The va lu e  

of r is  estim ated  to be tho w o rs t. Tho in c re a se  In  the somple 

s iz e  (n )  a f f e c t s  p o s i t i v e ly  tho r e s u lt s  of e s t im a tio n , i . e .  w ith  

the in c re a se  of n tho v a lu e s  of b ia s  and re s p e c t iv e  v a r ia n c e s  de

c rea se .
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Czesława Ja c k ie w ic z ,  H a lin a  K lep acz , E lż b ie ta  Żółtow ska

ESTYMACJA PARAMETRÓW FUNKCJI PROOUKCJI TYPU CES 

OSIOWĄ METODĄ PODWÓJNEJ IT ER A C JI

W a r ty k u le  omówiono motodg e s ty m a c ji parametrów fu n k c j i  p ro
d u k c j i typu CES n&zwang oaiowg metod? podwójnej I t e r a c j i  oraz 
w yn ik i eksperymentu Monte-Carlo przeprowadzonego d la  t e j  motody. 
Eksperym enty te m ia ły  na c e lu  zbodonle numerycznych w ła sn o śc i o- 
trzymanych ocen parametrów fu n k c j i  CES, Przoprowadzono je  d la  
wybranych prób dw udziesto- , t rz y d z ie s to - , cz te rd z lestoo iem en to -  
wych, k tó rych  w spółczynn ik k o r e la c j i  między zmiennymi o b ja ś 
n ia ją c y » !  wynosi 0 ,723 . 2 badań tych  w yn ika, że wraz ze wzros
tem i l o ś c i  i t e r a c j i  m aleją wahania ocen śred n ich  odpowiednich rs- 
g l i z ^ c j l  estym atorów param etrów : s k a l i  p ro d u k c ji ( a ) ,  p od z ia łu  
( f f ) ,  s u b s t y t u c j i (# ) .  Oceny param etru a  ni© wykazuję numerycz- 
nogo ob c i^ żsrjla , natom iast oceny param etru S oą z re g u ły  p rze 
szacowane. Srodn le  w ie lk o ś c i obcięźeń sg jednak m niejsze n iż  
jsdr.o o d ch y len ie  standardowe z p róby. W iększy zm iennością cha
ra k te ryz u je  s ię  oceny param etru q .


