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Abstract
The Wigner functions for the coherent states of a particle on a circle are dis-
cussed. The nontrivial analytic forms of these functions are derived. The clas-
sicality of the circular coherent states existing in the literature as well as the
new ones constructed by means of the Fourier transformation of the Gaussian
is compared based on negativity of the Wigner function.
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(Some figures may appear in colour only in the online journal)
1. Introduction

In spite of a long history of research into Wigner functions and their importance in quantum
optics the theory of these functions in the case of the quantum mechanics on a manifold with
non-trivial topology can hardly be called complete. In this work we calculate and compare the
Wigner functions in the circular coherent states for the quantum mechanics on a ring. More
precisely, the two specific coherent states defined earlier by us and other authors that we refer
to as the ‘Gaussian coherent states on the circle’ and ‘circular squeezed states’, respectively
as well as the new ones introduced herein called by us the ‘Gaussian—Fourier coherent states’.
The motivation for the investigation of the quantum rotational motion is, among others, its
important role in atomic and molecular physics. On the other hand, there are numerous exam-
ples of applications of coherent states including quantum optics, atomic physics, condensed
matter physics, quantum gravity and quantum information theory. Using the Wigner functions
for the discussed coherent states we investigate the classicality of these states. As well known,
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the most important property of coherent states is that they can be regarded from the physical
point of view as the states closest to the classical ones and it is plausible to treat the most clas-
sical coherent states as the best ones. In the case of the standard coherent states for a particle
on a line such closeness is described by minimization of the Heisenberg uncertainty relations
determining up to a unitary transformation the coherent states. In opposition to the case of the
quantum mechanics on a line there are no generally accepted uncertainty relations for a particle
on a circle. Therefore, we have decided in this work to utilize the Wigner function as an indica-
tor of classicality of the coherent states for the quantum mechanics on a circle. More precisely,
our criterion is the negativity of the Wigner function used as a measure of their non-classicality.
We recall that the Wigner function for the standard coherent states is nonnegative. This is an
example of application of the Hudson theorem [1]. Nevertheless, this is not the case for the
coherent states on a circle. Indeed, the only pure states of a quantum particle on a circle with
non-negative Wigner function are the eigenstates of the angular momentum [2]. The paper is
organized as follows. In section 2 we recall the basic facts about the quantum mechanics on a
circle. Section 3 is devoted to the short review of properties of the Wigner function for a parti-
cle on a circle. Section 4 deals with the circular squeezed states and the corresponding Wigner
function. In section 5 we discuss the coherent states called by us the Gaussian circular coherent
states and the Wigner function for these states. The starting point of section 6 are the coherent
states discussed in reference [3]. Because of the problems with definition of the Wigner func-
tion in these states we introduce the new ones that we refer to as the Gaussian—Fourier coherent
states and analyze the corresponding Wigner function. Section 7 is devoted to comparison of
classicality of the coherent states for the quantum mechanics on a circle choosing as a criterion
the negativity of their corresponding Wigner function.

2. Quantum mechanics on a circle

We now collect the basic facts about the quantum mechanics on a circle. The algebra adequate
for the study of a quantum particle on a circle is the e(2) algebra.

[J,Xl] - iXZa [J’Xz] - _iXI’ [XlaXZ] - 0’ (21)

where J is the Hermitian angular momentum operator, X; and X, are the Hermitian position
observables on a circle and we set 7 = 1. Indeed, the algebra (2.1) has the Casimir operator
given in a unitary irreducible representation by

X;+X; =1 (2.2)

The e(2) algebra can be written by means of the unitary operator U representing the position
of a particle on a unit circle as

J,Ul=U, (2.3)

where X| = r(U 4+ U')/2 and X, = n(U — U')/2i.
Consider the eigenvalue equation

1) = Jlj)- 24

The eigenvalue j is of the form j = k 4 A, where & is integer and A € [0, 1). Demanding the
time-reversal invariance of the algebra (2.3) we find that A\ = Oor A = %, so jis integer or half-
integer, respectively [4]. We assume in the sequel that j is integer. Of course, the eigenvectors
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|/} form an orthogonal and complete set, so

(Jlk) = 63, (2.52)
Sl =1 (2.5b)
Jj=—00

The operators U and U' act on the vectors |j) as the ladder ones. We have

uly=1li+1.  Ulh=1i-1. (2.6)
Consider now the eigenvalue equation

Ulp) = e¥|i). 2.7)
We point out that we have formally U = e'¥, where ¢ is the angle operator defined by

¢le) = elp). (2.8)

Nevertheless, it must be borne in mind that in opposition to the unitary operator U, the operator
% is problematic. The vectors |p) satisfy the orthogonality conditions

(ple’) =2m8(p — ¢), (2.9)

where ¢ — ¢’ € [—, 7). They form the complete set, namely
1 ™
2. | deledel =1 (2.10)
L

The resolution of the identity (2.10) gives rise to the functional coordinate representation L2(S")
for the quantum mechanics on a circle specified by the scalar product

1 T
(flg) = 2—/ do f(p)g(), 2.11)
™) =

where f(p) = (¢|f). The operators J and U act in the representation (2.11) as follows

d 4
Jf(p) = —i@f(w), Uf(p) =€ “f(p). (2.12)

The basis vectors |j) are represented in the Hilbert space with the scalar product (2.11) by the
functions

(pl)) = e (2.13)
Hence, using the completeness condition (2.5b) we find
@ =(elf)y = Y fie’, (2.14)
Jj=—00

where f; = (j|f). Of course (2.14) is the Fourier series expansion of the function f(¢). There-
fore the elements of the Hilbert space L*(S') specified by the scalar product (2.11) are in the
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discussed case of the integer eigenvalues j of the angular momentum operator J, 27-periodic
functions. On the other hand, (2.5b), (2.9) and (2.13) taken together yield

1 = ..
o Z e = 5(¢), (2.15)

j=—00

where ¢ € [—7, )

3. Wigner function for a particle on a circle

Our purpose in this section is to discuss the basic properties of the Wigner function for the
quantum mechanics on a circle. The generally accepted definition of the Wigner function in
the position representation Wy for the pair angle ¢ and orbital momentum / and a state f(¢) is
of the form

[ 0 0 i
Wi(l, ) = E/ de <<P - 2) f (@ + 2) e . (3.1

Nevertheless, some authors interpret Wy(l, ) as a function on the classical phase space that is
the cylinder S' x R [5], while others consider W¢(/, ) as a function on a partially quantized
space S' x Z, where Z is the set of integers, and assume that [ is discrete (see for example
reference [6]). We point out that the formula (3.1) was derived by means of different meth-
ods such as the group-theoretical one based on the analysis of representations of the E(2)
group [5], the Weyl-Wigner—Moyal formalism [6] and as a special case of the general con-
struction of the Wigner function for the n-dimensional sphere S" utilizing the solutions of
the Laplace—Beltrami equations for spheres [7]. We have the marginal position distribution
reproduced by the Wigner function such that

/ AWl o) = |f ()P (3.2)

in the case of continuous /, and for discrete /
> Wil o) = £ (33)
l=—00

following directly from (2.15) and (3.1). Thus, it turns out that the marginal position space
probability density is given by the same formula whether / is continuous or discrete. Further,
using the resolution of the identity (2.5b) and (2.13) we find the marginal for the momentum
space probability density

1 (" — e
. [ Wd@ Wi(l, ) = j;oo | fil*sinc w(j — D), (3.4)
where sinc is the sinus cardinalis function defined by

sin x

fi 0
sinc x = X orx 7 3.5)

1 forx=0
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and we utilized the identity
: 1 " ixf
sincTtx = — [ dfe"™. 3.6)
2w ),
Obviously, for integer [ the formula (3.4) reduces to

1 ™
2—/ de Wi(l, ) = | fif*, (3.7)
™ —T

so the marginal has the same form as for the quantum mechanics on a real line. In the case
of continuous / an interesting interpretation of the right-hand side of (3.4) was provided by
Kastrup [5] as an example of the Whittaker cardinal function interpolating the different discrete
values | fj\z Now, an immediate consequence of (3.6) is the relation

/ sincw(x —a) = 1. (3.8)
On the other hand, (3.6) and (2.15) taken together yield

> sinew(j—k) = 1. (3.9)

Jj=—00

From (3.2) it follows that we have the normalization condition

o0 1 ™
/ dl—/ do We(l, ) = 1. (3.10)
e 2T
For integer [ we get with the use of (3.3)
(o] 1 T
> —/ dp Wi(l, ) = 1. (3.11)
= 2m ).
We now discuss the Wigner function in the momentum representation
_ e k= ) s Jt+k
Wo)= Y > fifee* Msincn (2 —1) (3.12)

Jj=—00k=—00

following directly from (3.1), (2.5b), (2.13) and (3.6). On introducing in (3.12) the new sum-
mation indices k — j and j 4 k we find after some calculation that we can write (3.12) in the
form

W)= > fiifir;esinca(k—1I)

J=—00 k=—00
0 00 o 1
* i2j+Dpo:
+ j:E_OOk:E_OOfk_ijHl e ¥sine (k — I+ 2) . (3.13)

In the case of integer / (3.13) reduces to

ar TR SRR DF o,
Wo) = 3 flifies€®+ 3 D0 iy o €T (Ga4)
2

Jj=—00 Jj=—00 k=—00

Notice that the first sum from the right-hand side of (3.14) has the structure similar to the
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Wigner function for a particle on a line in momentum representation. Up to normalization
constant the formula (3.14) was derived from the quantizer kernel in reference [6], where the
general Wigner function for the quantum mechanics on a circle was considered in the states
described by the density matrix.

We finally write down the inequality satisfied by the Wigner function (3.1)

[We(l, 0)] < 2 (3.15)

following directly from (3.1), the Schwarz inequality and the inequality satisfied by an arbitrary
nonnegative 27-periodic function

%—‘,—(y g
/ dpglp) < / do g(p), (3.16)

%—‘,—(y -

where « is an arbitrary constant. The inequality (3.16) is obvious in view of the identity

T T+
/dwg(@:/ de g(p) (3.17)

T T+

that holds for an arbitrary 27-periodic function and arbitrary a.

4. Wigner function for the circular squeezed states

4.1. Circular squeezed states

We begin with a brief account of the circular squeezed states [8, 9]. Consider the following
form of the e(2) algebra obtained from (2.3) by the formal identification U = e'¥

[J,cos ¢] =1 sin @, [/,sin ] = —i cos ¢, [sin ¢,cos p] = 0. 4.1

The algebra (4.1) implies the uncertainty relations of the form

AJA cos ¢ > %| (sin @) |, (4.22)
1

AJA sin $ > §| (cos @) |, (4.2b)

A sin 9A cos ¢ > 0. (4.2¢)

The circular coherent states are defined as the states minimizing (4.2b) with ¢ replaced by
& — o In the position representation L>(S') these states are given by

fom(@) =

1 .
) expls cos(p — a) + im(p — a)], 4.3)

where the packet is peaked at ¢ = «, m is the counterpart of the classical momentum, and 7, (x)
designates the modified Bessel function of the first kind. The real parameter s >> O representing
the angular momentum spread [9] is given by

B AJ | {cos(p — a)) |
Assin(@—a)  2[A sin(¢ — a)]?
6

4.4)
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Let f; .(¥) = (¢|m, a),. The projection of the abstract coherent states |c, m), onto the basis
spanned by the eigenvectors | j) of the angular momentum operator J is

—iayj

e
. s s = Im*‘ s 4.5
(lm ), = b ) (4.5)
where the use was made of (2.10) and the identity [10]
1 [7 . 1 [7 -
In(x) — _/ do ex cos 4 emﬂ _ _/ doe* cos(f—a) em(f)—a), (46)
27 ) . )

where n is integer. The circular squeezed states are not orthogonal. Using (4.5) and the identity
[11]

o ) _ —ia\ 5
S () = (%) (VW + 2 —2wzcos a), (47

k=—00

where |we®¢| < |z| for v # 0, £1, £2, ..., and the Bessel function of the first kind J;(z)
with the integer order k is related to the modified Bessel function of the first kind 7;(z) by
I2) = 3Ji(2), we get

m —m

(m, alm’, o), = e § 4 se i@ 2
ST T T@2)Io25T) \ 8+ sel@’ =)
X Loy ( §2 + 5% + 2ss' cos(al — oz)) ) (4.8)
For s’ = s the formula (4.8) reduces to
%((y—(y/)(m—&-m/) !
(m,alm o), = elwlm/_m <2s|cos a . O‘) . 4.9)

The authors did not find the formulas (4.8) and (4.9) for the overlap of the circular squeezed
states in the literature. Furthermore, another consequence of (4.5), (4.7) and the relation
Ii(z) = iikJ «(2) s the completeness (over completeness) of the circular coherent states. Namely,
the resolution of the identity for these states is of the form

o0 1 T
> —/ dalm,a), (m,a| = I. (4.10)
27 ) . >

m=-—0o0

We now discuss the average values of the observables in the circular coherent states. An
immediate consequence of (4.6), (4.3) and the first equation of (2.12) is

Jm,alJ|m, o), =m, (4.11)

so, as mentioned earlier m is the parameter that can be regarded as a counterpart of the classical
orbital momentum. Nevertheless, by virtue of (4.3) m, in opposition to the classical angular
momentum can take only discrete values in the considered case of the Hilbert space of 27-
periodic functions. On the other hand, taking into account (2.7), (2.10), (4.3) and (4.6) we
arrive at the formula

w 1129)

Io(2s)
7

Jm,a Ulm, ) = e (4.12)
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On introducing the relative expectation value

J(m,a| Ulm, ),

,a|lU|m, = 4.13
.l Ulm, a)), = £ 000 (4.13)
we arrive at the relation

S(ma Ulm, o)), = . (4.14)

It follows from (4.11) and (4.14) that up to discreteness of m the states |m,«), are
parametrized by the points of the classical phase space. Nevertheless, in opposition to the stan-
dard coherent states for a particle on a line the states |m, «) are labeled by the extra parameter
s controlling the angular spread of the packet (4.3). On the other hand, it is not clear what is
the counterpart of the Bose annihilation operator whose eigenvectors are the circular coherent
states (4.3). We finally remark that the discussed circular squeezed states were applied in the
study of the Rydberg wave packets [9].

4.2. Wigner function for the circular squeezed states

Our purpose now is to study the Wigner function for the circular squeezed states. From (3.1)
and (4.3) we get

, 1 T 0
W (o) = M/o df exp |:2S cos(p — a)) cos 3 cos[0(l —m)]. (4.15)

The Wigner function (4.15) was introduced and investigated for the first time by Kastrup [5]
who considered the general case of arbitrary / and m, and checked consistency of the formulas
(3.4) and (4.5). We now derive the analytic expression of the Wigner function (4.15) for integer
[ 'and m in terms of the finite series of special functions. We begin by writing (4.15) in the form

, 2 3
W (L) = / dv exp[2s cos(p — a) cos U] cos[29(] — m)]. (4.16)
’ wlo(2s) J
On using the identity [12]
- 120 2n—k —1)! -
_ Z kn2n—2k—1 2n—2k
cos 2nx = (—1) 2 FW COS X, (417)

k=0

where n > 1, substituting in (4.16) cos 9 = x and utilizing the integral [12]
/ x2u—l(u2 _ xZ)p—leyx dx
0

1 1 pwru?
— _B 2v+42p-2 F . .
5 (v, pu 1F> V,2,V+P, e

1
+ %B (1/ + 2 p) yrl

2.2
“4“) Rep >0, Rev >0, (4.18)
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where B(x,y) is the Euler beta function, ;F2(a; 3, 8,;2) is the generalized hypergeometric
function and we set u =1, v=|l—m| —k+ 1, p=1 and p = 2scos(p — @), we get for

2
l#m

|i=m|

1 2l —m| Q= m| — k — 1)!
W' (L) = _1)kp2li=m|=2k—1
anllP) 7r10(2s)k2::0( ) K Qll—m| - 2k)!

11
B(ll—m —k+ -,
x{ <| m| +22>

X1F2 <|l—m—k

| 2 2
+§,2,|l m| —k + 1,5 cos”(¢ a))

1
+ 25 cos(¢ — @)B (l— m| —k+1, 5)
x F, \l—m\—k+1;5,|l—m|—k+5,s cos“(p—a)||. (4.19)
Taking into account (4.16) and the identity

/ P eacos 0 gy g Uo(a) + Lo(a)], (4.20)
0

where L, (x) is the modified Struve function, following directly from the first equation of (4.6)
and the relation [12]

2(%)" L Y 1
L,(z) = % /0 sinh(z cos )(sin ©)*’dyp, Rev > —=, 4.21)
we find for [ = m
, 1
Wo ) = (Io[2s cos(p — a)] + Lo[2s cos(p — a)]), (4.22)
: Ip(2s)

As far as we are aware the formulas (4.19) and (4.22) are new.

The plot of the Wigner function (4.15) is shown in figure 1 (top left). In opposition to the
standard coherent states for a particle on a line, the Wigner function (4.15) can take negative
values. Such behavior is depicted in figure 1 (top right and bottom left).

We now recall that the Wigner function for the standard coherent states:

brp(x) = 4 e 2GDHP (4.23)
such that
1 _ _
Wep(x,p) = — e 09 e~ 4.24)
T

is peaked at x =X and p = p, where X and p are the average position and momentum
parametrizing the coherent state, respectively. It turns out that the same holds true for the dis-
cussed Wigner function in the circular coherent state (4.15) which has maximum at / = m and
= « (see figure 1, bottom right). We remark that the maximum value of the Wigner function
for integer m can be immediately obtained from (4.22) by setting ¢ = «, so

Ly(2s)

Wi =1 . 4.25
max + I()(ZS) ( )
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Figure 1. Top left: the plot of the Wigner function for the circular coherent states (4.11)
with s = 1.26 (see (7.3) and (7.7)), m = 1 and o = 7 /3 for the all panels. Top right:
negativity of the Wigner function (4.15) in 3D presentation. Bottom left: the contour plot
of the Wigner function (4.15). The regions of the negative Wigner function are bounded
by contour levels 0. Bottom right: the contour plot of the Wigner function (4.15). The

us

maximum of the Wigner function at/ = mand ¢ = a, wherem = landa =

seen.

is easily

Observe that the maximum value of the Wigner function is only the function of the squeez-
ing parameter s. We point out that the maximum value of the Wigner function (4.24) for the
standard coherent states also does not depend on parameters X and p labeling these states.

5. Wigner function for the Gaussian coherent states of a particle on a circle

5.1. Gaussian coherent states for the quantum mechanics on a circle

The Gaussian coherent states can be defined as the solution of the eigenvalue equation [4]
Z|z) = zlz), 5.1

where Z = e /*2 U, and the complex number z = e+ parametrizes the circular cylinder
which is the classical phase space for a particle on a circle, so m is the classical angular momen-
tum and « is the classical angle. We shall use in the sequel the designation |z) = |m, ). The

10
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L2(S") representation of the (normalized) states |m, o) is given by

03 (5:(p — o —im)5;)

fm,a(%p) - — (52)
0: (71%)
where f,, ,(©) = (¢|m, a) and 63(v|7) is the Jacobi theta function defined by
bavlr) = > g7 (™), (5.3)

j=—o00

where ¢ = €™ and Im 7 > 0. It should be noted that £, ,(¢) is a 2m-periodic function of the
angle (. Using the easily proven identity [13]

03(v + mr|T) = g~ e Ay (v) ), (5.4)
where m is integer, we find that for discrete m the relation (5.2) can be written in the form

Smalp) = ei(w—(y)mw’

63 (017)

meZ. (5.5)

Our motivation to use the (nonstandard) denomination ‘Gaussian’ for the coherent states
defined by (5.1) was actuated by the alternative method of construction of these states based on
the Zak transform [14]. We now present a simple version of this method in the case of integer
parameter m labeling the coherent states. We first observe that in analogy with the standard
coherent states for a particle on a line the vacuum vector g 4(¢) should be annihilated by the
operator (‘annihilation operator’) ¢ + iJ (the mathematically sound condition is ¥+ g o =
8o, leading to Zg( o() = goo(¢) (see (5.1)). Hence using (2.8) and the first equation of (2.12)
we find that up to normalization constant goo(p) = e~2¢". The tails of the Gaussian 80.0(®)
outside the range [—, ) can be wrapped around the circle according to

fool®) = goole + 2jm). (5.6)
Jj=—00
On using the Poisson summation formula
oo 1 o 3
X+2jm) = —— et 5.7
j;m fOct2m) mj;mfu) (5.7)

where f(p) = \/% [ f(x)e” P dx is the Fourier transform of f(x), and normalizing the
obtained function f; ((), we get

03(£|5)

6; (0]

Joolp) = (5.8)

1
s

Now applying the Perelomov approach [15] we define the coherent states f’
integer as

(v), where m is

m,o

Fmal) = ™7 £o0() (5.9)
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Utilizing the Baker—Hausdorff identity we obtain

eimgﬁfial — e*%ma U™ e*iaj (510)

Equations (2.12), (5.8), (5.9) and (5.10) taken together yield

03 (ﬁ@p—a)lﬁ)
V05 (01%)

Up to irrelevant phase factor 2 the coherent states (5.11) coincide with the coherent states
(5.5). We point out that the states defined by (5.1) are the concrete realization of the very
general abstract mathematical scheme of construction of Bargmann spaces introduced in
[16, 17]. It should also be noted that the method for construction of the coherent states based
on the eigenvalue equation (5.1) was generalized to the case of the n-dimensional sphere S"
by Hall [18]. The alternative constructions of coherent states for the sphere S" based on the
generalized Perelomov-type approach for the group E(n + 1) were introduced by De Bievre
[19] and Isham and Klauder [20].

We now collect some basic properties of the Gaussian circular coherent states. The Fourier
coefficients of expansion of the normalized coherent state in the basis of eigenvectors of the
angular momentum operator are given by

Falp) = e 2m gime m e Z. 5.11)

) mj—ijo
(lma)=e ¥/ S = (5.12)

0 (717)

Taking into account (2.10), (2.13) and (5.5) we find that for integer m the formula (5.12)
reduces to

1,. 2 ..
—L(j=m? a—ija
Gma)y=""2Z" mez (5.13)
6 (011)
Therefore, the probability distribution |{j|m, a)|* such that

e (—m?

65 (0]1)’

|(jlm, o) |* = mez (5.14)

is a discrete Gaussian one. We point out that 63(0| %) ~ \/, where the relative error of approx-
imation is of order 0.1 per mille. Furthermore, making use of (2.5b), (5.3) and (5.12) we get
the overlap of the Gaussian coherent states (5.2). Namely, we have

af _ m+m | )
(m,alm’, o) ‘ (5.15)
J@ EBCICE)
In the case with discrete m and m’ the scalar product (5.15) can be written as
0 (0%
<m,a|m’,a> —e 4(m m')? 2(m-‘,—m N o— (y)3(277r‘) m m/ cZ. (516)

65 (0]1) ~
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The completeness relation satisfied by the coherent states (5.2) obtained with the help of (2.5a)
and (5.12) is of the form

l ™ o0
E[Wda[wdu(m)|m, a)y(m,al =1, (5.17)

where du(m) = ﬁ%(iﬂ%)e‘mz dm. In the case with the discrete parameter m labeling the
Gaussian circular coherent states the resolution of the identity is given by

o0 1 T
> —/ dalm, a)(m,a| =1 (5.18)
2w ),

m=—o00

following directly from (2.5a) and (5.13).

We now discuss the parametrization of the Gaussian circular coherent states in a more detail.
Using (2.5b) and (5.12) we find that the expectation value of the angular momentum J in the
normalized coherent state is [4]

(m, alJ|m, o) = m + 2 sin(2m)

0 e~ (2n-1)
X ; (1 + e~ m2@n—1) g2imm)(| 4 g-m2(2n—1) g=2imm)’ (5.19)
From (5.19) it follows that for integer m we have
(m, a|J|m, o) = m. (5.20)
Otherwise
(m, alJ|m, o) =~ m. (5.21)

where the approximation is very good—the maximal relative error is of order 0.1 per cent.
Thus, it turns out that m can be really regarded as a classical orbital momentum. Proceeding
analogously as with (5.21) and making use of (2.5b), (2.6) and (5.12) we get [4]
10 (211)
(m,a|U|m, o) = e 4 e =120
65 (717)

T

Lol 25500 cos(2m + Dnm

- 5.22
1+25 e~ cos 2mnm ©:22)
where
- (jfl)Z imoy(2j—1
o) = Y g\ (@)D (5.23)
Jj=—00

is the Jacobi theta function. An immediate consequence of (5.22) is

(m, a|U|m, o) = e /4 el (5.24)

where the approximation is as good as in (5.21). Proceeding as with (4.12) and introducing the
relative expectation value

(m, a|U|m, «)
(0,0|U|0,0)
13
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we obtain
(m, a|U|m, o) = &' (5.26)

Therefore the parameter o can be regarded as a classical angle. We remark that the factors

e '/%in (5.24) and ;(‘)E—%g in (4.12), respectively, are related to the fact that U is not diagonal in

the coherent state basis—it is diagonal in the position representation spanned by the vectors
o) (see (2.7)).

We finally mention that the Gaussian circular coherent states minimize the uncertainty
relations of the form [21]

A+ AN P) = 1, (5.27)

where the measure of the uncertainty of the angular momentum is defined by
1
A2 () = 1 In ((e ) (e¥)) (5.28)

and the measure of the uncertainty of the angle is given by

1
(U

A*(p) = % In (5.29)

where (A) designates the average value of the observable A. In opposition to the standard
coherent states for a particle on a line, the saturation of the uncertainty relations (5.27) does
not uniquely determine up to a unitary transformation the Gaussian circular coherent states.

5.2. Wigner function for the Gaussian circular coherent states

We now investigate the Wigner function of the Gaussian coherent states for the quantum
mechanics on a circle. Taking into account (3.1) and (5.2) we find that this function is

given by
i
27

i) e ¥ dg (5.30)
27

1 y 1 0
Wm,a(l,(p)— 27“03(%%)/93 <2ﬂ' (@_a—z—Flm)

xﬁi——kg—'
s\ 5 \p—ats—im

Using (3.6), (5.3) and (5.30) or (3.13) and (5.12) we get

1 - i = _2 i - .
W, o (L o) = - 0 — e esinenw(j— 1
ol ) %@9(“w 3;; G=D
p—a|i - —1@j+1? Jm@j+1) i !
+92< - ;> Z e @7 omj smc7r<]—l+§ . (53D
Jj=—00

We have thus expressed the Wigner function for the Gaussian circular coherent states given
by the integral (5.30) in terms of the Jacobi theta functions and quickly convergent series.

14
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Integrating both sides of equations (5.30) and (5.31) over / and making use of (3.8), (5.3) and
(5.23) we obtain the following relation for the Jacobi theta function

1 . i
b5 (E@P—a—lm)’E)

—a i im |1 —a i im
=0 (cp ) 03 ( )+92 (SO ) 0, (
s s T 7T 7T 7T
The formula (5.32) is a direct consequence of the Watson identity [13]

93 (Z

We have thus verified the correctness of (5.31). The validity of (3.2) can be easily checked with
the use of (5.2) and (5.30). The property (3.7) is a straightforward consequence of (5.31) and
the relations (5.2), (5.3), (5.12) and (5.23).

Now, utilizing (5.4) we can write (5.31) for integer m as

i) 3 e sinen(j+m— 1)
™ .

Jj=—00

. (o @]
h 3 e 1@
s

j=—o0

2

)

(5.32)

72—) 03 (w ’;) = 03z + w|T)b3(z — w|T) + 62 (2 + w|T) b2z — w|7).  (5.33)

- 1 p—a
Wm,a(l’ 90) - 93 (O|#) (93 ( =

+92<g0—a

™

1
><sinc7r<j+m—l+2)>, meZ (5.34)

Finally, for integer / the formula (5.34) reduces to

i o (=m?
™

: S ) -1 Jj+m—1
D> e—%@f+”275——3—————T . mleZ.  (535)
T ]+m—l+5

j==00

_ 1 Y-«
Wm,a(l, 90) - 03 (O‘i) (93 ( o

+@<¢_a

™

The expression for the Wigner function in the particular case of the integer m and / equivalent to
(5.35) was originally obtained by Rigas et al [6]. More precisely, the formula obtained therein
is an immediate consequence of (5.35) and the identity [22]

92(’1)‘7‘) = ei”(£+”)93 (’U + %

T>. (5.36)

The Wigner function (5.30) is illustrated in figure 2 (top left). As with the Wigner function for
the circular coherent states (4.15) the Wigner function in the Gaussian coherent states can be
negative (see figure 2 top right and bottom left) and is peaked at / = m and ¢ = « as shown in
figure 2 (bottom right).

15
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Figure 2. Top left: the plot of the surface given by the Wigner function for the Gaussian
coherent states (5.30) where the parameters m and « are the same as in figure 1 for
the all panels. Top right: the negative part of the Wigner function from the panel on
the left. Bottom left: the contour plot of the Wigner function (5.30). The regions of the
negative values of the Wigner function are easily seen. Bottom right: the contour plot
of the Wigner function (5.30) illustrating the maximum of this function at / = m and

p=q.

6. Wigner function for the Gaussian—Fourier coherent states

6.1. Gaussian—Fourier coherent states

The third approach known from the literature on coherent states was introduced by Chadzi-
taskos, Luft and Tolar [3]. Roughly speaking it relies on restriction of the normalized Gaussian
representing the vacuum state such that

12
foolp) =Ae™2? ©6.1)
where A = 4/ ezrf‘{f) and erf(x) is the error function, to the interval ¢ € [—m, 7), and generating
the family of coherent states by means of the action of the Weil operators on the vacuum state:

fhal@) =" e fli) = Ume ™ fio(0), (6.2)

16
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where m € Z and o € [—m, 7). In order to clip the defined coherent states to the range [—, )
they are defined in different regions as [3]

Aeme e b—a) for p € [—m, 7+ a)
Fa(®) ’ (6.3a)
m,o P) = . Reki}
Aeim? o 3lp—a=2m?  gou p € [r+a,m

where o € [—m,0), and

. Agime e3P0 forp € [-m+a,m)
Snal®) = _ (6.3b)
Aeim? o 3lp—at2n® g p € [-m -7+ )

where o € [0, 7). A in (6.3) is the same normalization constant as in (6.1). In view of the method
for construction of these states they would be called the clipped Gaussian coherent states. Of
course, the functions (6.3) can be taken modulo 27, nevertheless they are not explicitly periodic
and itis not clear how to define the Wigner function for them. Therefore we introduce the proper

. . 12 .
coherent states based on the Fourier transform of the Gaussian e~ 2¢", hence the normalized
vacuum state is

1, Iy T+ 1j T™—1j
f({o((p) =C Z e 2/ e”[erf (\/§> —|—erf<\/§)], (64)

j=—00
where C is the normalization constant given by

1

C=
\/Zjiooejz [erf (”—\El) + erf (%)} 2

and the use was made of the identity

™ - 7%'x2d _ ;kz\/?[ f<7T+1k> f(ﬁ—lk>:| 6.6
/_ﬂee x=e 2er NG + er 7\/5 (6.6)

We point out that by virtue of the Parseval theorem we have the relation

1 777,2 1 _2 7l+ij 7T—ij 2
I ¥ —_ J
7 [We d(p 3 j E (S [erf ( \/E > + erf ( \/E >:| (6.7)

—=—00

(6.5)

)

implying the nontrivial identity

[e%) .. .. 2
2 T™+1j ™ —1j .
The constant C calculated from (6.5) and (6.8) is C = — ——— = 0.375 564 439.

24/ /merf(r)
Proceeding as with (6.1) we define the coherent states for arbitrary « and integer m as

fha@) =" e fE(p) = U™ e ™ f§(0)

= Ce™ Z e~ 27 glite=a [erf (W\_/EU> + erf (W\;EU>} . (6.9)

j=—o0
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Figure 3. A comparison of the classicality of the investigated coherent states for the
quantum mechanics on a circle, where the indicator of non-classicality is the quantity
A(f) given by (7.9) and we set « = 0 in the corresponding Wigner functions (4.15),
(5.30) and (6.19) and s = 1.26 in (4.15). Because of the very small differences that can-
not be seen in the top panel the non-classicality is compared separately in the bottom
panel of the Wigner function (5.30) for the Gaussian coherent states (black disks) and
the Wigner function (6.19) in the Gaussian—Fourier ones (gray disks). A look at both
panels is enough to conclude that the most classical coherent states are the Gaussian
ones.

Bearing in mind the procedure of construction of these states we have decided to call them
the Gaussian—Fourier coherent states. We remark that the method of periodization of func-
tions based on the utilization of the Fourier transform is an alternative of wrapping functions
around the circle such as that applied in the case of the Gaussian coherent states (see (5.6)).
As indicated by a referee such method is restricted to the case of a manifold with a non-
trivial topology such as a circle. Indeed, for the quantum mechanics on a line the Fourier
transform of a Gaussian is also a Gaussian so the discussed method cannot be applied for
generation of coherent states. It should also be noted that the relations (5.9), (6.2) and (6.9)
can be regarded as counterparts of the formula for generation of the standard coherent states
by means of the unitary displacement operator applied to the ground state of the harmonic
oscillator.

We now present some most important properties of the Gaussian—Fourier coherent
states. Using (2.10) we find that the projection of the normalized coherent states |n, o),
where f5 (p) = (p|m, a)r, onto the eigenvectors |j) of the angular momentum is of the

18
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form

) e bGem? iGema 7r+i(j—m)> (W—i(j—m)>]
(jlm,a)p = Ce e [erf<7\/E + erf —a )| (6.10)

The coherent states (6.9) are not orthogonal. Using (2.5b) and (6.10) we obtain the following
formula for the overlap of these states

0
s Fy Ll N2 L 2
F(m,a\m',o/>F _ CZe 1maelma E e 5 (j—m) e > (j—m')

j=—o00

m+i(j —m) T—i(j—m)

X {erf <7\/§ > +erf<7\/E ﬂ
m+i(j—m) ™ —i(j—m)

X {erf (T) +erf<T>} (6.11)

The Gaussian—Fourier coherent states form a complete (over complete) set. On making use of
(2.5a) and (6.10) we arrive at the following resolution of the identity

(o] 1 T
> E/_ﬂdodm, ) pp(m, ol = 1. (6.12)

m=—0o0

We now discuss the reproduction of classical values by the Gaussian—Fourier coherent states.
Utilizing (2.5b) and (6.10) we find

plm,alJ |m, o) = m. (6.13)

Therefore the parameter m corresponds to the classical angular momentum. Nevertheless, it
must be borne in mind that in opposition to the classical case m is discrete. Furthermore, taking
into account (2.3) and the second equation of (6.9) we get

pm,a| Ulm, o), = -(0,0]e* Ue ™ |0,0), = e£(0,0U0,0)r, (6.14)

where [0,0), is the abstract normalized vacuum vector such that f§ () = (¢]0,0)r.
Using(2.7), (2.10) and (6.4) we find

(0.0[010.0), =t 30 & (1) [erf(W}ziJ) “rf(?r;zijﬂ

j=—o0

m+i(j+ 1) T—i(j+ 1)
X {erf <7\/§ ) + erf <7\/§ )] . (6.15)

It follows that
1

+(0,0]U0,0), ~ e T, (6.16)

where the relative error is 2 per mil, so the expression (6.14) for the expectation value of U has
the same form as (5.24) in the case of the Gaussian coherent states. On introducing the relative
average (see (5.25))

plm, o Ulm, o)
#(0,0[U[0,0),
19
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we get
H(m,a|Ulm,a)), = e, (6.18)

so « can be identified with the classical angle. We finally point out that in opposition to the
Gaussian circular coherent states satisfying (5.1) we do not know the eigenvalue equation
defining the Gaussian—Fourier coherent states.

6.2. Wigner function for the Gaussian—Fourier coherent states

Our purpose now is to examine the Wigner function of the Gaussian—Fourier coherent states.
From (3.1) and (6.9) it follows that this function is given by

O s 12 g +ij T —ij
wE (1, o) = C? e~ o7k gitk=ie—a) o | orf T+l +erf | —==
(L ®) Y 7 7

Jj=—00k=—00

T+ ik T — ik
<l (55) +en (57
xsincw{%(k%—jH—m—I], meZ (6.19)

One can check that all the properties of the Wigner function presented in section 3 hold true in
the case of the function (6.19). Unfortunately, we do not know any way to simplify the double
sum in (6.19).

It follows from the numerical calculations that the behavior of the Wigner function (6.19) for
the Gaussian—Fourier coherent states is very similar to that of the Wigner function (5.30) in the
Gaussian coherent states presented in figure 2 and we have decided not to depict it herein. The
difference of the two Wigner functions related to the degree of their negativity is demonstrated
in the next section (see figure 3, right).

7. Comparison of classicality of the coherent states based on the Wigner
function

Coherent states can be regarded as the states closest to the classical ones. In particular, they
were introduced by Schrodinger in 1926 [23] as the states minimizing the Heisenberg uncer-
tainty relations. In the discussed case of the quantum mechanics on a circle there are no
generally accepted uncertainty relations. Instead, we have decided to use as an indicator of
classicality of the investigated coherent states the negativity of the Wigner function [24]. In
order to enable the comparison we should first fix the squeezing parameter s given by (4.4)
parametrizing the circular coherent states. We assume for simplicity that the classical angle
« labeling the coherent states is equal to zero. We also restrict to the case of integer classical
momentum m marking the coherent states. Using (5.22) and the following identities for the
Gaussian coherent states |m, o)

1
m2(2n — 1) + cos 2mm

1 o0
2 _ 2
(AJ) = 7~ T cos Zwmng:l “osh

oo 1

2 2
_ 2mmy '
T T2 (cosh w220 — 1) + cos 2mm)?

(7.1)
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where m is real, and
(m, a|U?|m, o) = e ' e (7.2)

we find that the counterpart of the squeezing parameter s for the Gaussian coherent states |m, cv)
in the case of o = 0 and integer m is

At = 1.25648 (7.3)

Sa =
N A sin ¢

Furthermore, utilizing (6.14) and the following relations that hold true for the Gaus-
sian—Fourier coherent states

) 1 - 2 2 T+ in m—in\]’
AI = 3 et 2" [m( V2 >+erf< V2 )] 7

and
m,a| U? |m, a), = e**£(0,0|U%0,0),, (1.5)

where
20,0y, — ¢! Tt m—i\]’
£(0,0]U710,0). =e 4\/Eerf(7r){{erf< \/E>+erf< \/5)}
= 7 4+i(n4 1) 7 —i(n+1)
+ Z;e {erf <7\/§ ) + erf <7\/§ )}

m+in—1) T —iln—1)
X {erf (\/§> + erf (\/Eﬂ }, (7.6)

we arrive at the following counterpart of the squeezing parameter in the case of the Gaus-
sian—Fourier coherent states with a = 0

sp = 1.25789 (7.7)

We remark that (7.5) is a very good approximation of (7.2). Namely, we have
r(m, a|U*|m, a)r = 0.999985 - e~ ! €%, In view of (7.3) and (7.7) we can set s = 1.26 for
the circular coherent states to enable their comparison with the remaining coherent states.

Now let We(1, ) be the Wigner function of the state f (i) of a particle on a circle. Following
[24] we can consider the double volume §(f) of the integrated negative part of the Wigner
function W(/, ¢) as an indicator of non-classicality of f(y), so

o0 1 ™
5(f) = / a / do(|Will, )| — Will, ) (7.80)

o0 l m
= [Cais- [ dewdtol -1, (7.8b)
oo 2T )

where (7.8b) is an immediate consequence of (7.8a) and (3.10). Bearing in mind the discrete-
ness of the orbital momentum variable in the Wigner function preferred by some authors and
simplicity of numerical calculations we use instead of §(f) the following quantity

>~ -
AD= Y 5 / dp| Wil )| — 1, (7.9)
I=—00 -
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Clearly, A(f) is the total double area bounded by negative part of the Wigner function W¢(/, )
of the one variable ¢ with fixed [ and the axis ¢ = 0, summed over all integer /.

A comparison of classicality of the discussed coherent states for a particle on a circle based
on the application of A(f) defined by (7.9) as an indicator of negativity of the Wigner func-
tion is shown in figure 3. As easily seen the most classical and thus the best are the Gaussian
coherent states.

8. Conclusion

In this work the Wigner functions are studied in the coherent states for the quantum mechanics
on a circle. It seems that the introduced nontrivial analytic expressions of the Wigner func-
tions (4.19), (4.22) and (5.31) would be of importance in practical applications. We only recall
the utilization of the circular squeezed states in the investigation of the Rydberg wave pack-
ets. It should also be noted that the method for construction of the Gaussian—Fourier coherent
states described herein relying on application of the Fourier transform would be a new effective
tool in the theory of coherent states. We point out the very small differences between the Gaus-
sian—Fourier states and the best as shown in this paper, Gaussian coherent states. An interesting
property of the all discussed Wigner functions is the maximum at points of the classical phase
space labeling the coherent states. As a matter of fact such behavior at particular point of the
Wigner function for the Gaussian coherent states was reported for example in reference [6],
nevertheless it seems that the peak of the Wigner functions is their general attribute regardless
of the type of coherent states marked with point of a phase space. Moreover, it seems that the
presence of such peak would be regarded as a correctness criterion for both Wigner functions
and coherent states. We remark that the probability density for the coordinates and momenta
in the standard coherent states and coherent states for a particle on a circle (see (4.3) and (5.2))
and sphere [25] are peaked at the position and momentum orangular momentum, respectively
referring to the classical one parametrizing the coherent state. The maximum of the Wigner
function at points labeling the coherent states can be viewed as a generalization of the behav-
ior of the probability densities to the case of the phase space. We finally point out that the
comparison of classicality of coherent states based on negativity of the corresponding Wigner
function would be a useful tool for selecting the best coherent states. For instance it would be
interesting to compare the classicality of the coherent states for a quantum particle on a sphere
introduced in reference [26] with that discussed in reference [27].
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