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ON A GENERALIZED INFERENCE OPERATION -

1. The aim of the paper is to present some d‘rofnal oberatidn
useful for a formalization of the large class of reasonings. The
analysis of various kinds of logically valuable reasonings employed
in science and everyday sltuationel. results in their essential cha-
racterization: . : 1 ' pts

(1) The accepted premise must not be rejected in the rasult
of inference. Therefore, it gets the status of conclusion.

(2) The enlargement of the inconsistent set X of premises muat
not remove inconsistency. :

(3) ifa proposition o is lnterred from the set X of ptemxses,
it can be also concluded tron every larger sat ot pranises Y it
only Y U { } is consistent.

(4) A proposttlon o capnot be inferred trom a consxstant aet X
af premises, when X U {u} is inconsistent.

It"is straightforward that any deductive reasoning possesses
the shove properties. For induction, let us consider the well-
-known swan's example. The set of premises: L v

= {swan no. i is white and its neck is long: i = 1,2, ..., 100}

From X - there can be inductivaly ‘drawn tﬂat
- {x) Every swan is white, :
- (B) Every swan's neck is ldng.‘ :
Next premise: (T) ‘Swan no. 101 is gray and its neck is lung,‘
is added to the set X. 'The: new sat ot prauises X|J{x} st!ll al-
o r——

t Cf. e.g. K. A j dukiew i'¢ z, Klaay!ikacjs rozumouaﬁ
[in:] "Jgzyk i poznanie, t. 2, Warszawa 1965, pp. 206-225; "Arti-
fical Intelligence" 1980 No. 13 H. Mortiwm e r,v Loglka in-
dukc31, Wybrane probleny, warszaua 1982 gl X :
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lows to infer (@) since X U {f} U {8} is consistent, but (x) is
no more a conclusion, since (X U ;ri),u {u}_is inconsistent. That
proves that  (3) and (4) refer to induction.

‘Now we shall provide another cxample to ilustrate non-monotonic
reasoning. The set of premtsos

X = {a patient has a ahurp nche on the right side of hia belly}

makes the doctor to draw the conclusion: (x) the patient has
appendicitis. If X is enlarged by (pB) the patient cannot rise his
leg, o« is still valid for (x v {B}) U {a} is consistent. Hereby
(3). "But when the next premise is that: (J) the patient had the
appendix cut off, then no doctor can infer (&). Notice that
(XU {;}) U {u} is inconsistent, thus (4) is obviously fulfilled.

We conclude that (1) -~ (4) -conditions are necessary for
reasoning to be logically valuable. Albeit all the practiecally used
reasonings posses many other properties,  however the formalization
of the class of all  the reasonings for which (1) - (&) are valid
seems to be justified. AR ‘ ' '

2. Where § = (5, F ...,_F ) is @& propositlunal language and
P (5) is the power set of S we shalllaay that a tunction C P(S)—a
—P(S) is3 qenerslized inference ope-
L a t i on (g.i. -npetation ro: short) on § iff tor any x Yeg S
*xes the following conditions are aatistiad

5 e eI e E : &
(11) C(Y) = S whenever "x S Y and G(X) = 8,
(i11) «eC(X), XY, C(Y, &) #5 imply that asc(v)
(iv) o ¢ C(X) whenever C(X) ¢ § and C(X,a) = §,
set of formulas XSS iscalled inconsistent with
respect to C (C-inconsistent) whenever €(X) = S.

Lemma 1. For any function C: P(S)—> P(S) such that (ii) holds
true, (1ii) and (iv) are also satisfied if and only if ‘fop any
X €5 the following conditions are equivalent: ¥ '

¢y e(x) 8,

P )C(x)=U{v:s C(X U ¥) 4.5 and 32:x vc.cu)}

Proof: - oy

‘Denote for any X S U {Y G S: 66X U Y) # S - and SuZ ;'.Xr"
Vs BEZ) = X, - L RS

. (®) Assume that the condit;ons (ii),* (111){(1v) - hold for C, .
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suppose that C(X) # § and let x € C(X). So C(X,&) # S due to
(iv), thus o & K(X)."' \ : :
On the other hand assume that o e K(X). Then !nr ‘some Y € S
'we have: @ €Y, C(XUVUY)#S5,3Z¢g X: YgC(2). So «ecC(2),
Z&X and according to (ii): C(X,a) # S, Thus e C(X) due to
(i11). , X .
Now assume that: (..) C(X) = K(X) and C(X) =S for same
XS, Soforany YGS, C(XUY)=58 dueto (ii), thus K(X) = @,
A contradiction. . : D ;
(&) Assume that (ii) holds true for C and the conditions (.),
(..) are equivalent. : ; '
‘Ad (iii): suppose that o S C(X), X'GY, ‘CCY, o) ¥ 8§, " Then,
according to (ii): C(Y) # S, hence also C(X) # S. So C(Y) = K(Y)
and C(X) = K(X), Hence we obtain that o e C(Z) for some 2 ¢ X.
.Thus & € C(Y) since X Y and C(Y,x) £ S.
Ad (iv): let « & C(X) and C(X) # 5. Then we have: & & K(X),
“so due to (ii): C(X,&) #S§. ( : o
Let R, T be binary relations on P(S). Consider the following
conditions: L5 ‘ : !
(A)g R is ratlax!ve,
(B)q <X, Y5 & Riff for each B&Y: <X, {n}) e
(A)y <X, ¥> €T and X U YEX Uy ‘imply that <x'.- v'> €T;
(A) <X, X> €71 iff <X, $> & R; -
(B <X, X> £ T and <X, {u})c R imply that <X, {u}>¢ T
© <, {of>er, xgv, <y, fal>g 1 mply that <Y, {a})aa,,
for say: X X' Yo X' & S; x€S. :
Jeovied CR, I P(S)-—»P(S) be a tunction deuned as follows: tor»
any. X:@ 8. ovA ki i , ; Ay 4
: SEaRTh | 4% - S e T u<x xX>e€ 1
g, 100 = o Sty
Ufye s: <x, v>¢1 i AL € X: €2, v>cn} ath,
emma 2, Fov any binary relations R, T an P(S) fulfilling (B)R,
(A)y, (A), (B), (C) and any X, ¥ G S8 the tallouing conditians are
satisfied: ‘ . X
(1) <X, Y>eT l!f CR (xu Y) s 5,
(2) X, Y>eR ift oy < cR. 1¢X).
Proof:’ : A0
‘We first show that for any X & 8,
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() U{Yyes: <x, ¥> #T and 3 2g X: <2, ¥> SR} 45 which

implies - () CR t(X) =S iff <X, X> €T,
4 Suppose that (3) does not hold: Then according to (A); and
(B)g for some Xg S, for any o &5, <X, {u})ﬁl’ and <Z, { })ﬁR ‘
: !or some Z G X. So for any o &S, <X, {u}) € R due to (C). Hence
according to (B)R and (A) we have: <X, X>&T, :Thus a contradic-
tion by (A) '

Now, we imedlataly havo (1) by (A) and (l').

To prove (2) assume that <X, Y) & R ~ and (X) # 8. . Then
from (#): <X, X> ¢ T and from (B)g: <X, {u}> & R for any o € Y.
Thus Y ¢ CR T()() due to the definition of Cg ¢+ On the other side
assume that Y < Cq T()() It Cp (X)) = 8, then from () and (A):
-£X, S> € R, hence according to (é) - X, Y>€ R. So suppose that
CR ,(x) #S. Then <X, X>¢°7T due to (¥) and for any o & Y there
exists Ug S such tnat xel, <X, U>¢#T and <z, 1> GR tor s0me
Z& X. Hence for any a €Y, <X, {a}) ¢ T .due to (A)

Kz, {«} > &R from (B)g. Theretore, according to (C), for any de Y.
<X, &ubﬁk thua <x Yo.af by (B, . e

USinb lema ks and the oondxtlon (%) fmn the prnof or lenma 2
.one may prove trie lonoulng 3 ;

I_hg_qm_L For twa blnary ralltions R, T ‘on P(S) tululling
“)R' ~“),R’ “)t’ (), 8), (c), CR T is a nenenlued inference
operation on.§. £y, o 1 . " o

: Now, denote by R the tuily ‘of all‘pairs <R, T> of relations
. for which the conditions (A)p, (B)p, <Ay, (A), (B), (C) are
‘satisfied and by ¥ the class of all g.i.-operationsv on S.

Theorem 2 "For any C &3 there exists a pair <R, T>€ R Such
. that C - cR T' Moreover,_the correspondence <R, T f*cR',T i's
uniqua. . :
Proof: -
Using lemma 1 one may choose lor given g.i, ~operation '»(: - thé
pair <R, T> such that C = CR 7 in the tolloning uay. tor any x YS S5~

‘ X, Yye T ift Cix v Y) - :

14X, Y2 € R ieL Y < C0.
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It is easy varification that <R, T>@R. Finally, it is obvious
due to lemma 2, that for any <R, T1>, <R2, T22&€R, Cpi .1y =
b >
= ch T2 implies that f1 = R2 and T = T2.
: :

'3, Each consequence on § i.e. a function C: P(S) —» P(S) such
that for any X, Y & S, X & C(X), C(X)g C(Y) whenever X Y and
c(c(x)) < C(X) proves to be a g.i.-operation, Ihenfﬁi-‘o»t‘he re-
lational description of cunuqubnco bpai‘:t;o'n is possible. To get
the additienal conditions for <R, T>'s, the following ~ lemma is
useful. : pos ' Lonts

Lemma 3. An operation C: P(S)~—>P(S) defined for every X5
by the condition: ; . .
; RN € G 6
E(X) = & 1
(168 BN Y R ¢ e D

with. p g P(S) and K: r(s>—+ P(S) bomg any tunctlon, 13 a con-
sequence on § if and only if ' :

(1) for anyx Y8 XEX YeD, K(X)#Sinply that x::p,

- (2) tor any xepn, K(X)C P whenever ' K(X) # §,

(3) the restnctlon K. [‘.v satisfies the condltiona tor a cloaura
‘operation. £ :

: Proo! by casy voruicattnn. : Q-

Theorem. }. A g 1.-opnntion c&, -on 5, ton <R T>t J?. n 0 
" consequence operation if and only ) & $ tho tollounu conditions are
satisfied lor any X, Y WA~ - Shomineodn -

(C) <2, Y> @R uhenevan <X, Y> e R and _x GZ

(D)R 'is ttensitiva, PN 'S

(BY <X, X> 4 T end <X, Y>¢ R inply that <x Y) n.

Broofs - .

(2)- Aceerding to lemma 2, tha ‘conditions: (C)R. (D)R' (B)’ !ollm‘
immediately rton the assumtioi . thot CR 1 18 a conaaqucncc opora—.
tion. vl b :
(¢) Assume that <R, 1> ‘-.'R. Kulhls the canditions (0) - (D)R'
‘(B)‘ Due to lemma 3 it is sufficient to shou that tha cnnditxonsf
_‘(l). (2), (3) from it hold true for .-

{x C S <X, XD ¢ T} and (using (CR)) g
K(X) -LJ{V €8 X, YR - r} X'E S, R0
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Notice that for any X © S, K(X) # § (cf. the proof of lemma
Q)4 A :
Sa the condition (1) follows immediately from (A)T. To prove
(2) assume that X€ ], that is <X, X> ¢ T, Notice that for eny
o €K(X), <X, {a}> & R by (B)y, 80 also from (B)g: <X, K(X)) &R,
thus <X, K(X)> ¢ T by (B)', so from (A)p: <K(X), K(X)> & T i.e.
K(X)eD . . = :

Naturally, for any X€P, X G K(X) due to (A);. !

To prove the monotonicality of k[ J assume ‘that <Y, Y> ¢ T,
XS Y and «&K(X). Hence <X, {x|>& R by (B)y and theretore,
_técording'to (C)p we have: <Y, {u})ﬁt R. Moreover, due to (8)',
<Y, fa}> ¢ 1, thus oek(Y). ‘

To the end assume that <X, X> # T and o € K(K(X)). Then
; (K(x){u})_ﬁl jnd'(K(X),{g,}) € R due to (A)y and (B)p. Since

X S K(X), so according to (A)T: (X,{a} > & 1. Moreover, from (B)R

we have:. <X, K(X)> € R which together with <k(x), {a}> € R, leads
by (D) to the conclusion that <X, {a} > € R, Thus o€ K(X). 8]
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0 UOGOLNIONEJ OPERACII INFERENCIT

Celem pracy jest analiza formalna .pewnych ogélnych  wlasnosci
charakteryzujacych wnioskowania. Autorzy twierdzg, ze posiadanie
tych wiasnodci jest warunkiem koniecznym, aby wnioskowanie bylo
logicznie wartodciowe. Wprowadzajg aksjomatycznie pojecie "uogbl-
nionej operacji inferencji”, ktére formalnie ujmuje wnioskowanie
majgce owe cechy. Nastgpnie reprezentujg uog6élniong operacjg infe-
rencji przy uzyciu relacji binarnych okre$lonych na podzbiorach

Jezyka. Podajy réwniez takg reprezentacje dla logicznej operac)i
konsekwaencji ?kazda logiczna operacja konsekwencji- jest uogélnio-
ng operacja inferencji).



