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A METHOD POR COMPUTING THE POWER OF THE TEST 

BASED ON THE NUMBER OP RUNS 

IN THE CASE OP THE SECOND ORDER AUTOCORRELATION PROCESS

1. I n t r o d u c t io n

The p a p e r  p re s e n ta  a  g e n e r a l i z a t io n  o f th e  r e e u l te  o b ta in e d  

in  D o m a ń s k i ,  T o m a s z e w l c z  0 9 8 0 )  In  th e  c a se  o f 

th e  second o rd e r  a u to c o r r e la t io n .  We s h a l l  c o n s id e r  th e  sequence 

of random v a r ia b le s

X ,, Xj,............ I n . ( n  >  2 ) ,  CD

about which th e  fo llo w in g  assum p tions a re  made.

1 . Each o f  th e  v a r i a b le s  has a  ti» o -p o in t ze ro -o n e  d i s t r i b u - ,

t io n

P(Xt  .  0) + P ( l t  •  1) -  1 , f o r  t  •  1 , 2 , . . . .  a .

2 . The v a r i a b le s  Xj a re  l in k e d  in to  a  seoond o rd e r  Markov 

cha in

*(■4 * * t  J ^ - 1  * * t-1  * Xt - 2  * ^ - 2 *  • • • •  X1 “ x l )  ( 2 )

■ ?  ( x t  “ * t  I * t -1  "  * t - 1 » Xt - 2  * xt -2 ) *

f o r  t  ■ 1 , 2 , . . . ,  n and a r b i t r a r y  X j, • • • •  X1 € {°*

3 . The c h a in  Xt  i s  s t a t io n a r y  ( i n  th e  n a rro w er se n se )

f ( x t  * *4* Xt+1 "  x t+1* ***• *n  “ * n )

" P( X1 "  * t*  x 2 * * t*  Xn-t+ 1  "  xn)*

* L e o tu re r s ,  I n s t i t u t e  o f  E conom etrics  and S t a t i s t i c s ,  Uni-

v e r s i t y  o f  Ł ód i.



f o r  t  -  1 , 2 , . n  end a r b i t r a r y  **+1» * t+ 2 » • • • •  *n 6 i 0 '  1}* 

We aim a t  c o n s tr u c t in g  an a lg o r ith m  f o r  d e te rm in in g  th e  d i s -

t r i b u t i o n  o f  th e  number o f  rune  in  ( 1 ) ,  I . e .  th e  random v a r ia b le

Rq  ■ 1 + o a r d | t  : 2 <  t  <  n , + X ^ j. СЭ)

«

We e h a l l  b e g in  o u r  o o n e id e ra t io n e  from th e  e p e o i f io a t io n  in  

p a ra g ra p h s  2 -5 , o f  th e  b a e io  p r o p e r t ie e  o f  j o i n t  d i e t r ib u t io n e  

o f  su b seq u en t v a r ia b le e  o f  th e  o h a in  ( 1 ) |  beoauee o f th e  aeeump- 

t i o n  2 we e h a l l  o o n fin e  o u re e lv e e  to  th e  d i e t r i b u t io n e  o f  th r e e  

v a r i a b le s  a t  m o a t.P a rag ra p h s  6 and 7 a r e  d e a l in g  w ith  th e  d i e t r i -  

b u t io n  o f  th e  number o f  rune Rn and t e e t  power baeed  on t h i a  

s t a t i s t i c .

2 . A U n iv a r ia te  D le t r ib u t lo n

Assume th e  n o ta t io n

P(Xt  -  1) -  p , P(Xt  -  o )  -  q -  1 -  p .

The fo rm u lae!

EX^ ■ p , EX^ ■ p , U2X  ̂ ■ p q , 

a r e  g e n e ra l ly  known.

3. A B lv a r l a te  D le t r ib u t lo n

T h is  d i s t r i b u t i o n  i s  tw o -p a ra m e tr lo . P o u r p r o b a b i l i t l e e

Ph j * p CXt-1  -  *», ЗЦ -  J ) ,  h . j  -  0 . 1 ,

a re  dependen t on

POO + P01 + p 10 + P11 я 1 

and on th e  a t a t i o n a r i t y  c o n d it io n

(4 )

( 5 )



and

p 10 + P 11 * p *

Hence

p 01  "  p 10*
(7 )

I f  ln  a  s p e c ia l  c a s e  and X  ̂ a re  In d ep e n d e n t, th e n  p ^

p2 t assume g e n e ra l ly

Р ц  -  P2 +X . ( 8 )

H ence, b o th  from (6 )  and (7 )

P01 "  p 10 * p "  p 11 "  pq "  *  t9 )

and

Pq o  ■ 4 -  P01 -  Ч2 + X. (10)

Of c o u rs e ,

^ t - 1 Xt  "  P11 "  p2 + *•

th u s

coT(Xt _ 1 , Xt ) -  KXt _1Xt  -  Н Ц _,Н Ц  -  p 2 ♦ X -  p2 -  * .

T h e re fo re , th e  c o r r e l a t i o n  c o e f f i c i e n t  betw een X^_.j and Xt  l a  

d e sc r ib e d  by th e  fo rm u la

OOT(lt

* T i t _ , M t  '  pq 

*ad th u s  

x  * pqe-

We s h a l l  w r i te  th e  b i v a r i a t e  d i s t r i b u t i o n  Xt , Xt-1  i n  th e  

t a b l e .
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T a b l e  1

J o in t  d i a t r i b u t io n  o f  two вего-опе 
v a r ia b le a

x t

x t - 1

0 1 Sum

0 qCq + pe) p q d  -  в ) q

1 p q d  - c ) p (p  + qe) p

Sum q p 1

We s h a l l  ааашпе th e  fo llo w in g  n o ta t io n  f o r  c o n d it io n a l  p ro b a -  

b i l i t i e a

"h
-  P(X* -  1 j Xt -1  -  h ) ,  uh -  1 -  wn  -  P(Xt  -  0 ^  -  h ) ,

( 11)

and

h -  0 ,1 .  

We have

wo -  -  p ( i -  в), u0 -  q + ре»

w  ̂ * —jp  ■ p + qe .

Hence wQ + u., •  1- -  e • th u a

e -  1 -  w0 -  u i

( 12 )

(1 3 )

P “ »o + U1 ’ q ’  Wo + U1

I f  v a r i a b le s  (1 ) a re  l in k e d  i n to  th e  f i r a t  o rd e r  Markov ch a in ,

P ( I t  -  * t |xt-1 “ xt-1* * •••  X1 “ Xl )  " " ^ ^ t - l  "  * t - l )

(1 5 )



f o r  t  « 2 , . . . ,  n  and a r b i t r a r y  ***• X1 • *hen th e

p r o b a b i l i t i e s  (11) f o r a  i t s  t r a n s i t i o n  m a tr ix

The r e g r e s s io n  fu n c t io n  o f  th e  f i r s t  ty p e

B(J4 l Xt - 1 "  h )  "  P(Xt  "  1 I V l  -  h )  “  Wh

i s  l i n e a r ,  s in c e  ( o f .  (12))

wh -  P d  -  e ) ♦ b ę .

4- A Three-D im e n s io n a l  D i s t r i b u t i o n .  A G enera l Case 

E ig h t p r o b a b i l i t i e s

Phjlc "  PC *t-2 "  k* x t-1  "  x t  “ ^)* 1

° f  th e  j o i n t  d i s t r i b u t i o n  (Х^_2 * * t-1  ’ * t )  ar* lljalce<1 

dependence

' E j  E j  I Ł  Phjk * 1
h»0 j - 0  k»C

and by two s t a t i o n a r l t y  c o n d it io n s  o f  u n iv a r i a t e  m arg in a l d i s t r i -

b u tio n s

P(Xt - 2  "  1> "  *< X t-i -  D  -  K * t  -  1)

^ d  by one s t a t i o n a r l t y  c o n d it io n  o f  b i v a r l a t e  m arg in a l d i s t r i -

b u tio n s

f ( * w  ■ * * - ,  •  ' )  -  р Л - 1  •  ’ • z t  -  ’ )•

The d l s t r ib u t io n ( X t  2 , Xt - 1 . X ,)  I s  t h e r e f o r e  fo u r-p a ra m e tr ic .
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Assume th a t  t r a n s i t i o n  p r o b a b i l i t i e s ,  1.»« c o n d it io n a l  p rob a-

b i l i t i e s

*hj •  V t  ■ 1 I I t - 2  * h - l . - 1  •  1 ) ( ,6 )

a re  g iv e n .

D en o tin g , s im i la r ly  as  p re v io u s ly  ( o f .  (1 1 ))

uhJ ■ 1 “  *hj* h , j  ■ 0 , 1 . (1 7 )

we e x p re ss  o th e r  c h a r a c t e r i s t i c s  o f  th e  d i s t r i b u t i o n  (*$„2* * t - 1 * 

) a s  a fu n o tlo n  o f  fo u r  p a ra m e te rs

w00» *01’ w10* w11*

B e s id e s , we s h a l l  u se  th e  n o ta t io n  from ( 4 ) ,  ( 8 ) - ( 1 0 )  f o r  

b i v a r i a t e  d i s t r i b u t i o n s  * t-1  ) aQd ^ "4 -1  •  ̂ 8114

vo “ w00 + u 10*

V1 e W01 + u 11* ( 1 8 )  

v -  Wo q V, + u n v0 ,

d1 * w00u 11 *

d 2 "  w0 1 u 10* 

d я d^ -  d j

From th e  obv ious dependences

P h j i  “  P h j wh j *  h * 3 -  ° »  1 *

th e  system  o f  e q u a tio n s

p 00w00 + p 10w10 “ p01* 

p 01w01 + p 11w11 "  p 1 1 ‘ 

fo l io w a .



T aking  I n to  acco u n t fo rm ulae  (8 )—(10) and s o lv in g  t h i s  system  

v s . p and we o b ta in

p . l o o n ,  q — W. 1 Q  (1 9 )
ť v • 4 v

and

о > (2 0 )
e W

I n  some o a se s  i t  i s  more co n v en ien t to  u se  a n o th e r  form of 

t h ia  fo rm u la

q .  ! , *00 U11 (21)

v0 V1

snd henoe b o th  from ( 8 ) ,  ( 9 )  and (1 0 )

Г 1 - '  (22)

4-------------------------------------------------- W00U11 
P01 " Р ю  -  -  $> m — V-----'

. "oowoi 
p-n ■ p(p + qe) ■ — у—

L et ę 2 d en o te  a  seoond o rd e r  a u to c o r r e la t io n  o o e f f io ie n t  o f 

th e  p ro ce se  ( 1 ) ,  i . e .  th e  c o r r e l a t i o n  c o e f f i c i e n t  betw een X  ̂ and

Л - 2 .
S im i la r ly  a s  (9 )  *e have 

P( Xt - 2  -  0 , Xt  -  1) -  pq(1 

On th e  o th e r  hand 

P( Xt - 2  -  °* Xt  -  1) * _p 001 + p010 "  p00"00 + p01w01* 

Thus, a f t e r  t a k in g  in to  accoun t (2 0 )  and (19)

^ Z Q ď l l  .  4 ,  ľHLTi u i t J o ( i - e 2 )
v "oo v  01 V

henoe



( u10 + wOl) T
^2 “ -------- ^ ----- L—  * ( 23 )

5» A T hree-D im ensional D la tr l to u tio n  w ith  L in e a r  B eg rase io n

The f i r s t - t y p e  r e g r e s s io n  in  th e  d i s t r i b u t i o n  ( * t _2 t Xt - 1* 

1 ^ )  i e  n o t u s u a l ly  l i n e a r  due to  (1 6 ) .

A c o n d it io n a l  ex p ec ted  v a lu e  can be w r i t te n  i n  th e  form

E( Zt | Xt - 2  " h * Xt -1  “ " wh j 

and th u s

E(Xt  I Xt - 2  * Xt- 1  "  *0

-  woo + h (wio  -  w00-) + J ( w01 '  *00)

+ hi (wn  -  w10 -  w01 + w00) .

T h e re fo re , we o b ta in  th e  l i n e a r i t y  o o n d itlo n

W11 “  w10 “  W01 + *00 * °* 

w hich, ta k in g  in to  accoun t (18) can be w r i t t e n  i n  th e  form

w00 + u 10 "  W01 + u 11* (24 )

o r  ( e f .  (1 0 ) )

▼o * T1* <25)

When c o n d it io n  (25) i s  s a t i s f i e d ,  we have from (18) and (17)

Y -  ( w00 + U11)V0* ( 26) 

Porm ulae ( 2 2 )  a re  th e r e f o r e  s im p l i f ie d  to

p  „  --- ----- SÍL—  q  „  — 1J. , _t  (27 )

w00 + U11 w00 + U11

S im i la r ly ,  I n s te a d  o f  (21) we can w r i te



o r

v0

U10 “  U11
10 11 128)

*00 +  u10

Prom ( 2 3 -) and (2 6 )  we have

. (2 „

c w00 + u10

The d i s t r i b u t i o n  (Xt _2 * ***e l i n e a r i t y  r e g r e s s -

io n  o o n d it io n  (24 ) i e  th re e -p & ra a e tr io .  A l l  i t s  c h a r a c t e r i s t i c в 

°an  be d e s c r ib e d  by th r e e  c o n d i t io n a l  p r o b a b i l i t i e s  ( o f .  fo rm ulae 

(2 7 )- (2 9 ))  o r  by p a ra m e te rs  p , e , e2 .  The easy  t ra n s fo rm a t io n s  

le a d  to  th e  fo rm ulae

.  . - c 1 -  <2 )
00 1 + ę •

( p > « ) ( i - e 2 ) ....
01 ■ : — 2—  • (30)

1 -  e

( w  ♦  q ) ( i  -  e 2 )

U1° ---------- 1 : ? " ” *

q ( i  -  p2 )
11 "  1 + s

I n  a  s p e c ia l  caee  th e  v a r i a b le s  (1) a re  l in k e d  in to  th e  f i r s t  

o rd e r  Markov o h a in , I . e .  th e  o o n d it io n  a t r o n g e r  th a n  (2 )  ho lds:

P ^ t  “ * t  ! x t - 1  * ^ - l *  • • • '  X1 “ x l )

* РС ^  “ ^ t l S - i  -  * t - i ) *
*

Then th e  e q u a l i t i e s  o f  c o n d i t io n a l  p r o b a b i l i t i e s  must be 

^ f i l l e d

*00 •  W10 » *11 * " 01 .

I . e .



and

u 10 “ 1 ~ w00* *01 * 1 “  U11*

Henoe from (28) and (29)

9 -  4 -  w00 -  U11

*2 " 0  * w00 “ u1 l ) 2 * C2 •

6 . The D i s t r i b u t io n  o f  th e  Humber  o f  Runs
|_ЦЩ Л I I f  II—  M III  I— ■ — ■НИИ—  I ■■ II I —  Щ  I—  1 I !■ " ľ -------- I-----------------------ľ

How we s h a l l  c o n s id e r  th e  d i s t r i b u t i o n  o f  th e  number o f  ru n s  

Rn i n  th e  sequence  ( 1 ) .  We s h a l l  d e f in e  by З вд (п * ***• p ro b a b i-

l i t y  t h a t  th e  sequenoe (1 ) o o n ta ln s  r  ru n s  and i t s  two l a s t  e le -

m ents a re  h  and j

Qh j ( o * r )  “  P(Rn "  r * Xn-1 "  h » Xn * * )•  h  "  °» 1 *

and

Q (n, r )  -  Z j Z j Qh J^a » r ) *

F o r n •  2 , o f  c o u rse

^OO^2 * " p00*

^01^2 » 2  ̂ " P0 1* ‘

Q10^2 » 2  ̂ "  p 10*

^11^2 * ^  " p11*

Henoe

Q(2» 1) -  Poo + P11 .

Q (2 , 2) ■ p 01 + p 10*

Рог n > 2 , b ecau se  o f  th e  assum p tion  (2 )  and th e  dependenoe 

Rq  f o r  h  в J 

Rn-1 f o r  h  ** *

Rn , n—I



we have

V n ’ p ) "  Pt Rn -  r * V i  -  b , ^  -  3)

1

L  ПК - r. V i  � *• • h- � J>
g-0

1

ľ .  Pi Rn-1 “ r  ~ 6hJ • "  e* *п_1 « ь ) .

' Л  -  J i V i  ■ «•  V i  ■ >*)

T h e re fo re , we o b ta in  th e  g e n e ra l  fo rm ula

1

V n ’ r > -  Z j  V ^ n * 1* r  "  * h j)  ( 1 “  * +( 2j  * 1) wg h )  t3 3 )
9-0

In  whioh

1 -  J ♦ (2j -  1 ) . ^  -  P(Xn -  3 ( ^ .2  -  g . V i  -  h) -

ugh * ov i  -  °*

"gh to r  J ■ 1•

I n  particu lar

Q00( a * p) * Q00( a  * 1* r ) u 00 + Q10(a  ’  1»r )  u 10*

* W a » r )  *  Q00ta “ 1» r  "  1)w00 + Q10 â -  1» -  1) * 10» (34)

Q1()(a » r > * Q01(n  “  1» r  “  1)U01 + Q1 l ( a  -  1» r  -  1 )u 11*

Q1 l(a ,  r)  -  Qqi( n -  1 . *“)»01 + Q11(a  "  1 »r >wt1 *

Formula (33) with in i t ia l  oondition* (32) oan be a basis for  

^umerioal determination of probability  d istr ib u tion  of the number 

runs Ra in  the second order Markov process.



7 . The Power o f  Randomized Run T e s te

Let us assume th a t  we v e r ify  the  hypothesis of Independence of 

the  sequenoe of random v a riab le s  (1) linked  in to  the  second order

ion oonditlon (24) i s  s a t i s f ie d  , i . e .  the jo in t  d is t r ib u tio n  

( l^ _ 2 * x t - 1 * * t )  ie  th ree -p aram etrio . Using the  t e s t  based on RQ 

s t a t l s t i o  we oan v e rify  the  independence hypothesis

Depending on the  a l te rn a t iv e  hypothesis (Hj i ę <  0,H1 i g> 0 , 
H1 i ę ♦ 0) we assume re sp ec tiv e ly  r ig h t-h a n d -s id e ,le f t-h a n d -s id e  
o r tw o-sided o r i t lo a l  region fo r  the  RQ s t a t l s t i o .

Por th e  purposes of a comparative an a ly s is  o f the  power of 
run t e s t s  i t  i s  wortwhile to  oonslder the  randomized t e s t s  whioh 
guarantee th e  seme p ro b a b il i t ie s  o f th e  f i r s t  type e r ro r  (cf.D  o- 
m a ń s k i ,  T o m a s z e w l o z  1980).

Por the  le f t-h a n d -s id e  region we have th e  o r i t lo a l  value

where Pq  denotes p ro b a b ility  oa lou la ted  under th e  assumption th a t 
H0 i s  tru e .

The t e s t  works as follow s!
HQ i s  re je c te d  I f  R 4  r^ ,
HQ Is  accepted i f  R > r*. + 1,
HQ I s  re je c te d  w ith p ro b a b ility  рл i f  R ■ гл  + 1.
The power of the  randomized te a t  of runs I s  expressed by the

Uarkov chain . We assume fo r  elm th a t  the  l in e a r i ty  regreee-

H0 * e -  e2 -  o.

(35)

and

-  p o (R *  r ~ )
p*  "  ~ V R -  ^  + 1 ) ’

(36)

formula

i -  p -  p , ( r  < r Ä) + pä  p , Cr  -  гл + i ) . (37)

1 The considera tions fo r  the  general oase do not d i f f e r  
s ig n if ic a n t ly .



A ll p r o b a b i l i t i e s ,  and th e r e f o r e  th e  power o f th e  fu n  t e s t  

can be c a lc u la te d  u s in g  r e c u r s iv e  fo rm ulae (33)»
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UEPODA OBLICZANIA MOCY TESTU 
OPARTEGO NA LICZBIE SERII 

W PRZYPADKU ŁAŃCUCHA MARKOWA DRUGIEGO RZfDU

A rty k u ł d o ty czy  podstawowych w ła sn o śc i te s tó w  o p a r tyoh na 
l i c z b i e  s e r i i  w e ry fik u jąc y c h  h ip o te z ę  o n ie z a le ż n o ś c i  c ią g u  zmien-
nych losow ych

X1» *2» • • • »  Xn*
Przy  z a ło ż e n iu ,  że pow iązane s ą  one w łań cu ch  Markowa d ru g ieg o  
« « d u ,  t j .

P( Xt | Xl ■ x l ............ ^ - 1  “ * t - l )  ■ 1^4-2 "  Xt - 2 ,Xt - 1  "

■ d la  t  ■ 3, 4 , • • • »  n .

A u to rzy  o g r a n ic z y l i  swe rozw ażan ia  do p rzypadku , gdy zmienne 
m ają ro z k ła d  dwupunktowy, a  ponadto  trójw ym iarow y ro z k ła d

Xt-2 *  Xt*1* Xt  J* s t  я*вс4опагоУ d la  t  -  3 , 4 , . . . .  n .


