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A METHOD FOR COMPUTING THE POWER OF THE TEST
BASED ON THE NUMBER OF RUNS
IN THE CASE OF THE SECOND ORDER AUTOCORRELATION PROCESS

1. Introduction

The paper presents a generalization of the results obtained
in DomaXski, Tomaszewdcsz (1980) in the case of
the second order autocorrelation. We shall consider the sequence
of random variables

x1. ng seey In. (n>2), (1)

about which the following assumptions are made.

1. Each of the varisbles has a two-point zero-one distribu-
tion

P(X, = 0) + P(X, = 1) =1, fort = 1, 2, «esy Do

2« The variables xt are 1linked into a second order Markov
chain

B(Xy = Xy | Xyoq = Zyogs Kpop = Xgape 0000 Xy = %) T
=R (Xy = x| Xy = Xg-10 Te2 ® Xt-2)"

for t = 1, 2, ..., 0 and arbitrary oy Xy qs o0 116{0. 1}-
3. The chain X, is stationary (in the narrower sense)

B(Xy = xyy Xypq = Ty 90 BoLil: Do ) |
= P(Xy = Xy Xp = Xyy eoes Xpgar = To)s

*Lecturers, Institute of 'Bobhdnbfriolfann Statistics, Uni-
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for t = 1, 2, «.sy, 0 80d Arbitrary X, 4o Xy o9 eeey X, € {0. 1}.
We aim at constructing an algorithm for determining the dis-
tribution of the number of runs in (1), 1.e. the random variable

Ry = 1+ ocard{t:2<t<n Xy # Ly} (3

We shall begin our considerations from the specification in
paragraphs 2-5, of the basic properties of joint distributions
of subsequent variables of the chain (1); because of the assump-
tion 2 we shall confine ourselves to the distributions of three
variables at most.Paragraphs 6 and 7 are dealing with the distri-
bution of the number of runs Rn and test power based on this
statistic.

« A Univariate Distribution

B

Assume the notation

P(Xy = 1) = p, P(It = 0)=q=1~p.

The formulaes

Ext = Py Exg = Py szt = Dq,

are gonérally known.

3. A Bivariate Diatributiog

This distribution is two-parametric. Pour probabilities

PhJ - P(xt_1 = h, xf g J)o h,j = 0, 1, .(4)

are dependent on

Poo* Po1 * Pio*t Pqg =1 (5)

and on the ptationarity condition

Por * P11 = P
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and
(6
Pio + Pyq = Po )
Hence
(7)
Por ® Pyo°

If 1in a special case It_"and xt are independent, then p,q =
» Pel assume generally

911 e pz +A. (8)

Hence, both from (6) and (7)

Pot = P1o = P =Py = Pq = X (9)
s .
Poo ™ 9= Pgy = 9 + e (10)
Of course,
EX, (X, = Pyq = P2 + &,
thus

2 . e

cOv(Xy_ys Xy) = EXy_Xy = B, (BKy = 4 % =D

Therefore, the correlation coefficient between X, , eand X, is
described by the formula

L cov(X, _40X;) .

° -1 Pq

Qnd thug

A= pqe-

the
We shall write the bivariate distribution It. xt-1 in

table,
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Tedl e 1
Joint distribution of two gero-one
variables
It 0 1 Sum
L S '
0 q(q + pe)| pq(1 =¢) q
1 pa(1 =) | p(p + qe) |
Sum q P 1

We shall assume the following notation for conditional proba-
bilities

"n"(‘t"lxt.n'h)v“h"~"'n"(’~t'°|1t'h)-

h = 0.10 (11)
We have
. g - u = q+ (12)
o q p ' Q)o 0 q pQ.

P
'1 --—%—1 = D + q@, u1 = q(1 - Q)

Hence w, + uy = 1 - ¢, thus

Q-1-' -“1 (13)

[
and

p--—:-g——. q-—‘"‘;‘—o
'0 \11 '°+u1

(14)

If variables (1) are linked into the first order Markov chain,
1.00 ‘ %

P(Xy = Xg| Ko = Tgaqs ooer Ty = Xp) = By = Loy = %)
- (15)
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for t = 2, sesy, n and arbitrary Xy 10 Xpoupr 2000 Xq then the
probabilities (11) form its transition matrix

=1 1= LN Y
“1 "“1 .

The regression function of the first type

B(Xy [Tygoq = B) = B(Xy = 1[Ey_q = B) = Wy
is linear, since (eof. (12))

'h'p“ -p) + hp.

4. A Three-Dimensional Diagribution. A General Case

Eight probabilities

Ppyx = P(Xgap = Bs Tyq = s XLy = k), Bodyk = 0, 1

°f the joint distribution (X, _,, X;_ 4, X;) are linked by the
dependence
i WER

'hZ_:, Z, Z, Phik
0 j=0 k=C

= 1

and by two stationarity conditions of univariate marginal distri-
butions

P(X, o= 1) = H(X,_q=1) = KX =1)

and by one stationarity condition of bivariate marginal distri-
bution. . v :

RCWERIE SRR RE CHEE R 1)t

The distribution(X, », xt;,. X,) is therefore four-parametric.
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Assume that transition probabilities, 1.»« condnid proba-
bilities
*hj « V.t "111t-2 * h-1.-1 « 1) (,6)

are given.
Denoting, similarly as previously (of. (11))

uhd " 1 *hj* h, j "0, 1. (17)

we express other characteristics of the distributid¢*$,2* *t-1*
) as a funotlon of four parameters

wo0» *01’ wl0* wll*

Besides, we shall use the notation from (4), (8)0)1for
bivariate distributions *t-1 ) aQd "#4-1 « A 8114

vo “ wO00 + ul0*

V1 e WOl + ull* (18)

v - WqV, + un vO,

dl * woOull*

d2 # wOlul0*

d % d* - dj

From the obvious dependences

Phji “ Phjwhj* h* 3 - ©°» 1%
the system of equations

pOOWO0 + p10wl0 “ pO1*
pO0iw0l + pliwll # pl1l®

foliowa.



Taking Into account formulae (8)—10) and solvingis system
vs. p and we obtain

p.loc\)/n,. zﬂ_W\}Q (19)
and

« > W (20)

e

In some o0ases it is more convenient to use anotfogm of
thia formula

qg . !, *00 U1l (21)
vo V1

snd henoe both from (8), (9) and (10)

4
PO1 " #$ - - > m— Ve

) "O0WOI
pne p(p+oe)e— *—

Let %2 denote a seoond order autocorrelation ooedfit of
the procese (1), i.e. the correlation coefficienetween X* and

& -2.
Similarly as (9) *e have

P(Xt-2 - 0, Xt - 1) - pq(1
On the other hand

P(Xt-2 - °* Xt - 1) * p001 + p010 " p00"00 + pOlwOl*

Thus, after taking into account (20) and (19)

AZQIIl . 4, 3HLTI uitJo (i-e 2)
00 v 01 Vv

henoe



(ul0 + WOl) T
np A — * (23)

5> A Three-Dimensional Dlatrltoution with Linear Beaseion

The first-type regression in the distribution (*tt t-1*
17) ie not usually linear due to (16).
A conditional expected value can be written in thHem

E(Zt | Xt-2 " h* Xt-1 " whj
and thus
E(OX | Xt-2 * Xt-1 " *0
- woo + h(wio - w00-) + J(wO1l ' *00)
+ hi (wn - wl0 - w0l + w0O0).

Therefore, we obtain the linearity oonditlon

W1 “ wl0 “ W1 + *00 * °*

which, taking into account (18) can be written imet form

w00 + ul0 " W1 + ull* (24)
or (ef. (10))

b* T1* <25)
When condition (25) is satisfied, we have from (18pd (17)
Y - (w00 + U11)\VO* (26)
Pormulae (22) are therefore simplified to

p ., - SIL— q . — 1J .t (27)
w00 + Ull wo0 + Ull

Similarly, Instead of (21) we can write



vO

or
Uig © Uit 128)
*00 + ulo
Prom (23) and (26) we have
(2,
¢ w00 + ul0
The distribution (Xt_2* e |linearity regress-
ion oondition (24) ie three-p&raaetrio. All its chacteristic!

°an be described by three conditional probabilitidef. formulae

(27)-(29)) or by parameters p, e, e2. The easy sfammations
lead to the formulae

: . -cl - @)
00 17+ " .
(p>(<)(|-e2) e
01 # 1T e 2__ . 50
(w ! q)(i - e2)
Ulo —————————— 1 ’) $ ” *

q@ - p2)
11 $ 1 +s

In a special caee the variables (1) are linked inttoe first
order Markov ohain, l.e. the oondition atronger thd2) holds:
PAt “ *t Q%xt-1 * N-|* eee’ X1 “ xl)
* /5Nt AEIS -0 - -l
*

Then the equalities of conditional probabilities stube
Nfille d

*00 « WIO» *11 * $01.



ulo “ 1 ~ wOO* *01 * 1 “ uUl1l*
Henoe from (28) and (29)
9- 4 - w0 - Ul1

and

¥2 " 0 * w00 * ull)2 * Q2 -

6. The Distribution of the Humber of Runs

|_1#$ 11 f I— MI — % — %&"— 1%%IIl— # |— O I (7 S ——

How we shall consider the distribution of the numbef runs
Rn in the sequence (1)We shall define by !"#($* *** probabi-
lity that the sequenoe (1) oontalns r runs and itweo last ele-
ments are h and |

Qhj(o*r) “ P(Rn % r* Xn-1 % h» Xn * *)e h % °» 1*
and

Q(n, r) - ZjZjQhd*a» r)*

For n « 2, of course

NOO2 * " p00O*

AOIN2» 27" POL*

Q1l072» 2N % plO*

ALIN2* N " pll*

Henoe

Q(2» 1) - Poo + P11
Q(2, 2) & p0l + pl0*

'/3 n > 2, because of the assumption (2) and thepdedenoe

Ry for h " J
R

Rn-1 for h * *



we have

V. n"p)" PtRn - r*V i - b, ~ - 3)
1
L oo -rVien oh o>
g-0
1
. PiRn-1 “r ~ 6hJe "er 1 o« $).

- JiVi #«e Vi #

Therefore, we obtain the general formula

1
Voon'r>- ZpVoAntarrt sh) (17*+(2) % wgh) t33)

In whioh

1-Je (2] - 1)~ -PXn- 3(*.2 -g. Vi - h)-

ugh *ov i - °*

"gh tor J # 1e

In particular

QO00(a*p) * Q00(a * 1* r)u00 + Q10(a ' 1w»r) ulo*

*W a»r) * Q00ta “ 1»r " 1)w00 + Q107 - 1» - 1)*10» (34)
Ql0)(a»r>* Q01(n “ 1» r “ 1)U01 + Qll(a - 1» r - 1)1
Qlli(a, I) - Qgi(n - 1. *»01 + Qli(a " I»r >wmil*

Formula (33) with initial oondition* (32) oan be a bass for

Aumerioal determination of probability distribution o f the number
runs Ra in the second order Markov process.



7. The Power of Randomized Run Teste

Let us assume that we verify the hypothesis of lmedeence of
the sequenoe of random variables (1) linked into theose order
Uarkov chain. We assume for elm that the linearity resge-
ion oonditlon (24) is satisfied , i.e. the joint gstribution

(1" _2*xt-1**t) ie three-parametrio. Using the test leals on RQ
statlstio we oan verify the independence hypothesis

HO * e - e2 - o.

Depending on the alternative hypothesis (Hj i ! <HQ,i1g>0,
H1 i ! " 0) we assume respectively right-hand-sideffthand-side
or two-sided oritloal region for the RQ statlstio.

Por the purposes of a comparative analysis of tlowep of
run tests it is wortwhile to oonslder the randondizeests whioh
guarantee the seme probabilities of the first typeoer(cf.D o-
ma#ski, Tomaszewloz 1980).

Por the left-hand-side region we have the oritlowdlue

(35)
and

po(R* r~) (3:)

p* 6 ~VR- "~ + 1)
where BB denotes probability oaloulated under the assummptioat
HO is true.

The test works as follows$

HQ is rejected If R4 r?,

HQ Is accepted if R> r*x. + 1,

HQls rejected with probability %& if R' /& + 1.

The power of the randomized teat of runs Is expresbgdhe
formula

i - p-p.(r <rA) +@ pC - "+ i). (37)

1 The considerations for the general oase do notfarif
significantly.



All probabilities, and therefore the power of theanf test
can be calculated using recursive formul§23)»
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UEPODA OBLICZANIA MOCY TESTU
OPARTEGO NA LICZBIE SERII
W PRZYPADKU "A#CUCHA MARKOMNA DRUGIEGO RZfDU

Artyku! dotyczy podstawowych w'!asno$ci testow opyih na
liczbie serii weryfikuj%cych hipotez& o niezale'rco$ci%gu zmien-
nych losowych

X1» *2» eeexn Xn*

Przy zalo'eniu, 'e powi%zane s% one w !lascuch Maskarugiego
««du, tj.

P(Xt|XI + XI oo, ALl xte]) o+ 1M-2 [ Xt-2 Xt-1 |/

+ dla t + 3, 4, eee» n.

Autorzy ograniczyli swe rozwa'ania do przypadku, ygZzmienne
maj% rozk'ad dwupunktowy, a ponadto trojwymiarowyzk!ad

Xt-2* Xt*1* Xt J*st 5*674:;,<=:>dlat - 3, 4, .... n.



