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A METHOD FOR COMPUTING THE POWER OF THE TEST
BASED ON THE NUMBER OF RUNS
IN THE CASE OF THE SECOND ORDER AUTOCORRELATION PROCESS

1. Introduction

The paper presents a generalization of the results obtained
in DomaXski, Tomaszewdcsz (1980) in the case of
the second order autocorrelation. We shall consider the sequence
of random variables

x1. ng seey In. (n>2), (1)

about which the following assumptions are made.

1. Each of the varisbles has a two-point zero-one distribu-
tion

P(X, = 0) + P(X, = 1) =1, fort = 1, 2, «esy Do

2« The variables xt are 1linked into a second order Markov
chain

B(Xy = Xy | Xyoq = Zyogs Kpop = Xgape 0000 Xy = %) T
=R (Xy = x| Xy = Xg-10 Te2 ® Xt-2)"

for t = 1, 2, ..., 0 and arbitrary oy Xy qs o0 116{0. 1}-
3. The chain X, is stationary (in the narrower sense)

B(Xy = xyy Xypq = Ty 90 BoLil: Do ) |
= P(Xy = Xy Xp = Xyy eoes Xpgar = To)s

*Lecturers, Institute of 'Bobhdnbfriolfann Statistics, Uni-
Versity of iédf. Yo
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for t = 1, 2, «.sy, 0 80d Arbitrary X, 4o Xy o9 eeey X, € {0. 1}.
We aim at constructing an algorithm for determining the dis-
tribution of the number of runs in (1), 1.e. the random variable

Ry = 1+ ocard{t:2<t<n Xy # Ly} (3

We shall begin our considerations from the specification in
paragraphs 2-5, of the basic properties of joint distributions
of subsequent variables of the chain (1); because of the assump-
tion 2 we shall confine ourselves to the distributions of three
variables at most.Paragraphs 6 and 7 are dealing with the distri-
bution of the number of runs Rn and test power based on this
statistic.

« A Univariate Distribution

B

Assume the notation

P(Xy = 1) = p, P(It = 0)=q=1~p.

The formulaes

Ext = Py Exg = Py szt = Dq,

are gonérally known.

3. A Bivariate Diatributiog

This distribution is two-parametric. Pour probabilities

PhJ - P(xt_1 = h, xf g J)o h,j = 0, 1, .(4)

are dependent on

Poo* Po1 * Pio*t Pqg =1 (5)

and on the ptationarity condition

Por * P11 = P
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and
(6
Pio + Pyq = Po )
Hence
(7)
Por ® Pyo°

If 1in a special case It_"and xt are independent, then p,q =
» Pel assume generally

911 e pz +A. (8)

Hence, both from (6) and (7)

Pot = P1o = P =Py = Pq = X (9)
s .
Poo ™ 9= Pgy = 9 + e (10)
Of course,
EX, (X, = Pyq = P2 + &,
thus

2 . e

cOv(Xy_ys Xy) = EXy_Xy = B, (BKy = 4 % =D

Therefore, the correlation coefficient between X, , eand X, is
described by the formula

L cov(X, _40X;) .

° -1 Pq

Qnd thug

A= pqe-

the
We shall write the bivariate distribution It. xt-1 in

table,
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Tedl e 1
Joint distribution of two gero-one
variables
It 0 1 Sum
L S '
0 q(q + pe)| pq(1 =¢) q
1 pa(1 =) | p(p + qe) |
Sum q P 1

We shall assume the following notation for conditional proba-
bilities

"n"(‘t"lxt.n'h)v“h"~"'n"(’~t'°|1t'h)-

h = 0.10 (11)
We have
. g - u = q+ (12)
o q p ' Q)o 0 q pQ.

P
'1 --—%—1 = D + q@, u1 = q(1 - Q)

Hence w, + uy = 1 - ¢, thus

Q-1-' -“1 (13)

[
and

p--—:-g——. q-—‘"‘;‘—o
'0 \11 '°+u1

(14)

If variables (1) are linked into the first order Markov chain,
1.00 ‘ %

P(Xy = Xg| Ko = Tgaqs ooer Ty = Xp) = By = Loy = %)
- (15)
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for t = 2, sesy, n and arbitrary Xy 10 Xpoupr 2000 Xq then the
probabilities (11) form its transition matrix

=1 1= LN Y
“1 "“1 .

The regression function of the first type

B(Xy [Tygoq = B) = B(Xy = 1[Ey_q = B) = Wy
is linear, since (eof. (12))

'h'p“ -p) + hp.

4. A Three-Dimensional Diagribution. A General Case

Eight probabilities

Ppyx = P(Xgap = Bs Tyq = s XLy = k), Bodyk = 0, 1

°f the joint distribution (X, _,, X;_ 4, X;) are linked by the
dependence
i WER

'hZ_:, Z, Z, Phik
0 j=0 k=C

= 1

and by two stationarity conditions of univariate marginal distri-
butions

P(X, o= 1) = H(X,_q=1) = KX =1)

and by one stationarity condition of bivariate marginal distri-
bution. . v :

RCWERIE SRR RE CHEE R 1)t

The distribution(X, », xt;,. X,) is therefore four-parametric.
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Assume that transition probabilities, i.e. conditional proba-
bilities

Wny = P(Xy = 1 |xt_2 =h, X, 4 =J) (16)

are given.
Denoting, similarly as previously (of. (11))

Upy = 1 - UNT h, =0, 1. (7

we express other characteristios of the distribution (xt_z.  URT
X,) as a function of four parameters :

Yoo* Yo1* "10* M11°

Besides, we s8hall use the notation from (4). (8)=(10) for
bivariate distributions (xt-Z' 1) and (lt_1. X,) and

Vo = Voo * Uyqe
b Rt A | (18)
Vo= woaVq + UyqVi,
TRl R
da = ¥5yl40s
d =4, -4,
From the obvious dependences
Phj1 = Phg"ngr M 3= 00 T
the system of equations
Poo™00 * P10%10 * Pore
Po1o1 * P11™11 ® Py

follows.
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Taking into account formulae (8)- (10) and solving this system
ve. p and we obtain

WanV UqaqV
pea—201, qe1190 (19)
and
=4 (20)
- L]
® " Vovq :

In some ocases .1t is more convenient to use another form of
this formula

u
00 (21)

A Yo Y

and hence both from (8), (9) and (10)

Ul
Pogo = 1 (0 ¢ PQ>--——1°,,". : (22)

w. U
1
Po1 = Pyg = PA(1 -0) -—93——.

1 WanW
Pyq = P(P + qo) = —20-21,

Let g, denote a second order autocorrelation coefficient of
the process (1), 1.e. the correlation coefficient between xt and

Tieae

Similarly as (9) we have

P(Xy o =0, Xy = 1) = pq(1 =gp)e

On the other hand

P(Xyp = 0y Xy = 1) = Pooy * Po;o = Poo"00 * Po1%01*

Thus, after teking into account (20) and (19)

Uqnu Wanll W,nVe U v,
—10711 00"11 60%1 21170 e -
el T e P s gt Gl T
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u + W v
S 11 T [ bR (2%)

e 2 VO'V‘

5. A Three-Dimensional Distribution with Linear Regression

The first-type regression 1in the diatribution (It 29
X;) ie not usually linear due to (16).
A conditional expected value can be written in the fomrm

B(Xy| Xy = By Xyg = 3) = w,
and thus
B(Fy | Tyag = B Xyq =)
" "0 * B(™0 = "00) * 3("01 = “oo)
+ by (Wg9 = W = Yo7 + Wpo)e
Therefore, we obtain the linearity condition
%11 = Y0 = Yo1 * Yoo = O
which, taking into account (18) can be written in the form
"o0 * U10 = "o1 * “11-l
or(ef. (18))
Vo = Vqe
When condition (25) is satisfied, we have from (18) and (
VY= ('00 * uy4)Vge
Pormulae (22) are therefore simplified to

'gg o u11

P o + ugy? Yoo * U941’

Similarly, instead of (21) we can write

Xioqo

(24)

(25)
17
(26)

(27)
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Won + U
Q = 1 -—&v—1!
0
or
b | S & (28)
Yoo * Y49 x
From (23) and (26) we have

e-

(M40 * "o1) (o0 * ¥11) (29)
Y50 * Y40 o
The distribution (xt‘z. Xy 10 xt) with the linearity regress~
lon condition (24) is three-parametric. All 1its characteristics
tan be described by three conditional probabilities (of. formulae
(27)-(29)) or by parameters p, ¢, ep+ The easy transformations
lead to the formulae

p(1 - ¢p)
e et

.92.1-

_ P+ @) (1~ e)

w (30)
01 1 b ’
(Pe + q)(1 = ¢5)
N T e N T
- Q
a(1 - ep)

Ryy = 1+0 B
In a special case the variables (1) are linked into the first
Order Markov chain, i.e. the condition stronger than (2) holds:
’(xt =Xy | X g™ Xyoqe vees Iy =Xy)
.P(xt = Hltt-’ = ﬁ-‘).' {

Then the equalities of conditional probabilities must be
fulf11)ed

Y00 = W100 11 = Yo1»
'1'.0
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Uygp = 1 =Wooe Wop = 1 = uyqe
Hence from (28) and (29)

1 Png

and

eg = (1= woo = uy)% = .

6. The Distribution of the Number of Runs

Now we shall consider the distribution of the number of runs
R in the sequence (1) We shall define by th(n. r) the probabi-
1ity that the sequence (1) contains r runs and its two last ele-
ments are h and J

th(n. r) = P(Rn =T xn.1 = h, xn » 3)0 h=0,1,

Q(n, r) = 2;;2E:th(n. re (31)
* 8]

For n = 2, of course

and

Qpol2s 1) = Ppgs (32)
1(2, 2) = poys -

Q0(2s 2) = Pyqp

Qq4(2, 1) = pyqe

Hence

Q(2,'1) = Poo * P11 »

A2, 2) = pgy * Pro°

For n > 2, because of the assumption (2) and the dependence

Rn for h = ]
Bpat
R for h # }J

ne1
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we have

Qu(n, r)=PKR =r, X 4=h X =]
1

- &r<%-r-a.z-_s-&.a-h-x-a>

2=
1
- Zd P(Ryq = To= Spgs Xyog = & Xpoq = B):
&0
P(Xy = 3| Tpez = & Tyoy = B)
Therefore, we thd.n the general formula

1
Q(a, ¥) = 92-:6 Qua(n = 1, ¥ = 8q) (1 = 3 +(25 = Ywgy) (39)

in which

1= 34 (2 = Vg = B(Xy = 3[Tpcp = & Tuy = B)r

: u@fbrj-o.
> '@tori-’.

In particular

Qoo(n, r) = Qua(n = 1, riugy + Qualn = 1,7) vy,

Q(m, ) = Qpo(n = 1, T = Nwgy + Qo =1, * = Nwyge O34
Qo(n, r) = Qpq(n = 1, ¥ = NDugy + Qq(a =1, = = Duqqs

Qn(no r)s= Qb,(n - 1, r)wm + Q"(n - 1,:)'".

Pormula (33) with 4initial conditions (32) can be & basis for
%merical determination of probability distribution of the number
%% runsg R, in the second order Markov process.



222 Czeslaw Domafiski, Andrze] Tomaszewicz

T. The Power of Randomized Run Tests

Let us assume that we verify the hypothesis of independence of
the sequence of random variables (1) linked into the second order
Markov chain. We assume for lmglicity that the linearity regress-
ion condition (24) is satisfied , i.e. the Joint distribution
(X4_2+ X4.q» X;) 18 three-paremetric. Using the test based on R,
statistic we can verify the mdopondcno_o hypothesis X,

BO‘Q- 92-00

Depending on the alternative hypothesis (H, : ¢ < 0,H; 1¢>0,
Hy 1 ¢ # 0) we assume respectively right-hand-side,left-hand-side
or two-sided oritical region for the Rn statistio.

Por the purposes of a comparative analyasis of the powaer of
run tests it is wortwhile to oonsider the randomized tests which
guarantee the same probabilities of the first type error (cf.D o~
madski, Tomaszewiocos 1980).

For the left-hand-side region we have the critical value

Ty = nu{r t Bo(Rgr) < «.} (35)

and
o 3 PQ‘ (R < ry)

pg - o R = & ? ] (36)
where 'Pd denotes probability caloulated under the assumption that
Bo is true.

The test works as follows:

HO is rejected if R < r,

H, is accepted 1If R > r,  + 1,

Bo is rejected with probability p,  if R = r,  + 1,

The power of the randomized test of runs is expressed by the
formula : . :

1-p=P(RS<,) +p PR =1, + 1), (37

¢ 1!!m considerations for the general ocase do not differ
significantly.



A Method for Computing the Power of the Test.,. 223

All probabilities, and therefore the power of the yun test
can be calculated using recursive formulse (33).
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METODA OBLICZANIA MOCY TESTU
OPARTEGO NA LICZBIE SERII
W PRZYPADKU BANCUCHA MARKOWA DRUGIEGO RZEDU

Artykut dotyczy podstawowych wiasnosci testéw opartych na
liczbie serii weryfikujgeych hipotez¢ o nieszaleinosci ciggu zamien-

Aych losowych

x“. 12. eeey In,

Przy zaloseniu, Ze powigzane sq one w aficuch Markowa druglego
Tzgdu, tj.

P(X [Ty = Xys oees Xpog = Fpog) = (g[Feaz = Fe-2eeer -
=X 1) dlat = 3, 4, «ee, Do

Autors °§r‘n1°' 11 swe rozwasanis do prz gdy zmienne
xi majgq ;osk ad du:punkto-y, a ponadto tréjwymiarowy rozkiad

xt-zo It_1. It jest stacjonarny dla t = 3, 4, «ce, Be



