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REMARKS ON THE SCHEME OF SIMPLE SAMPLING
WITH REPLACEMENT

Abstract. In the paper there were carried out deliberations on the formula for the
probability of the second-row belonging of the set pair of units to the sample in the
scheme of sampling with replacement. It was derived in various ways. Some formulas
were illustrated with examples.
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I. INTRODUCTION

The scheme of individual unlimited independent sampling from a limited
parent population containing N units allow for the possibility of multiple occur-
rence of the same units in the sampled sample. It happens when sampling of
units is done at invariable composition of the population, i.e. the probability of
selection of units from the population is constant and remains equal in the whole
process of sampling the sample.

In the paper there were given the mathematical model of the scheme of sam-
pling with replacement, the formulas for the number of samples expressed by the
number of variation with repetitions, the probability for sampling the samples
with the set element and there was derived, in various ways, the formula for the
probability of the second-row belonging of the set pair of units to the sample.
Some formulas were illustrated with examples.

II. SCHEME OF SAMPLING WITH REPLACEMENT

Let X be the tested characteristic, and # the number of sampled units to the
sample from the parent population having N units according to the scheme of
simple sampling with replacement. The mathematical model of the mentioned
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population, expressed by the set U composed of N units, tested in respect of the
characteristic X is the N-element sequence (X, X,,....,.X j,...,X ~),» where X;

expresses the value of the characteristic X for the j-th unit of the sampling. Each
unit in the given model has equal chance to be selected to the sample (e.g. Sarn-
dal et. al. 1992, Wywial 1991, Steczkowski 1995, Bracha 1996). In the scheme
of simple sampling with replacement we assume the following:

e there is taken into account the sequence of sampled units,

the sampled unit is returned to the parent population,

the sampled unit can appear in the sample repeatedly,

at each stage of the sampling the parent population remains constant,

pairs (j, k), (k, j) of units are deemed different.
In the scheme of simple sampling with replacement the sample of units s of
the size » from the population containing N units expresses n-term variation with

repetitions from N-element set. The set of all such samples § contains N" of

samples. The numbers of the units in the samples can repeat themselves or not,

in particular, they all can be equal. The probability of sampling any sample seS
1

P

is constant and is p, =
The probability of sampling the j-th unit from the indicated population
equals%, and of not sampling it 1—%. Hence the probability that the sample

composed of # units, sampled according to the scheme of simple sampling with
replacement, will contain a given unit sampled repeatedly, let us say » times, is

(-4

Derivation of the formula (1). Let N be the size of the set of units U. By
j and ~j we denote sampled or not sampled unit of this number from the set U at
the i-th stage of sampling. There are n of these stages, which corresponds to the
size of the sampled sample. For the specific » and r, but at optional &, there are
obtained as many possible r-element subsets from the n-element set as is the
n

number of combinations (
-

} It is illustrated by the following example.

Example 1. The sequentially created sample in subsequent stages of the
sampling from the set U containing N units, for the singled out j-th unit sampled
two times (» = 2), for example for n = 5, shows the scheme, where b = 1/N:
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Stage_of Sampled unit Probability of gampling the | Composition Prol?a_bility of com-
sampling unit of sample position of sample
1 ~ 1-b ~ 1-b
2 J b ~j.J b(1 =b)
3 5 1-b ~J ~i b(1-b)*
4 ~ 1-b ~oJ. ) b(1-b)’
5 j b ~o )~ J b’(1-b)°

In the statement we have » = 2 and n - » = 3. The sample consists of two
types of units which were denoted binary-wise: 0 (a unit different from the j-th
unit) and 1 (the j-th unit), which gives the binary sequent 01001. There can be
created as many such sets as many there are 2-term combinations from the

5
5-element set there is, i.e. (J =10. It is finally determined by the formula (1)

forany N atn =5and r =2.

III. FORMULA FOR PROBABILITY OF SECOND-ROW BELONGING
OF PAIR OF UNITS

In monographs of Sarndal et. al. (1992, s. 50) and Brach (1996, s. 25) there

is given the formula
1Y 2Y
Ty=1-2|1-—| +|1-— 2
" ( NJ ( N] @

for the probability of the 2. row belonging of the pair of units (j, k) in the n-
element sample sampled according to the scheme of simple sampling with re-
placement from the population having N units. In the mentioned monographs
there are no analytical deliberations concerning the formula (2). Further on we
will deal with various ways of its deriving and its properties.

In particular from the given formula (1) we obtain the probability [1 —%)

of non-occurrence of the singled out unit (» = 0) in the n-element sample, and
hence by the use of the formula of the reverse probability we obtain the prob-
ability of the 1" row belonging of the singled out j-th unit to the sample.
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7 =1- [1 —%) From the given formula for 7 i the formula (2) can be writ-

1 n
ten as 7, =1-2 (1_”j)+((1_”j)w_ﬁj . At n—> o and determined N

there occurs 7Ty —1 and at the set w and N — o, we have =« x>0, which is
shown in the exemplifying statement of the determined probabilities 7 j; for the
set n and V:

N
" 20 50 100 200 500 1000
10 0,1512 0,0307 0,0083 0,0022 0,0004 0,0001
20 0,4046 0,1068 0,0318 0,0087 0,0015 0,0004
30 0,6131 0,2029 0,0661 0,0189 0,0033 0,0008
50 0,8513 0,4015 0,1542 0,0484 0,0089 0,0023

100 0,9882 0,7516 0,4006 0,1545 0,0326 0,0090

150 0,9991 0,9056 0,6054 0,2785 0,0670 0,0193

200 0,9999 0,9651 0,7496 0,4001 0,1085 0,0328

Further on we give a few ways of deriving the formula (2).

A. Derivations with the use of the classical definition of probability.

In this case the deliberations consist in specification of specific sets of ele-
ments occurring in the samples of the size » created from the elements (units) of
the parent population of the size N. We assume that the population contains the
elements a, b, ¢, ....

Let us examine the variants: (a) N=2,n=2,3,4,(b) N=3,n=2,3,4. For
each variant we determine the probabilities of the 2. row belonging of the set
pair (a, b) to the sample by calculating appropriate quotient of the number of
favouring cases to the possible ones, i.e. we use the classical definition of prob-
ability. At examining individual cases we give compositions of elements of all
possible n-element samples, their number and the number of favouring samples,
i.e. containing the set pair (a, b):
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(a) N=2:
Numbgr of Numbe? of Probabilities of
n Samples possible favouring -
belonging
samples samples
2 a,a; a,b; b,a; b,b 4 =722 2 1/2=2/4
a,3,a; a,a,b; ab,a; ba,a; abb; b,ab; _ _
3 b.ba: bbb 8§=2 6 3/4=16/8
a,a,a,a; a,a,ab; a,ab,a; ab,a,a;
b,a,a,a; aabb; ab,ab; ab,b,a; ) _
4 b,ab,a; b,a,ab; b,ba,a; ab,b,b; R 14 7/8=14/16
b,a,b,b; b,b,ab; b,bb,a; bb,bb

The determined probabilities of belonging at N = 2 for n = 2, 3, 4 lead to the

formulas:
n 2 3 4
Probabilities 172 3/4 7/8
1y 1y N
Formulas 1-2/1—-— 1-2/1—-— 1-2/1——
2 2 2

hence the general formula for N = 2 and for any #» in the form 1- 2(

1-3]
2

(b)N =3:
Number of | Number of | Probabili-
n Samples possible favouring ties of
samples samples belonging
1 2 3 4 5
2 a,a;, a,b; a,c; b,b; ba; b,c; c,a; c,b;c,c; 9=32 2 2/9
a,b a,c b,c | ab,c
a,a,a | a,ac | bb,c | ab,c
a,ab | a,ca | beb | acb
ab,a | c,aa | ¢,bb | byac
ab,b | ac.c | cc,b | bc,a
a,ab | ca.c | ¢,b,c | cab
3 ab,a | c,c,a | be,e | ¢,ba 27=33 12 (= 6+ 6) 12/27 =4/9
abb | c,cc
b,b,b
8 7 6 6
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1 2 3 4 5

a,b a,c b,c |a,a,b,cla,b,b,cla,b,c,c
a,a,a,a|a,a,a,c|b,b,b,cla,a,b,cla,b,b,cla,b,c,c
a,a,a,bla,a,c,alb,b,c,bla,a,c,bla,b,c,bla,c,b,c
a,a,b,ala,c,a,alb,c,b,bla.b,a,cla,c,b,b|a,c,c,b
a,b,a,alc,a,a,alc,b,b,bla,b,c,alb,a,b,c|b,a.b,c
b,a,a,ala,a.c.c|b,b,c,cla,c,a,b|b,c,b,alb,c,b,a
a,a,b,bla,c,a,c|b,c,b,cla,c,b,alb,a,c,blb,a,c,b
a,b,a,bla,c,c,a|b,c,c,b|b,a,ac|b,c,a,blb,c,a,b
a,b,b,alc,a,c,alc,b,c,b|b,c,a,alb,b,a,c|b,b,a,c
4 b,a,b,alc,a,a,c|c,b,b,c|b,a,c,alb,b,c,alb,b,c,a 81=3* 50 50/81
b,b,a,alc.c,a,a|c,c,b,b|c,a,a,blc,b,bac,a,b,b (=14+3-12),
b,a,a,bla,c,c.c|b,c,c.cl|c,a,b,alc,b,a,blc,b,a,b
a,b,b,blc,a,c.clc,b,c.clc,b,a,alc,a,b,blc.b.b.a
b,a,b,b|c,c,a,c|c,c,b,c
b,b,a,b|c,c,c,alc,c,c.b
b,b,b,alc,c,c,c
b,b,b,b

16 15 14 12 12 12

The given probabilities of belonging at N = 3 for n = 2, 3, 4 lead to the
schemes:

n Probabilities Formulas
2 1 1 ? ?
2 —=—+— 1-2 l—l + 1—E
9 9 9 3 3
3 3
T A A
9 27 27 27 3 3
4 4
4 ﬂ:£+L 1-2 1—l + 1—E
81 81 91 3 3

hence there is obtained the general scheme for N = 3 and for any # in the form
1- 2(1 —1] +(1—£) or 1- 2(1 —ij +(l —ij , which finally gives the for-
3 3 N N

mula (2).
B. Derivation with the use of probability of random events.
We introduce the following random events:
e A, A’ —sampled and not sampled the element j to the n-element sample,
e B, B’ —sampled and not sampled the element £ to the n-element sample,
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e AnB,A’UB’ —sampled and not sampled the pair of elements (j, k) to
the n-element sample.
From the previous deliberations follow the formulas for probabilities:

" _i ’ "y — _i ’ ' "y — _i '
P(A)_(l NJ,P(B) [1 NJ,P(AmB) [1 N] 3)

There should be determined the formula for the probability P(4ANB)?. We
use de Morgan’s law for random events (A'UB'=(4n B)' and the formula for
the probability of the sum of two non-excluding each other random
events P(A'UB') = P(A')+ P(B')— P(A'NB").

The appropriate derivation of the formula for P(A4nB) runs in the following
way:

a) P(A'UB")Y=P[(AnB)]=1-P(ANB),

b) 1-P(4NB)=P(4')+ P(B')— P(ANB"),

¢) P(ANB)=1-P(4")—P(B")+ P(ANB").

After appropriate substitution (3) to ¢) we obtain (2). The formula c) is also
given by Koronacki and Mielniczuk (2001, p. 403). Substituting to the formula
given in d) to its right side of the probability (3), we get the formula (2).

C. Derivation by the use of permutation with repetitions.

Let us write the formula for 7z, for particular cases, when n = 2, 3, 4 with

any N, basing on the formulas listed in point A. We have respectively:
2 B 6(N -1)
S AR v
2(6N* —12N +7)
= N4 .

n:2, ﬂ'jk: ;n:4’

4)

ﬂ’-jk

The formulas (4) show that the probabilities 7, can be also expressed by

Wn—Z (N)

the quotient 7, = , whose numerator is the multinomial of #-2 degree

of the variable N, and the denominator is the power of the number N. To demon-
strate the formulas (4) we will take into consideration the possible samples of the
size n. For this purpose we will use the notion of the number of permutation with
repetitions from the n-element set in which there occurs m various elements of
the multiplication factors n,,n,,...,n, so that n = n; + n, + ...+ n,. The number

of such permutations is determined by the formula (e.g. Mizerski et. al. 1999,
p. 324)
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n!
P(nyny,n,,...n, ) =——"""—"0". (5)
mlnt...-n,!

For further deliberations we assume the denotations:

e U= {l,2,.., N} —the set of the numbers of the units in the parent popu-
lation,

o (j, k) — the set pair of units in the sample,

e U’=U —{j,k} - the set of the numbers of the units of the parent popula-
tion not containing the pair of units (j, k),

e #U=N, #U =N -2 the sizes of the sets Uand U,

o S=(j1,/0ssJ,)s At i, Joseey j, € U—the sample of # units from the set
U,

o S=(J,k, 3, Jarsfy)s At J3,jasees j, € U’- the sample of # units with the
singled out pair (j, k).

For the determined size » we determine various forms of the samples s, the
number of their occurrence and the total number of the samples L; with the sin-
gled out pair of the units (j, k), i.e. these will be the expressions given in the
numerators of the formulas (4). For the cases n = 3 and 4 there are examined
different variants of the possible combinations with repetitions and without repe-

titions of the sampled numbers of the units:
(@n=2 s=( k),

2!
P(25151) - W - 25 ij - 2;

(b)'n =3, s=0G.k j3), js €U,
l)j3 =J S:(f,k, .])9
3!

P(3;2,1)= o =3, the same for j; = £, i.e. 6 samples,

ii) j; eU, N-2 cases,

!
P31, = % =6, i.e. 6(N-2) samples,

which at n = 3 finally leads to the number of samples Lj = 6 + 6(N—2) = 6(N —
D);

(C) n=4, s= (j; k, j37 j4): j31j4 el

1) j3 :j4 :j' s = (il k'j’j)a
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!
P(4;3,1)= % =4, the same for j; =j, =k, in total 8 samples,

Wj=jjis=k s=0 kjk),

4 .
P(4;2,2)= ﬁ =6, i.e. 6 samples,

iii) js=J, js €U, s=(.k j js), N-2cases,

!
P(4;2,1,1)= ﬁ =12, the same for j; = £, i.e. 24(N —2) samples,

V) § =G, k js ja), Jajs €U
aa) s =(j, k, j3, j3), N—2 cases,

P(4:;1,1,2)=12, i.e. I12(N —2) samples,

N-2
bb) s=(. kj3jo), j3 j3#%j, €U’ ( 5 jcases,

P(4;1,11,1) =24, i.e. 24[ ) j =12(N —2)(N - 3) samples,

which at n = 4 leads to the number of samples

Ly=14+36(N-2)+12(N-2)(N-3) =
= 12N*—24N + 14 = 2(6N*- 12N + 7).
In all cases (a), (b) and (c¢) there occurs the compatibility with the given for-

mulas of the numerators in (4), and at the same time there is derived the formula (2).
The formula (2) can also be given in another form by the use of Newton’s

binomial (1-5)" = Z(n](—l)"b’, then we have 7, =2 (;\,12 277 =)
r=0 r=2

Derivations of presented probability formulas were given, among other au-
thors, by. W. Czerniak (1971) and Y. Tillé (2006).
To illustrate the formula (2) let us examine the case when n > N.
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Example 2. Let us consider the case of N = 3 and n = 4, i.e. when the sizes
of the samples are greater than the size of the parent population. All such sam-
ples contain the repeating elements of the population. There are listed in the
columns 1, 2, 3 in the statement:

No.| 1 2 1314 | W|No] 1 2 131 4] W|No.| 1 2 1314 | W
1 1 1 1 1 0 |28 2 1 1 1 1 |55 3 1 1 1 10
2 1 1 1 2 1 1292 1 1 2 1 |56 3 1 1] 2 1
3 1 1 1 310302 1 1 3 1 [57]3 1 1 310
25| 1 3 1 0 |52] 2 3 1 1 17913 110
26 | 1 31312 1 |53 2|3 (32 (0(8]3[3[3]2]0
27 | 1 31313105423 [3[3[]0([8]3[3[3]3]0

In total there are 3* = 81 samples. We assume here that the singled out pair
of elements is constituted by the pair (1, 2). The column ,,W” shows the result of
the binary condition indicating if the pair of elements of a given sample occurred
(number 1) or did not occur (number 0). There are samples 50 with the result of

the binary condition equal 1, which leads to the quotient 7, = Z_(l) In turn, from

4 4
the formula (2) we have 7, =I— 2(1 —%] + (1 —%] = % 1.e. there occurs the

required compatibility.

The formula (2) can be also examined simulation-wise at generating the
adequate random samples by a computer. Such samples will be created at the use
of the program EXCEL. The essence of the Monte Carlo experiment carried out
here comes down to random creation of many random samples of the set size #,
and the to performing an appropriate transformation of the sequence of numbers
from the interval (0, 1) to the integers 1, 2, ..., N.

We assume the denotations:

e ¢ the set sufficiently low constant (e.g. 107),

e M — the number of simulation repetitions.

Successive steps of the Monte Carlo experiment include the following ac-
tions:

a) we determine the quotient # = 1/N,

b) we create N intervals

(0, h); (h+e&, 2h); Qh+e&, 3h);,..., (N =Dh+¢, Nh);
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c) we generate the sequence of » random numbers 7;,7;,...,7;, from the

interval (0, 1) by the RANDOM procedure of the program EXCEL,

d) we assign to the random numbers from c) the class intervals from the step
b), and then we replace the random numbers of these ranges with the numbers of
these ranges, which leads to determining the sequence of integers

JisJase-sfys suchas ji, jp,....j, €{L,2,....N},
e) we check if in the sequence j, j,,...,j, there is the pair (1, 2); if so then

we assign the number 1, otherwise 0,

f) we repeat the steps ¢), d) and e) M times,

g) we make calculation of the number of cases meeting the condition of be-
longing of the pair (1, 2) in the step e) assuming that it occurred m times,

h) the quotient m/M is the estimation of the probability (2).

We give the results of the carried out Monte Carlo experiment for N =5, at
n = 3, 6. For the assessment of the quality of the generator of random numbers
there was also determined the arithmetic mean and the standard deviation for the
set M. Their theoretical values are 0,5 and 0,2887. The simulations were carried
out at M = 300, 500, 1000, 1500, 2000, 3000, 5000 and there was assumed
€=0,0001. Appropriate intervals from the step b) have the form:

1 | 2 | 3 | 4 | 5
©0,02) | (02001, 04) | (0.4001,06) | (0,6001,0,8) | (0,8001, 1)

(a), value from the formula (2) 7;, =0,192

The procedure in EXCEL sheet at N=5, n=3 is shown by a fragment of the
scheme:

R1 R2 R3I | J1[J2] 13| 1 1 1 [Sum| 2| 2| 2 | Sum| Value
1 |0,6946| 0,8391| 0,8014| 4 | 5| 5| 0| O | O 0 0| 0| O 0
2 10,3355 0,4333] 0,3467| 2 | 3 0] 0| O 0 21 0] 2 4 0
3 10,5593 0,9056| 0,6781| 3 | 5 0] 0| O 0] 0| O 0

In columns 1, 1, 1 and 2, 2, 2 there is made simultaneous checking of occur-
rence of the elements of the pair (1, 2), i.e. there should occur at least one figure
one and one figure two. The columns of the sums are determined from summing
the elements in the marked three columns ,,1” and ,,2”. In turn the column
,value” gives the element 1, when at the same time both previously determined
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sums are non-zero. The values of the probability of the 2. row belonging for the
assumed N, n obtained from the simulation are given in the statement:

n=3 m,=0192 n=06, m,=05224
M Mean Star}da}rd Probability Mean Star}de}rd Probability
deviation deviation
300 0,4877 0,2933 0,200 0,5053 0,2918 0,520
500 0,4912 0,2929 0,204 0,4996 0,2893 0,500
1000 0,4923 0,2886 0,200 0,5007 0,2903 0,518
1500 0,4981 0,2872 0,205 0,5012 0,2906 0,516
2000 0,4981 0,2878 0,201 0,4948 0,2871 0,533
3000 0,4965 0,2912 0,204 0,4990 0,2899 0,525
5000 0,4973 0,2887 0,198 0,5000 0,2889 0,517

At n = 3 the weighed arithmetic mean, the standard deviation and the prob-
ability of belonging and their percentage participations in comparison with the
expected ones are 0,4960 (99,2%), 0,2894 (100,24%) and 0,2011 (104,74%),
and for n = 6, the results were 0,4992 (99,85%), 0,2892 (100,17%) and 0,5204
(99,63%).

The presented results of the simulation indicate good approximations of the
probabilities of the second row belongings of a set pair of elements to the sam-
ple. They are better at the increasing size of the sample » at the set N. The tests
showed that at N = 5 for n = 4, 6 there were obtained the approximations differ-
ing by less than 0,5% from the real values given by the formula (2).

IV. SUMMARY

In the paper there were presented the formulas connected with the model of
sampling the samples according to the scheme of sampling with replacement.
There was derived, in various ways, the formula for the probability of the second
row belonging of a set pair of units from the parent population in the sample. In
the first way there was used the classical definition of the probability, in the
second one — the permutation with repetitions, in the third one — Newton’s bi-
nomial formula, and in the fourth one the simulation tests were used.

Let us notice that the formula (2) can be written in the form

R H )
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There immediately arises the analogy to give the formula for the probability
of belonging of three singled out elements, i.e.

1-3 (1 —%j + 3(1 —%j - (1 —%f = E(ZJ(—D"@ - %j :

which allows giving a more general form of the right side of the formula for the
r v n
singled out sequence of r elements Z[ J(—l)"(l —%} . This formula also
q=0
occurs for 7 =1.

The issue of the independent sampling can also be examined for finite popu-
lations with probabilities of selection of individual units, not necessarily equal
ones. It allows determining the probabilities of the 2. row belonging of a set pair
of units depending on the set probabilities.
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Wiestaw Wagner, Andrzej Mantaj
UWAGI O SCHEMACIE LOSOWANIA PROSTEGO ZE ZWRACANIEM
Wyrdznia si¢ losowanie proste bez zwracania (Ipbz) oraz ze zwracaniem (Ipzz). Oba schema-

ty okresla si¢ jako indywidualne losowania nieograniczone zalezne i niezalezne. Schemat Ipzz ze
skoniczonej populacji generalnej zawierajacej N jednostek jest stosowany w sytuacjach, gdy do-
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puszcza si¢ mozliwos¢ wielokrotnego wystgpowania tych samych jednostek w wylosowanej pro-
bie. Ma to miejsce wtedy, gdy pobieranie jednostek odbywa si¢ przy niezmiennym jej skladzie,
czyli prawdopodobienstwo wyboru kazdej jednostki z populacji generalnej jest state i pozostaje
jednakowe w calym procesie losowania proby.

W pracy przedstawiono ogdlny model matematyczny schematu losowania ze zwracaniem,
wzory na liczb¢ prob wyrazong wariacja z powtdrzeniami, podano prawdopodobienstwo wyloso-
wania prob z zadanym elementem oraz wyprowadzono rdéznymi sposobami wzor na prawdopodo-
bienstwo przynaleznosci rzedu drugiego zadanej pary jednostek. Niektore wzory zilustrowano
przyktadami.



