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TESTS OF UNIVARIATE NORMALITY /

l._ _ I n t r o d u c 1 10 n

A la rg e  c la s s  of goodness of f i t  t e s ts  in  the th eo ry  of 

s t a t i s t i c a l  in fo re n ce  a re  t e s t s  of u n iv a r ia te  no rm a lity . T ests  of 

n o rm a lity  enab le  te s t in g  the goodness of f i t  o f a sampled d is ­

t r ib u t io n  fu n c tio n  by the normal d is t r ib u t io n  fu n c tio n  of a g iv-  

en randon v a r ia b le .

H is t o r i c a l l y ,  the t e s t s  and b2 * b u i l t  in  the t h i r t *

le a ,  are  the f i r s t  te s ts  fo r  n o rm a lity . O ther te s t s  were deve­

loped by G eary ( t e s t  g ) ,  Oavid e t  a l ,  ( t e s t  n ) ,  Kolmogorov (te s t

0 ) ,  Cramer and von M ises ( to s t  CM), Anderson and D a r lin g  ( t e s t  

A2 ) ,  Shap iro  and Wl.lk ( t e s t  W ), O 'A gostino  ( t e s t  Y ) and o th e rs . 

Bes ide  the above mentioned te s t s  th e re  are  «any m o d if ica tio n e  

which a re  w id e ly  d lecuesed  in  the p ap er.

Le t a random v a r ia b le  X of a continuous type be d is t r ib u te d  

In  the **ay determ ined by a d is t r ib u t io n  fu n c tio n  F (x )  and w ith  

d is t r ib u t io n  param eters ji • E (X )  and cf2 ■ D2 (X ).T h e  fa c t  th a t 

the v a r ia b le  X is  n o rm ally  d is t r ib u te d  w ith  param eters and d 

Is  denoted as X - N ( |j , d2 ) .  Let the sequence X j ,  . . . ,  xn ( { x j  , 

denote a sample c o n s is t in g  of n independent o b se rva t io n  of va ­

r ia b le  X, and x and a r ith m e t ic  mean, S2 - the sum of squarad 

d e v ia t io n s , ,  s2 - v a r ia n c e ,  and s - standard  d e v ia t io n  from 

the sample. Sample { y j  denotes non-decreesing ordered observa ­

tio n s  o f 3ample { XA}» 60 tha t ŷ , < . . .  £ yn* Fu n ctio n  pn^x ^

*  L e c tu re r  at the Department of M athem atica l and S t a t i s t i c a l  

Mothods, Academy of A g r ic u ltu r e ,  Poznart.
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13 an e m p ir ic a l d is t r ib u t io n  fu n c t io n , v.hare x Is  an a r b i t r a r y  

ro a l number, I . e .  tho o b se rva tio n  fu n c tio n  «  x , w h llo  $ (u )  

nnd $ ~ * (p )  a re  the normal d in t r ib u t io n  fu n c tio n  and q u a n tllo  

of the p-tb order of d is t r ib u t io n  M (0 ,1 ), r e s p e c t iv e ly .  Fo r a 

determ ined x the va lu e  of F n (x ) is  a random v a r ia b le  0 , 1 (n ,2 )

n I 0 0 0 $ 1 •

The o rdor s t a t i s t i c  is  a random v a r ia b le  being tho k-th 

v a r ia b le  in  tho sample { y ^ } .  The aomple ( y ^ j  i s  c a l le d  tho 

order s t a t i s t i c .  Whon X ~ N ( y ,  cf2 ) than y^ Is  a normal o r ­

der s t a t i s t i c ,  { y A J- - a sequence of normal o rd e r s t a t i s t i c s ,  and 

■|ui } a sequence of fJ(0 , 1) - o rd er o t a t lo t l c s ,  where u  ̂ »

■ ( y 4 - fO /d ). Tha ordor s t a t i s t i c  u^ has d is t r ib u t io n  parame- 

t e r s j  E (u i ) - mi# D2 (u i ) * v ^ ,  C ov(u 1# u^) ■ v ^ ;  1, J  -

* 1, . . . .  n, then fo r  N ( ¿j f d ) - ordor s t a t i s t i c s  we have 

E i y j )  ■ e ♦ d ut . 02 ( y i ) - and C o v (y 1, y ) - ^ ^ i j *

The va lu e s  of ni  "* wi  n > 1 “  1 * •••» [ n/ 2 ] are  ta b a la r lz a d  fo r  

v a r io u s  ns, w h ile  v ^  ■ v ^  n and v ^  ■ v^^ n fo r  i , J  ■ 1,..., 

[ n /2 ] ;  i  i  J  o n ly  fo r  n » 1, . . . ,  20 ( c f .  ^20], ta b le s  9 

and 10 ).

2. The Hypothes is  of Goodness of F i t  

of the E m p ir ic a l D is t r ib u t io n  

w ith  the Normal D is t r ib u t io n

The s t a t i s t i c a l  h yp o th es is  of the e m p ir ic a l and normal d i ­

s t r ib u t io n s  is  form u lated  as fo llo w s . Le t F n denote a c la s s  

of normal d is t r ib u t io n  fu n c tio n  and G - a c la s s  of d is t r ib u ­

t io n  fu n c tio n  o f random v a r ia b le s  having the th ir d  moment ( P 3 ) 

o th e r  than zero and f i n i t e  fo u rth  c e n t r a l moment (¿*4 )# a t fl 

n G « 0. La t u3 put a h yp o th es is  H  ̂ : F e F^ and H  ̂ i F e  G, 

th a t the fu n c tio n  F (x )  belongs to the c la s s  o f d is t r ib u t io n  

fu n c tio n s  and G. Tho hyp0th 060£> HQ or Hj w i l l  be sim ple 

i f  the d is t r ib u t io n s  be long ing  to  c la s s e s  F^ o r G hava the known 

d is t r ib u t io n  param eters.

The h yp o th es is  HQ aga in3 t H  ̂ i s  v e r i f i e d  using one of the 

te s t s  fo r  n o rm a lity .  G e n e ra l ly ,  they a re  d iv id e d , accord ing  to 

tha s tru c tu re  o f ta s t  s t a t i s t i c s  In to



1) Pe a rso n 's  X te a ts  fo r goodness of f i t ,

2 ) te s ts  based on the comparison of e m p ir ic a l and nortnnj. d i ­

s t r ib u t io n  fu n c t io n s ,

3) te s ts  using sample momonte,

A)  te a ts  baaed on order e t d t i s t i c s .

P e a rso n 's  X toa t w i l l  not be d iscussed  hero , s in ce  i t  is  

well-known. I t  is  used m ain ly  fo r la rg o  sam ples, e s p e c ia l ly  v.hen 

the o b se rva tio n s  a rc  in  tho form of grouped d a ta .

Next we s h a l l  co n s id e r the te s ta  w ith in  each group and f i n a l ­

l y  a g en e ra l d is cu ss io n  w i l l  be p resen ted .

3. T a t te  Based on the Comparloon o f Emp i r i c a l  

and Normal D is t r ib u t io n  Fu nction s

These te s ts  ore based on tho d is ta n ce  of d is t r ib u t io n  func­

t io n s  F (x )  e F „  ond F (x )  being tho e s t im a to rs  F (x )  and from 
N n

tho sample under the hypothoe is  [ l3 ] *  Under tho sim ple hypo- 

th e s is  F ( x ) w i l l  bo rep laced  by F (x ) .

Lot F n ( y 1) denote tho va lu e  of d is t r ib u t io n  fu n c tio n  ^ ( x )  

in  p o in t y 1 and z^ * ® ( u t >, whoro

( y i  - p ) / <*,

~ y ) / a , 

( y t  ‘  *0  /3 .

iY t - y )  /  d,

d - known ( a )

¿j, d - unknown (b )

- known, d - unknown ( c )

- unknown, d - knoKin ( d )

n

at b2 .  ^ ( y j  - f j ) 2/n . Tha case (a )  r e fe r s  to the c la s s  F^ of 

1-1

normal d is t r ib u t io n s  determ ined com p le te ly  (a 3imple h y p o th e s is ),  

w h ile  o th er cases do not determ ine the d is t r ib u t io n  fu n c tio n  F(x) 

w h o lly  (a  complex h y p o th e s is ).  The fo llo w in g  ta s ts  belong to the 

above mentioned group:

- Kolmogorov-Smirnov

sup | F n (x )  - F (x ) | «
-oo < x < oo



KS -

1 <, 1 < n

JL
n “ 1

Kolmogorov

D+ ■ max ( l/ n  - z . ) ,  0”  - max ( * .
1 < 1 < n 1 1 < 1 < n

D - max (0 * ,  o " ) ,

- Ku iper

V m D* ♦ D*\

*

- Cramer-von Mises

n

IV2 - l / ( l 2 n )  ♦ ^  ( z l  - (2 1 - l)/ 2 n )2 

1-1

n n

- ^ 2  z 2 - ( l / n )  ^  ( Z i - l i Z j  ♦ n/3 , 

1-1 1-1

W0 - Y ] C*1 - (21-l)/2n)2 

1-1

n

Y '- ( z t - l/ (n + l))2,
W11

1-1

n

W21 - ¿ T  ( * i  - (2 1 - l )/ (2 (n « - l ) ) )2 ,

1-1

- Wateon

n

U2 • W2 - n (2  - 0 .5 )2, *  • J 2  * i / n ’

1 4

- ( l - l ) / n )

/



Anderson-Darling

n

1-1

n

Agj • -n - n / (n + l)2 ^  [(21-1) In  ♦■ -n -

1-1

♦ (21+1) In  ( 1-zn_ i« . i ) ]  - [ (2 n + l) In  zn - In  ( l  - zn)]»

n

A12 " “  l/ (n + l)  2_j 1 [ ln  zx * “  zn - i+ l^

1-1

In  the above too t s t a t i s t i c s  z^ assumes the va lu e s  accord ing  

to the case ( a ) - (d ) .  The best known te s ts  fo r  the sim ple hypo­

th e s is  Hq are  D, wZ ond A2. The above mentioned te s te  ore g i ­

ven in  t h e ir  summation form though o r ig in a l l y  they were presont- 

®d in  an in te g r a l  form , which we s h a l l  mention l a t e r .  The te s ts  

belonging to th is  group hove known d is t r ib u t io n s  in  case (a ). Fo r 

3ome te s ts  (D , V , u, V/2 , A2 ) m o d if ic a tio n s  a re  g iven  fo r  cases 

(b )- (d )  [2 5 ],  whose c r i t i c a l  vo lu e s  do not depend on the somple 

s iz e  but o n ly  on tho s ig n if ic a n c e  le v e l  a  . Fo r the KS te s t  in  

cose a the c r i t i c a l  v a lu e  was g iv e n , among o th e rs , by F 1 s z 

Uo] ( t a b le  V I I I )  and fo r  (b )  by L 1 1 1 1 e f o r s [ 16].

The te s ts  o r ig in a t in g  from Cromer-von M isos and Andorson- 

“ D a r lln g  te s t s  were generatod from g en e ra l In t e g ra l  form s, respe­

c t i v e l y

1

W - n

0

and
1

0

whore S 1 is  a c e r t a in  fu n c tio n  o f 1 and n.



The s t a t i s t i c s  IVj j , W21* A?1 8nd Al2  v',e r*1 ob ta ined  re ­

p la c in g  i/n  by i/ (n + l)  (th e  f 1r s t  ln d ax ) o r ( i  ♦ 0 .5 )/ (n  + 1 ) 

( th e  second in d e x ). G r  o e n and H o g a z y  [13] in t r o ­

duced t^ s ts  fo r  n o rm a lity  of the above s t a t i s t i c s ,  and proved

th e ir  predominance as f a r  as t h e ir  power was concerned, over the
2 2

te s ts  W and A g iven  in  a summation form.

4. T e s ts  Using Sample Momenta

Fo r the sample of n o b se rva tio n s  {x ^ } we determ ine a c e n t ra l 

moment of the k-th  order

n

mfc • ( l / n ^ x ,  - x )  , k ■ 2, 3, . . .

1-1

S t a t i s t i c s  ■ m3/yin| and b2 ■ m^/m2 are  unbiased e s t i-

— 3 4
m ators of param eters yp^ ■ t*3/ anc* ”  V4/  d

~ N C|i, or~*)» then • 0 and ^  * 3d^, hence |/j3  ̂ ■ 0 and 

¡1̂ , - 3. T h is  means th a t yf3^ and are  equal to 0 and 3,

r e s p e c t iv e ly ,  fd r  n o rm a lly  d is t r ib u te d  random v a r ia b le s .  There­

fo re  d is t r ib u t io n s  of v a r ia b le s  fo r  which param eters (*2  ̂

have va lu e s  c lo se  to ( 0 ,3 )  ere  t re a te d  as “ alm ost norm al” . Fo r 

the co n s tru c t io n  of te s t s  fo r  n o rm a lity  being d iscussed  S lu t ­

s k y 's  theorem is  used [ lO ] .  I t  fo llo w s  from t h is  theorem that 

yiTj and b2 « re  converging- to end f$2 when n̂ -*-oo. The pa­

ram eters of d is t r ib u t io n  of these v a r ia b le s  under HQ are  [ 2 ]

* M ? >  » 0 ,

E (b 2 ) -

3 (n-1 )/ (n + l) ,  

0 , when n-yao,

02( y ^ )  -

6 (n - 2 )/ (n + l) ( n+3)f 

6/n, when n-+oo,



D *(b 2)
'2 4 n (n - 2 )(n - 3 )/ (n + l)2 (n+3)(n+5),

24/n, when n-»a>

To the d iscussed  group the fo llo w in g  ta s te  belong»

- s tandard ized  th ird  sample momont

y ^ ;  ■ rn3/ n )^ 2 ,

used ag a in s t the h yp o th es is  s ta t in g  th a t the G -closs  d is t r ib u ­

t io n s  ore skew ( 7^  i  0 ) ;  the c r i t i c a l  v a lu e  fo r n > 25 »¿os 

g iven  by P e a r s o n  and H a r t l e y  [1 9 ] ( t a b le  

34B) and fo r  n < 25 by M u l d  H o l l a n d  [ l 8 ] j

- standard ized  fo u rth  c e n t r a l sample moment

b2 ■ m4/m2 ’

used a g a in s t H  ̂ s ta t in g  tha t s ig n i f ic a n t  p o in ts  c la s s  d is t r ib u ­

t io n s  ere  symmetric,* a c r i t i c a l  v a lu e  fo r  n > 50 was g iven  by 

p e a r s o n and H a r t l e y  [ 19 3 J
- D' A g o s t i  n o-P e a r s o n  [ 5 ] .  Fo r a g iven  va lu e  of 

the above determ ined s t a t i s t i c  b^ wo e s ta b lis h  p r o b a b i l i t y  P 

( b2 < b2^p * "  p * where b2(p ,  n) is  a c r i t i c a l  v a lu e  of b^ 

d is t r ib u t io n  fo r  g iven  p and n (p  ■ 0.001, 0 .0025, 0 .0 5 , 0.01,

0.025, 0 .0 5 , 0 .1 0 , 0 .2 5 , 0 .5 0 , 0 .7 5 , 0 .9 0 , 0 .9 5 , 0 .975 , 0 .9 9 ,

0 .995, 0,9975, 0.99s n • 20, 21, . . . ,  200; b2 - 1.54 (0 .0 8 ) 

7 .2 2 ). Then we determ ine q u e r t l le  x (b 2 ) • $ 1 p of the p-th o r­

der d is t r ib u t io n  N (0 ,1 ) using adoquate ta b le s  [ 2 9 ] (ta b le  3 ).  For

s t a t i s t i c  we have the q u a n t ile

x (y t ^ )  - S in  { y ^ / A  + [ ( y ^ / * ) 2 + 1] 1 / 2 } ’

where co n stan ts  5 and 1 / X a re  ta b e la r lz e d  a t  n • 8 (1 )5 0 , 52 

(2 )1 0 0 , 105(5)250, 260(10)500, 520(20)1000. Wo determ ine K2 

te s t  based on the s t a t i s t i c

K2 - X2 ( y ^ )  ♦ x2(b2),



2
K Is  the p o s s ib i l i t y  of te s t in g  d ep artu res  from n o rm a lity  caus- 

od by skewness and k u rto s i3 . 3uch o te s t  la  c a l le d  the omnibus 

t e a t .  At n > 200 in s te ad  of K2 the s t a t i s t i c

K 2 - ( n / 2 4 ) [ i  ( y i £ ) 2 ♦ ( b 2 - 3 ) 2 ]

is  used. The v a r ia b le  KZ hue an asym pto tic  X?, d is t r ib u t io n .

- Bowmnn-Shenton [ l ] .  Tho v a r ia b le  v l j j  Is  sym m e tr ica lly  d i ­

s t r ib u te d ,  w h ile  b2 i s  a sym m etr ica lly  d is t r ib u te d .  Tha curvos 

used fo r each of these v a r ia b le s  are  ao fo llo w s ] f o r . y ^  Pea r­

son s cu rves  of type V I I  o r t- S tu d en ts , fo r  b2 P e a rso n 's  curvos 

of type V I o r IV .  In  both cases Johneon*e tran s fo rm a tio n  [15 ] to 

Sy cu rves g iv e s  a s a t is f a c t o r y  normal curve fo r  [3 ] ;  the sy­

stem of Sy cu rves i t ,  howevar, le s s  s a t is f a c t o r y  fo r  b2 , Su cu r­

ves  p rov id e  good co n s is te n cy  fo r  a t  n > 8 and fo r  b2 a t  n > 

> 25. Fo r sm all samples Jo h n so n 's  5B system Is  a s u f f ic ie n t  ap­

p rox im ation  fo r  b2 (e .g .  fo r n • 20 I t  Is  P j ib g )  - 3.019. and 

P2 <b2) « 0 .5 4 ) .  Henca wo have te s t  s t a t i s t i c s

xs(V b ^ ) « S j  o ln h "1 (Vb^/ X j ) ,

xs(b2)

X2 � S2 s ln h "  ( b 2 - § /  X2), n > 25

. •- ' • A- ' ] ■ •

e i ^2 ”  ^
t 2 ♦ 2 * "  t  .  ^  - bg • » < »

where con stan ts  5.^, y 2# ¿>2 , X^, X2 a re  determ ined using the 

method p resen ted , among o th e rs , by P e a r s o n  and H a r ­

t l e y  [2 0 ] .  vVe determ ine the s t a t i s t i c

V2 - X2 (Vb^> 4 x|(b2),

2
which under HQ has ap p rox im ate ly  %2 d is t r ib u t io n .  C r i t i c a l  va ­

lu es  generated  by the H onte-Cerlo  method fo r n ■ 20, 25, 50, 100, 

150, 200, 300, 500, 1000 were g iven  by B o w m a n  end

S h o n t o n  [ l ] .  The y |  t e s t  la  a ls o  an omnibus t e s t .

- P s a r  s o n-O'A g o e t 1 n o-B o w m a n [21 ] .  L e t*

\



(<*') be the lov»er end upper lOOotTJ-th p e rc e n t i le  of d is-

t r ib u t io n ,  and l e t  ^  (o ' )  end ^ ( d 1) be lower end upper 

c r i t l c o l  p o in t*  o f b2 d ie t r ib u t io n .  Four p o ln te  w ith  coo rd ina ­

te *  {- V 6 J  ( a ' \ 2b2( a ' ) } , { y ^ ( a * ) . 2b2 ( o ' ) } I {- y B i  < « ') ,  ^  ( o ' ) } ,

v  | Vb^ ( a 1 )»jb2 ( a ' ) }  form e re c te n g le . When v a r ie b le e  and

ere  Independent then t h e ir  v a lu ea  determ ined from the sample 

ere  ou te ld e  the re c ta n g le  w ith  p r o b a b i l i t y  a '-  0 .5  ■[ 1 - 

( l - a ) 1^2 } .  The R te e t  determ lnee the f r e c t lo n  o f p o in ts  (v £ ^ , 

b2 ) which ehould be In s id e  the re c te n g le ,

5. T es ts  Seeed on Order S t a t l e t l c e

Under Hq order s t a t i s t i c s  { V i }  have expected ve lu e e  and va- 

r la n ce s- co va r la n ce s  denoted by known l ln e e r  fu n c tio n s  of pora- 

m eters ¡j and d . T h is  a llo w s  us to  ap p ly  tho le a s t  squares me­

thod to the e s t im a tio n  of these parem eters [1 7 ] .  The best unbia­

sed l in e a r  e s t im a to r & of the param eter d can be g e n e ra l ly  

w r it te n  in  the form :

h

9 • 1 L  dn - i * l t l ’
1-1

where h - [n / 2 ] ,  t t  - y n_ 1+J - w h ile  { d „ . 1+i  n}  are  con“

s ta n ts  s a t is f y in g  c e r t a in  co n d lt lo n e  (e .g .  t h e ir  sum is  equal 

to zero fo r  each n ) .  On the o th er hand the unbiased sample es­

t im a to r  of the param eter d 2 i s  expressed by the v a r ia n c e  from 

the sample s2. The r a t io  of 3 2/ s 2 w ithou t a constan t lo  

c lo se  to 1. T es ts  b u i l t  on the above r a t io  have l* ft- h an d - e id o  

c r i t i c a l  re g io n s , and the va lu ee  of s t a t i s t i c s  a re  < 1. Th« 

fo llo w in g  te s ts  ere  in c lud ed  in to  the d lscuesed  group:

- C e • r y  [ l i ]

g - Z  IVi " Y l/(ns2)1/2,
1-1
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- D u v i  d-H o r t 1 a y-P e a r a o n [& ]

u - (yn “ Vt)/®.

c r i t i c a l  va lu e s  are  In  the above nontlorted to b ie s  [19] ( ta b le  29C); 

- S p l e g e l h o l t e r  [2 6 ]

T .  [1/<•„»>■ .  I/ O * ]17" .

«hore cn - ( l / 2 n ) ( n l ) 1,/™ and ib - n-1, and u and g a re  g tvan

above;'

- S h a p 1 r o-W I l k  [2 3 ]

h

» • [ Z  V l . t  'i]!!/s2' 
l - l

where

Z - 1 . H  "  ° *  Z  a l . n  • 11 
1-1 i-i

- S h a p 1 r  a-F r a n c l a  [2 2 ]

»' •[ Z  W .  s2)- 
1-1

where

’* ¿ ¿ 4  *  • n - l4 l/ l /^ ‘ *0 "  Z  #l .n *
jl -x

- W e l e b e r  g-B I n g h a m  [28]

8 - I E  “ n - l . l . n ' l ] 2' « * 8 2 ’'
1-1

where /

* i . n  m* wl ( ' 'n i l f f l ) '  * "  X ‘ 2t **•* " r



a n - A  * i .n *
i  ■!

- o 'A  g o o t l n o  [ 4 ]

° A  ■ [ £  ‘ Vi  - ^ y ] /  ( " V ) U 2 

1-1

or

Y - V r r (D A - 0.282095)/ 0 .029986

- F l l l l b r e n  [ 9 ]  
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n
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V n  - (0 - 5 )1 / n , «1>n - 1 "  -n .n-

n • ( 1  - 0 .3 1 7 5 )/ (n  + 0 .3 6 5 ), 1 ■ 2. 3 . . . . .  «- I*
l , n

C r i t i c a l  v a lu e s  fo r  the above mentioned ta s te  a re  g iven  by 

t h e ir  a u th o rs , end fo r  the W te s t  a ls o  by D o a a r t s k l [ 7 ]  

( t a b le  1 1 ).

6. G enera l O ls cu ss lo n  of T ea ts  fo r  N o rm a lity

We review ed v a r io u s  te s t s  fo r  n o rm a lity . They a re  d iv id e d  

In to  th ree  b a s ic  groups accord ing  to t h e ir  s t ru c tu re .  Many of 

these te s te  hove the p ro p e r t ie s  of the omnibus te o t .  The l a t t e r



can be a d v is a b le  when some e p r io r i  In fo rm atio n  on the departu re  

from n o rm a lity  la  g ivo n . From th le  group we d iscussed  the te 6 ts  

K2, Y2 , T, W, W ', IY, D . and r .  A l l  of them have been g iven  In  

the la a t  15 y e a rs . So f a r  the omnibus te s t  hoe not been con­

s tru c te d  in  the group of t e s t s  based on the comporieon o f nor­

mal and e m p ir ic a l d is t r ib u t io n  fu n c t io n s . In  t h is  group of 

to s ta  the Cramer-von M isee and Anderson-D «rllng  t e s t s  w ith  mo­

d i f i c a t io n s  should be m a in ly  used.

Many n o rm a lity  te s ts  r e v e a l s im ila r  p ro p e rt ie s . S t a t i s t i c «  on 

which the  te s ta  V b ^ , b2# u, g . W, r  a re  based, are  in v a r ia n c e  

due to the s h i f t  of s ca le  and lo c a t io n .  T h e re fo re , they are  

s u ita b le  fo r  te s t in g  complex Hq  h yp o th e s is . The te s t s  0 , KS,

U2 , V , A2 have com p le te ly  determ ined d is t r ib u t io n s  under HQ and 

are  s u ita b le  fo r  te s t in g  sim ple hypotheses of n o rm a lity .

Fo r the m a jo r ity  of te s t s  the d e n s ity  fu n c tio n  of t h e ir  d i ­

s t r ib u t io n  s t a t i s t i c s  hove not been found y e t .  The c r i t i c a l  v a ­

lu es  req u ired  fo r  them have been generated  by mean« of the Mon- 

ta- C a rlo  method. The t e s t s  IV, W, and r have le f t- h a n d - s i­

ded c r i t i c a l  reg io n s . Some te s t s  s t a t i s t i c s  need some co n stan ts  

fo r  each n (e .g .  te s ts  W, W*, ft, r ) .

The problem of power of the n o rm a lity  t e s t s  la  r e l a t i v e l y  

w e ll known and has been d iscussed  among o th ers  by S h a p i ­

r o  e t a l .  [2 4 ] ,  S t e p h e n s  [2 5 ] ,  G 1 o r g 1 and 

C 1 n c i  [ l 2 ] .  G r e e n  and H e g a *  y [1 3 ] and 

P e a r s o n  e t .  a l  [21 ], However, the re  a re  few g en e ra l 

r e s u l t s  which are  com plete and a p p lic a b le ,  as I t  I s  the ca- 

so in  the theo ry  of p a ra m e tr ic  t e s t s .  M athem atica l d i f f i c u l ­

t ie s  connected w ith  determ in ing  the power of te s ta  are  usuel-  

l y  v e ry  b ig . I t  is  a lso  d i f f i c u l t  to determ ine p r o c t l c e l l y  the 

G c la s s  d is t r ib u t io n « .

I t  i s  known th a t fo r  the normal d is t r ib u t io n  ■ O and p2*

* 3. S im i la r l y ,  o th er d is t r ib u t io n «  can be c h a ra c te r iz e d  by 

g iv in g  e p a ir  of v a lu e s  ( v f ^ ,  ßj>). Hence, from the G c la s s  

the d is t r ib u t io n s  from the below groups e re  chosen accord ing  to 

the va lu e s  o f »nd (i^. Below we s h a l l  p resen t p a r t i ­

c u la r  group« g iv in g  fo r  each of them the type o f d is t r ib u t io n  

end some d is t r ib u t io n s  be long ing  to thess groups:

Group I t  ¡ V f ^ i  > 0 .3 ,  ß 2 > 3 .0 , asym m etric d is t r ib u t io n «



9 2
w ith  long t a i l s  - X , log-norm al, n on-cen tra l X , exponent

t i a l ,  W o ib u ll* s ,  P a r e to 's :

Group 2 : Iv P 'j  | > 0 .3 , (*2 < 3 .0 : asym m etric d ie t r ib u t lo n a  

w ith  sho rt t a i l s  - b e ta , S 0 Johnson a;

Group 3» |V ^ T  | < 0 .3 , ft2 > 4 .5 ; sym m etric d is t r ib u t io n s  

w ith  long t a i l s  - double X2 , un iform , Cauchy s ,  Lop laco s , 

T u k e y 's , Sy Jo h n so n 's , l o g i s t i c :

Group 4 : | V ^  | < 0 .3 ,  (32 < 2 .5 : sym m etric d is t r ib u t io n s  

w ith  ohort t a i l s  - b e ta , double X 2, Sg Johnson a, Tukey a :

Group 5 1 | V ^  l< ° . 3 ,  2 .5  < (32 ^  4 .5 ; alm ost normal d is ­

t r ib u t io n s  - t- S tu d e n t 'a  w ith  10 degrees of freedom, S 0 John ­

so n 's  w ith  param eters y  • 0 and S • 3, lo g i s t i c ,  W o ib u ll s at 

k • 2 .

We in c lu d e  the d is t r ib u t io n s  In to  p a r t ic u la r  groups using the 

known v a lu e s  of snd |32. They d i f f e r  s ig n i f i c a n t l y  w ith in

the same d is t r ib u t io n  determ ined a t v a r io u s  va lu e s  of param eters 

determ in ing  i t .  Fo r in s ta n c e , fo r  X 4 we have - 1.41 and

(32 .  6 .00 , w h ile  fo r  X l Q - V ^  • 0 .89 and |32 - 4 .20 . Due to 

th is  the same d is t r ib u t io n  a t  the va lu e s  of param eters d e te rm i­

ned in  d i f fo r e n t  ways, is  in c luded  in to  v a r io u s  groups.

Tab le  1 p resen ts  power of some te s ts  fo r  n o rm a lity , expressed 

in  per ce n t, fo r  a  - 0 ,05  and n - 20, tak ing  in to  account a l t e ­

rn a t iv e  d is t r ib u t io n s :  \ 2a , « - 1. 2, 4 , 10 degrees of freedom, 

log-norm al L N ( ( j , r f )  w ith  param eters y - 0 and d = 1, t-S tu d *n t s 

t 2 w ith  two degrees of freedom, C auchy 's  t j ,  beta B (p ,q )  w ith  

param eters p - 2 and q « 1, uniform  B ( 1 ,1 ) ,  and Lap lace  s.

The procedure fo r te s t in g  n o rm a lity  based on the V/ te s t  has a 

g re a te r  power fo r  alm ost a l l  G c la s s  d is t r ib u t io n s  than o ther 

t e s t s .  E s p e c ia l ly ,  the W te s t  i s  s e n s it iv e  to asymmetry w ith  a 

long t a i l .  Fo r in s ta n c e , fo r  the p o p u la tio n  w ith  the d is t r ib u ­

t io n  x 'in . 8nd LN tho v a lu ®9 ° *  Power are  29* S0 0nd 

93&. r e s p e c t iv e ly .  In  the group of te s ts  fo r  n o rm a lity  based on

order s t a t i s t i c s  the W te s t  should be assumed the best one as 

fa r  as power i s  concerned, when n ^ 50. S im i la r  power p roper­

t ie s  have the W' and r  te s t s  which can be proposed fo r  la rg e  sam­

p led  of s iz e s  50 < n ^ 100.

The te s t s  based on sample moments re v e a l b ig  power a t a d e f i ­

ned type of G c la s s  d is t r ib u t io n s :  V b ^  fo r  asym m etric d i s t r i ­

b u tio ns  w ith  long t a i l s  ( X f .  X * '-  ^ ( 0 , l ) ) a n d  te s t  b2



.' * . ■ ■ ■ E m p ir ic a l power o f 
fo r

te s ts  
a  •

fo r
0 .0 5

n o re a lity  in  p e r cen t, 
end n *= 20

T a b 1 e 1

G c la s s  
d is t r ib u -  

t t io n s
V f3 ^

i*2 Xz 0 w2 V U2 A2 9 bl b2
K2 R W w ' r Y

!

2 .8 3 15 ,0 94 86 94 94 93 - - 89 53 82 82 98 94 94 80

----- 1

.

2.00 9 .0 33 59 74 71 70 82 y 74 34 60 61 84 82 82 52

1 .41 6.0 13 33 45 23 21 15 19 49 27 40 39 50 24 - 24 -

-• 0 .8 9 4 .2 7 18 23 24 14 - 14 29 19 27 25 29 - - 16 -

«-N (0 .1) 6 .19 113.9 95 78 88 84 85 91 49 89 58 82 81 93 94 94 77 _

8 (1 ,1 ) 0 1.8 11 12 16 17 18 17 - 0 29 16 17 23 4 4 8 14

8 (2 ,1 ) -0 .57 2 .4 8 - - 23 16 12 19 8 13 12 11 35 - mm 6 -

L a p la c e 's 0 6.0 17 22 26 22 25 26 - 25 27 25 26 31 33 33 28 34

*1
0 - 41 86 88 87 88 98 - 89 81 79 80 89 91 92 92 94

*2
0 - - 55 - mm - - - 52 53 54 52 54 59 60 56 66

*  D ire c tio n a l t e s t •

- Not te e te d .
% • ;



fo r sym m etric d is t r ib u t io n s  w ith  long t a i l s  ( t ^ ,  B ( l ,  tg)).An In ­

te re s t in g  power v a lu e  ranging from the power of te s ts  v rb j to b2 

is  in  the case of K2 and R t e s t s .  Hence, a co n c lu s io n  can be 

drawn th a t from the above mentioned te s te  the to s ts  bA and b  ̂

should be used a t dsterm inod d is t r ib u t io n s  and te s ts  K2 .and R 

In  the case when i t  I s  im poss ib le  to determ ine d is t r ib u t io n s  from 

the G c la s s .

The te s ts  fo r  n o rm a lity  based on the measure o f co n s is te n cy  

of e m p ir ic a l and normal d is t r ib u t io n s  re v e a l s im ila r  powers a l ­

though the best of them i s  the A " te s t  and the w orst the D 

te s t .  Teste  V/2 , V and U2 have s im ila r  powers as the A2 to s t .

In  the l ig h t  of the above montlonod too ts  fo r  n o rm a lity  the 

K2 te s t  i s  much weaker a t G c la s s  d is t r ib u t io n »  g iven  in  the 

Tab le  1. T h e re fo re , i t  should not be usod in  p ro c t ic e  as a te s t  

fo r n o rm a lity . In s teo d  of the to s t  in  the case of la rg e

samples n > 50 w ithou t co n s tru c t in g  the d is jo in t  s e r ie s ,  0 A- 

9o stln o *s  Y te s t  o r W' te s t  should be used.

As was shown by O y e r  [ b ]  the t e s t s  fo r  n o rm a lity  

w ith  unknown param eters  ̂ and <S*~ have g re a te r  powor than the 

te s ts  w ith  unknown o'2 o n ly . B e s id e s , the power in c re a se s  w ith  

the in c re ase  of n a t both unknown param eters £i and d .

In s ig n i f i c a n t  d if fe re n c e s  in  the c r i t i c a l  v a lu e s  of te s ts  fo r  

n o rm a lity  based on the comparison of normal and e m p ir ic a l d i-
2 , , 2 a.2 t i

s t r ib u t lo n  fu n c tio n s  occur when cf i s  estim ated  by s or a  ♦ The
2

c r i t i c a l  v a lu e s  are  much lowor when both param eters ¡J and d 

° r e to be estim a ted . The power of the n o rm a lity  te a t  in c re ases  

s ig n i f i c a n t l y ,  os shown by P e a r s o n  e t a l .  [2 1 J ,  whon 

in stead  of the omnibus te s t  a d ir e c t io n a l  te s t  i s  used. The d i- 

•"octlonal te s ts  fo r  n o rm a lity  are  used fo r determ ined G c la s s  d i-  

a t r ib u t lo n s .  Fo r in s ta n c e , D 'A gostln o  Y te s t  can be tre a te d  as an 

omnibus te s t  fo r  v a r io u s  G c la s s  d is t r ib u t io n s ,  however fo r  some 

of them, when ft2 < 3 a le ft-h an d - s id ed  Y te s t  can bo used, w h ile  

fo r o th e rs , when > 3 a righ t-hand-sided  Y te s t  is  employed.

I t  should be noted th a t the power of t e s t  in c re a s e s  w ith  the 

in c rease  o f the sample e iz e  n. Fo r  In s ta n c e , fo r  the W te s t  a t 

«  • 0 .05  and d is t r ib u t io n s  \\ Q. l n ( O . I )  the power le  as

fo llo w s  I



n X24 X2*10
L N (O .l)

10 24 11 60

20 50 29 93

30 71 35 99

40 87 48 100

50 95 56 lOO

That I s  why when te s t in g  the n o rm a lity  of g iven  v a r ia b le  a t  

le a e t  one sample of s iz e  n > 30 should be used. On the o th ­

e r hand, the power of te s t  decreesee w ith  the decrease of 

s ig n if ic a n c e  le v e l  a  . Fo r in s ta n c e , fo r  t e s t s  Y end W a t the 

d is t r ib u t io n  LN (0 ,1 ) we have the fo llo w in g  power»!

X  oi 0.10 0.05 0 .02 0 .01

n \
Y W Y W Y W Y W

10 51 68 42 58 34 45 28 38

20 80 95 75 92 66 86 61 81

30 93 99 90 99 86 97 82 96

40 97 100 94 lOO 92 99 90 99

50 99 100 98 100 97 100 96 100

Hence, of g rea t im portance is  an adequate cho ice  of s ig n i ­

f ic a n c e  le v e l  cx to v e r i f y  the h yp o th es is  HQ.

I t  can be suggested th a t in  the above groups the beet te s te  

fo r  n o rm a lity  from the p o in t o f v iew  of t h e ir  power at adequate 

eample s iz e s  a re  the fo llo w in g  t e s t s i  

Group 1 - W t e e t ,  fo r  n < 50,

vv' t e s t  fo r  50 < n ^ 100, 

an a r b i t r a r y  W2 , V , V2 t e s t ,  fo r  n > lOOj 

Group 2 - W te s t  fo r  n < 50,

te s ts  K2, R, fo r  n > 50;

Group 3 - r t e s t ,  fo r  n < 50,

one of the W' o r r t e s t s ,  fo r  50 < n « 1 0 0 ,

Y t e s t ,  fo r  n > 100;



Group 4 - bg t e s t ,  fo r  n < 20,

K2 to s t ,  fo r  20 < n < 200:

Group 5 - W t e s t ,  fo r  n < 20,

b0 to s t ,  fo r  20 < n < 50,

one of the W# or r t e s t s ,  fo r 50 < n < 100,

one of the K2 or Y t e s t s ,  fo r  n > 100.

G e n e ra lly ,  the procedure of v e r i f i c a t io n  of Hq  w ith  normal 

d is t r ib u t io n  of random v a r ia b le  X on the b ests  of a sim ple sam- 

P le  taken from a p o p u la tio n  accord ing  to a corresponding

“ cheme of sam pling, should be as fo llo w s . VVa determ ine the va ­

lues of V b ^  and b2 from sample They are  the e stim a tes  

and po. Then we choose one of the above mentioned groups 

and a re s p e c t iv e  to s t  fo r  n o rm a lity  accord ing  to the sample s iz e  

n* I f  the type of d ep ertu re  from n o rm a lity  (e .g .  skewness) la  

known, we choose the te a t  of the g re a te s t  power which would 

°orrespond  to the determ ined h yp o th es is  Hj (e .g .  the >/bj te s t  

for asym m etric skew d is t r ib u t io n s )  and i f  there  is  no such an

0 P r i o r i  In fo rm atio n  one of the omnibus te s t s  I s  used.
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TESTY 3EDNOWYMIAROWE3 NORMALNOŚCI

W a r ty k u le  prszsntowans s9 te s t y  J^now ym iarow eJ 
w p o d z ia le  na t e s ty  op a rte  na P o r ó w n a n i u  d y s t ry b u a n tro z k ła c u e m

Plrycznogo  1 normalnego, to s ty  Omówione z o s t a K
Oroz t e s t y  op a rte  na s ta ty s ty k a ch  p ozycy jnych . Omówione zosTacy
Podstawowe w łasn o śc i poszczególnych tostów , ^ ¡to w e n e  zos-
PMnktu w idzen ia  odstępstwa od norm alnośc i. n r*vdatność do za-
ta ła  również moc przedstaw ionych  testów  1 1 i ocigtMn9twa od nor-
®tosowart z punktu w idzen ia  lic z e b n o ś c i próby
• s ln o ś c i.


