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INTRODUCTION: BILATERALISM AND
PROOF-THEORETIC SEMANTICS (PART I)

Most of the papers contained in this special issue' are results from contribu-

tions at a conference on this topic, which took place at the Ruhr University
Bochum in March 2022. Since the topic of proof-theoretic semantics (PTS)
can by now be considered as well-established in the logic community and
has been exclusively dealt with at several conferences and in many publica-
tions?, this introduction’s focus will be on the part of logical bilateralism.
Before summarizing the content of this special issue, a brief overview of the
development in the field will be given, though this is not meant and does
not aim to be an exhaustive account of the existing literature.

There are rather different approaches branded as bilateralism in the lit-
erature, whose differences are mostly not made explicit, though. Although
the origin of bilateralism is Rumfitt’s [19] seminal paper in the sense that
the concrete term and idea are introduced therein and spelled out thor-
oughly, there are some predecessors to the general idea that are frequently
cited, like [11], [21], and [7].* The most frequent characterization that is

1For editorial reasons it was decided to have actually two issues on this topic, which
is why this introduction will appear in both parts and only differ in the presentation of
the papers contained in the respective issue.

2See, e.g., [20, 3, 8, 10].

3Parts of the following paragraphs can also be found in a joint paper by Heinrich
Wansing and myself on the topic of multilateralism [26]. In its introductory part we
give an overview of the literature on bilateralism as well as of the existing but scarce
literature extending this concept to multilateralism.

4 A paper which is not often mentioned in this context, probably due to the fact that
it was written in German, but which deserves recognition in this context is [23]. Von
Kutschera is concerned with the relation between the notions of proof and refutation
and claims, e.g., that it is not necessary to define the latter in terms of the former but
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used for bilateralism is that it is a theory of meaning displaying a sym-
metry between certain notions (or often rather: conditions governing these
notions), which have not been considered being on a par by ‘conventional’
theories of meaning. The relevant notions are most often assertion and
denial, or assertibility and deniability, sometimes also acceptance and re-
jection.® While the former are usually taken to describe speech acts, the
latter are usually — though not always (see [18] for a thorough distinction)
— considered to describe the corresponding internal cognitive states or at-
titudes. ‘Assertibility’ and ‘deniability’, on the other hand, are of a third
kind, since they can be seen to describe something like properties of propo-
sitions. The symmetry between these respective concepts is often described
with expressions like “both being primitive”, “not reducible to each other”,
“being on a par”, and “of equal importance”. Another point to characterize
bilateralism, which is often mentioned, though not as frequent or central
as the former point,’ is that in a bilateral approach the denial of A is not
interpreted in terms of, or as the assertion of the negation of A but that it
is the other way around: In bilateralism rejection and/or denial are usually
considered as conceptually prior to negation.

Ripley [17, 18] distinguishes two camps of bilateral theories of meaning
in terms of “what kinds of condition on assertion and denial they appeal
to” [18, p. 50]: a warrant-based approach and a coherence-based approach,
for the latter of which he himself argues [16] and which was firstly devised
by Restall [12, 13].7 As references for the first camp, which Ripley calls the
‘orthodox’ bilateralism, [11], [21], and [19] are given. Warrant-based bilat-
eralism takes the relevant conditions to be the ones under which proposi-
tions can be warrantedly asserted or denied. Coherence-based bilateralism,
on the other hand, takes the relevant conditions to be the conditions under

that it could just as well be done the other way around, or, although in the paper he
does differently, that both could be seen as primitive. Thus, it seems that he voices
quite bilateralist ideas.

5To give some examples of references using a characterization of essentially this
flavor: [4, 6, 9, 15, 19, 25].

6The following use this as an additional characterization (while also using the essen-
tial characterization that the references in fn. 4 use): [1, 2, 16, 22]. This is not to say
that this point does not occur in other works on bilateralism but that it is not used as
a characterizing feature of bilateralism there.

"In [18] this one is called the “bounds-based bilateralism”. Interestingly, Restall
does not use the expression “bilateralism” at all in the cited works, only later does this
term become part of his terminology, e.g., in [14].
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which collections of propositions can be coherently asserted and/or denied
together.

What the two approaches have in common is that they were both meant,
as they were originally devised, to motivate a PTS approach using classical
instead of intuitionistic logic. What they tend to differ in, though, is their
design and interpretations of proof systems. Rumfitt [19] uses a natural
deduction system with signed formulas for assertion and denial, i.e., rules
do not apply to propositions but to speech acts. He argues that the short-
comings that a classical natural deduction calculus has from a PTS point of
view are overcome once we consider a calculus containing introduction and
elimination rules determining not only the assertion conditions for formulas
containing the connective in question but also the denial conditions. Thus,
he means to give a motivation how the rules of classical logic lay down the
meaning of the connectives.®

Restall [12], opting for the coherence-based approach, does the same but
comes from another direction in suggesting a bilateral reading of classical
sequent calculus (i.e., with multiple conclusions) incorporating the speech
acts of assertion and denial. In a nutshell, he proposes that having the
derivation of a sequent I' F A, means that the position of asserting each
of the members of I while simultaneously denying each of the members of
A would be ‘out of bounds’. In a recent paper, though, Restall [14] seems
convinced by Steinberger’s [22] criticism of multiple-conclusion systems as
not adhering to our natural inferential practice and he considers an ap-
proach using a natural deduction system instead, which does not employ
signed formulas but rather uses different positions for certain commitments
from which the inference is drawn to the conclusion.”

What Ripley [18] mentions in a footnote is that there are also other
kinds of bilateralism, which do not fit into either camp because they do
not consider speech acts (i.e., assertion and denial) as the primary notions
to act upon in the context of PTS but rather notions being on a par with
proof, provability, or verification, i.e., refutation, refutability, or falsifica-
tion, respectively. The point of interest is, thus, to implement different
derivability relations in a proof-theoretic framework expressing a duality

8For critical assessments of that paper, see, e.g., [5, 1,9, 4].

9The motivation is still to make a case for classical logic being usable in a PTS
framework, although Restall does not seem too dogmatic about anything being ‘the
best’ logic. He also wants to show how such a system can be used for substructural
logics.
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between different inferential relationships, which has been devised, e.g., in
[24, 25].

These different varieties of bilateralism depicted above are actually very
well represented in this special issue. It is even the majority of the contribu-
tions dealing with what can be called — in one way or another — ‘unorthodox’
bilateralism.

Greg Restall’s paper “Structural rules in natural deduction with alter-
natives” explores features of a special kind of bilateralist natural deduction
system, namely with alternatives. These are ‘negative assumptions’ with
which a natural deduction system of Gentzen-Prawitz-style is extended;
otherwise, the rules for the connectives are not changed from the usual
ones of such a system, i.e., as Restall notes, the extension is of purely
structural nature. What is shown for this system is that the rule of ex-
plosion and the rule of allowing vacuous discharge, both being principles
introducing irrelevance to the system, can actually be seen as correspond-
ing principles. Restall shows how with the shift to what he calls a mildly
bilateralist system this extension of Gentzen-Prawitz-style natural deduc-
tion can not only be used to give an account for classical logic but also for
substructural systems, such as linear, relevant and affine logic. It is only
‘mildly’ bilateralist because neither is every formula in the system signed
to be of either some positive or negative force nor are any operational rules
added to the system, as it is done in one way or another in what he calls
‘fully’ bilateralist systems.

The paper “Core type theory” by Emma van Dijk, David Ripley and
Julian Gutierrez also deals with a system which may not strike one as
‘obviously’ bilateralist but which nevertheless can be seen as one in an in-
teresting way. In the paper a slightly modified version of Tennant’s natural
deduction proof system for his core logic is presented and used as a type
theory. It is shown that strong normalization can be proven for this sys-
tem, while it cannot for Tennant’s original system. Although there are no
signed formulas or derivability relations in this system, it is bilateralist in
the sense that it is a system in which both proofs and refutations can be
constructed and neither concept is taken to be reducible to the other. For
this reason, the authors connect the spirit of bilateralism inherent in core
logic to the type of bilateralism that is put forth in [24, 25].

Implementing bilateralism on the level of derivational constructions
is also advocated in the paper “On synonymy in proof-theoretic semantics.
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The case of 2Int” by myself and Heinrich Wansing. We present a G3-style
sequent calculus, SC2Int, for the bi-intuitionistic logic 2Int, which is bilat-
eral in that two kinds of signed sequents are used, one representing proofs,
the other representing refutations and for which the structural rules are
shown to be admissible. Then, by defining and using so-called interaction
rules, which allow switching from proofs to refutations, and vice versa, an
approach to propositional synonymy in a bilateralist PTS setting is devised.
This concept relies on the notion of inherited identity between derivations
and, applied to SC2Int, leads to notions of positive and negative synonymy
of formulas.

Another special form of PTS and bilateralism is explored by Alexan-
der V. Gheorghiu and David J. Pym in “Definite formulae, negation-as-
failure, and the base-extension semantics of intuitionistic propositional
logic”. They analyze a base-extension semantics for intuitionistic propo-
sitional logic — that is, a semantics building upon sets of inference rules
for atomic sentences — in the context of logic programming. The bases are
interpreted as programs, i.e., collections of definite formulas, and investi-
gated using an operational reading. The paper recovers the completeness
of intuitionistic propositional logic through this perspective. Significantly,
in logic programming, assertion and denial are understood in terms of the
success and failure to find a proof. Using the negation-as-failure protocol,
the paper provides an interpretation of negation in a PTS for intuitionistic
propositional logic as denial, meaning that the latter is — in accordance
with a bilateralist conception — conceptionally prior to the former.

Acknowledgements. I would like to thank the speakers and participants
of the conference “Bilateralism and Proof-Theoretic Semantics” for the
lively discussion, the vital input on the presented works and for contributing
to this issue. I am also very grateful to the editors of this journal for their
kind help with administrative and technical questions, to all the reviewers
for their constructive feedback on the contributions and last but not least,
to Heinrich Wansing for helping out with all of the above and much more.



106 Sara Ayhan

References

[1] F. Ferreira, The Co-ordination Principles: A Problem for Bilateralism,
Mind, vol. 117(468) (2008), pp. 1051-1057, DOI: https://doi.org/10.1093/
mind/fzn036.

[2] N. Francez, Bilateralism in proof-theoretic semantics, Journal of Philo-
sophical Logic, vol. 43(2-3) (2014), pp. 239-259, DOI: https://doi.org/10.
1007/510992-012-9261-3.

[3] N. Francez, Proof-theoretic semantics, College Publications, London
(2015).

[4] M. Gabbay, Bilateralism does not provide a proof theoretic treatment of clas-
sical logic (for technical reasons), Journal of Applied Logic, vol. 25(Sup-
plement) (2017), pp. S108-S122, DOI: https://doi.org/10.1016/j.jal.2017.11.
001.

[5] P. Gibbard, Price and Rumfitt on rejective negation and classical logic,
Mind, vol. 111(442) (2002), pp. 297-303, DOI: https://doi.org/10.1093/
mind/111.442.297.

[6] O. T. Hjortland, Speech Acts, Categoricity, and the Meanings of Logical
Connectives, Notre Dame Journal of Formal Logic, vol. 55(4) (2014),
pp. 445-467, DOL: https://doi.org/10.1215/00294527-2798700.

[7] L. Humberstone, The Revival of Rejective Negation, Journal of Philosoph-
ical Logic, vol. 29 (2000), pp. 331-381, DOI: https://doi.org/10.1023/A:
1004747920321.

[8] R. Kahle, P. Schroeder-Heister (eds.), Proof-Theoretic Semantics, Spe-
cial issue of Synthese vol. 148(3), Springer (2006).

[9] N. Kiirbis, Some Comments on Ian Rumfitt’s Bilateralism, Journal of
Philosophical Logic, vol. 45 (2016), pp. 623-644, DOI: https://doi.org/
10.1007/s10992-016-9395-9.

[10] T. Piecha, P. Schroeder-Heister (eds.), Advances in Proof-Theoretic Se-
mantics, Springer, Cham (2016), DOI: https://doi.org/10.1007/978-3-319-
22686-6.

[11] H. Price, Sense, Assertion, Dummett and Denial, Mind, vol. 92(366) (1983),
pp. 161-173, DOL: https://doi.org/10.1093 /mind /XCIL366.161.

[12] G. Restall, Multiple conclusions, [in:] P. Hajek, L. Valdes-Villanueva,
D. Westerstahl (eds.), Logic, Methodology and Philosophy of Sci-


https://doi.org/10.1093/mind/fzn036
https://doi.org/10.1093/mind/fzn036
https://doi.org/10.1007/s10992-012-9261-3
https://doi.org/10.1007/s10992-012-9261-3
https://doi.org/10.1016/j.jal.2017.11.001
https://doi.org/10.1016/j.jal.2017.11.001
https://doi.org/10.1093/mind/111.442.297
https://doi.org/10.1093/mind/111.442.297
https://doi.org/10.1215/00294527-2798700
https://doi.org/10.1023/A:1004747920321
https://doi.org/10.1023/A:1004747920321
https://doi.org/10.1007/s10992-016-9395-9
https://doi.org/10.1007/s10992-016-9395-9
https://doi.org/10.1007/978-3-319-22686-6
https://doi.org/10.1007/978-3-319-22686-6
https://doi.org/10.1093/mind/XCII.366.161

Introduction: Bilateralism and Proof-Theoretic Semantics (Part I) 107

(13]

[14]

(15]

[16]

(17]

18]

(19]

[20]

(21]

22]

23]

ence: Proceedings of the Twelfth International Congress, King’s
College Publications, London (2005), pp. 189-205.

G. Restall, Assertion, Denial and Non-classical Theories, [in:] K. Tanaka,
F. Berto, E. Mares, F. Paoli (eds.), Paraconsistency: Logic and Appli-
cations, Springer, Dordrecht (2013), pp. 81-99, DOI: https://doi.org/10.
1007/978-94-007-4438-7_6.

G. Restall, Speech acts & the quest for a natural account of classical proof
(2021), article in progress.

D. Ripley, Negation, Denial, and Rejection, Philosophy Compass,
vol. 6(9) (2011), pp. 622-629, DOI: https://doi.org/10.1111/j.1747-9991.
2011.00422.x.

D. Ripley, Paradoxes and Failures of Cut, Australasian Journal of Phi-
losophy, vol. 91(1) (2013), pp. 139-164, DOI: https://doi.org/10.1080/
00048402.2011.630010.

D. Ripley, Bilateralism, Coherence, Warrant, [in:] F. Moltmann, M. Textor
(eds.), Act-Based Conceptions of Propositional Content: Contem-
porary and Historical Perspectives, Oxford University Press, Oxford
(2017), pp. 307-324.

D. Ripley, Denial, [in:] V. Déprez, M. T. Espinal (eds.), The Oxford
Handbook of Negation, Oxford University Press, Oxford (2020), pp. 47—
57, DOI: https://doi.org/10.1093/oxfordhb/9780198830528.013.21.

I. Rumfitt, “Yes” and “No”, Mind, vol. 109(436) (2000), pp. 781-823, DOL:
https://doi.org/10.1093 /mind /109.436.781.

P. Schroeder-Heister, Proof-Theoretic Semantics, [in:] E. N. Zalta, U. Nodel-
man (eds.), The Stanford Encyclopedia of Philosophy, Winter 2022
ed., Metaphysics Research Lab, Stanford University (2022), URL: https:
//plato.stanford.edu/archives/spr2018/entries/proof-theoretic-semantics/.

T. Smiley, Rejection, Analysis, vol. 56(1) (1996), pp. 1-9, DOL: https://
doi.org/10.1111/j.0003-2638.1996.00001.x.

F. Steinberger, Why Conclusions Should Remain Single, Journal of Philo-
sophical Logic, vol. 40 (2011), pp. 333-355, DOI: https://doi.org/10.1007/
$10992-010-9153-3.

F. von Kutschera, Fin verallgemeinerter Widerlegungsbegriff fir Gentzen-
kalkiile, Archiv fiir mathematische Logik und Grundlagenforschung,
vol. 12 (1969), pp. 104-118, DOI: https://doi.org/10.1007/BF01969697.


https://doi.org/10.1007/978-94-007-4438-7_6
https://doi.org/10.1007/978-94-007-4438-7_6
https://doi.org/10.1111/j.1747-9991.2011.00422.x
https://doi.org/10.1111/j.1747-9991.2011.00422.x
https://doi.org/10.1080/00048402.2011.630010
https://doi.org/10.1080/00048402.2011.630010
https://doi.org/10.1093/oxfordhb/9780198830528.013.21
https://doi.org/10.1093/mind/109.436.781
https://plato.stanford.edu/archives/spr2018/entries/proof-theoretic-semantics/
https://plato.stanford.edu/archives/spr2018/entries/proof-theoretic-semantics/
https://doi.org/10.1111/j.0003-2638.1996.00001.x
https://doi.org/10.1111/j.0003-2638.1996.00001.x
https://doi.org/10.1007/s10992-010-9153-3
https://doi.org/10.1007/s10992-010-9153-3
https://doi.org/10.1007/BF01969697

108 Sara Ayhan

[24] H. Wansing, Proofs, disproofs, and their duals, [in:] V. Goranko, L. Bek-
lemishev, V. Sheht (eds.), Advances in Modal Logic, vol. 8, College
Publications (2010), pp. 483-505.

[25] H. Wansing, A more general general proof theory, Journal of Applied
Logic, vol. 25 (2017), pp. 23-46, DOI: https://doi.org/10.1016/j.jal.2017.
01.002.

[26] H. Wansing, S. Ayhan, Logical Multilateralism (2023), submitted.

Sara Ayhan

e-mail: sara.ayhan@rub.de


https://doi.org/10.1016/j.jal.2017.01.002
https://doi.org/10.1016/j.jal.2017.01.002
mailto:sara.ayhan@rub.de

	Proofs and sequents
	Natural deduction with alternatives
	Weakening and explosion
	Varieties of conjunction
	Soundness and completeness
	Introduction
	Core logic
	Natural deduction
	Rules for core logic
	Conjunction
	Disjunction
	Implication
	Negation

	Core derivations and core logic
	The Prawitz restriction
	Keeping track of discharge
	Prawitz derivations and Prawitz derivability


	Terms and reductions
	Terms and eliminators
	Terminology
	Composition of eliminators
	Substitution
	The Prawitz restriction on terms

	Reduction
	Redexes and reducts
	Principal redexes
	Commuting redexes

	One-step reduction
	Reduction concepts
	Reduction lemmas

	Strong normalization
	The Prawitz restriction revisited
	Proving strong normalization

	Conclusion
	Introduction
	The calculus SC2Int
	Proving admissibility of the structural rules
	Preliminaries
	Admissibility of weakening
	Admissibility of contraction
	Admissibility of cut

	Synonymy of formulas through inherited identity between derivations
	Conclusion and outlook
	Appendix
	Introduction
	Intuitionistic propositional logic
	Syntax and consequence
	The hereditary Harrop fragment

	Base-extension semantics
	Support in a base
	Completeness of IPL via a natural base

	Definite formulae, proof-search, and completeness
	Atomic systems vs. programs
	Completeness of IPL via logic programming
	Negation-as-failure

	Conclusion



