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Abstract

For a Riemannian G-structure, we compute the divergence of the vector field induced by the
intrinsic torsion. Applying the Stokes theorem, we obtain the integral formula on a closed
oriented Riemannian manifold, which we interpret in certain cases. We focus on almost
Hermitian and almost contact metric structures.
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1 Introduction

Equipping an n-dimensional manifold M with a Riemannian metric g is equivalent to the
reduction of a frame bundle L (M) to the orthogonal frame bundle O (M), i.e., to action of
a structure group O (n). Assuming moreover that M is oriented, we can consider the bundle
SO (M) of oriented orthonormal frames. Existence of additional geometric structure can be
considered as a reduction of a structure group SO (n) to a certain subgroup G. For example,
almost Hermitian structure gives U (% )-structure, almost contact metric structure is just a
U(%) X 1-structure, etc.

If V is the Levi—Civita connection of (M, g), we may measure the defect of V to be a
G-connection. This leads to the notion of an intrinsic torsion. If this (1, 2)-tensor vanishes (in
such case, we say that a G-structure is integrable), then V is a G-connection, which implies
that the holonomy group is contained in G. We may classify non-integrable geometries by
finding the decomposition of the space of all possible intrinsic torsions into irreducible G-
modules. This approach was initiated by Gray and Hervella for U (%)-structures [14] and
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later considered for other structures by many authors [7,8,11,20,21]. Each, so-called, Gray—
Hervella class, gives some restrictions on the curvature.

One possible approach to curvature restrictions on compact G-structures can be achieved
by obtaining integral formulas relating considered objects. This has been firstly done, in a
general case, by Bor and Herndndez Lamoneda [5]. They use Bochner-type formula for forms
being stabilizers of each considered subgroup in S O (n). They obtained integral formulas for
G = U(%), SU(%), G, and Spin; and continued this approach for Sp(n)Sp(1) in [6]. The
case G = U( "—;1) x 1 has been studied later in [12] by other authors.

In this article, we show how mentioned formulas can be obtained in a different way. The
nice feature of our approach is that the main integral formula

% f Sgt = Sgi voly = / X2+ 164 — 15 voly.

M M

is valid for any G-structure on closed M for compact G C SO (n). Let us roughly describe
the approach and all used objects in this formula. We consider, so-called, characteristic vector
field x = ), &,¢; induced by the intrinsic torsion & and calculate its divergence. g3t and
£SYM denote the skew-symmetric and symmetric components of &, sj‘(hY = %(fx Y — &y X),
;me = %(SXY + &y X), whereas Sgl and s‘""lj are, in a sense, gJ- components of a scalar
curvature (see the following sections for more details). For some Gray—Hervella classes, the
characteristic vector field vanishes, and then we get point-wise formula relating an intrinsic
torsion to a curvature.

We concentrate on almost Hermitian and almost contact metric structures. In the way
described above, we recover many well-known relations. Let us state some of the conse-
quences of the main integral formula (the objects used in these statements will be defined in
appropriate sections):

1. Assume (M, g, J) is closed Hermitian manifold of Gray—Hervella type Wy such that
s = s*, where s is a scalar curvature and s* is a %-scalar curvature. Then, M is Kihler
(compare [22]).

2. Onaclosed SU (n)-structure of type Wi @& Ws, we have [}, s =5 [, s*.

3. Let(M, g, ¢, n, £) be an almost contact metric structure with the intrinsic torsion § € D;.
Then,

: 1 alt 1. 1 *
div(Ve2) = 5su(n)L + ERlc(C, ¢) — Z(s —s7),

where s is a scalar curvature and s* is an associated *-scalar curvature.

In the end, we consider some examples focusing on (reductive) homogeneous spaces. We
show, which is an immediate consequence of the formula for the Levi—Civita connection,
that in these examples the characteristic vector field vanishes. Hence, the main divergence
formula is point-wise.

2 Intrinsic torsion

Let (M, g) be an oriented Riemannian manifold. Denote by SO (M) the bundle of oriented
frames over M. Let V be the Levi—Civita connection of g, and let w be the induced connection
form. Let G C SO(n), where n = dim M, be a closed subgroup. Then, on the level of Lie
algebras, we have the following decomposition:

so(n) =g® g, ad(G)gt c g,
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where the orthogonal complement is taken with respect to the Killing form. Hence, w decom-
poses as

w=wg® Wy,
where wg is a connection form in the G-reduction P C SO (M), if such exists, and therefore
defines a Riemannian connection V€ on M. The difference

ExY =VSY —VxY, X, Y eTM,

defines a (1, 2)-tensor called the intrinsic torsion of a G-structure. £ satisfies some skew-
symmetry conditions by the fact that £y € gl(TM) C so(T M) where gl(TM) is the
associated bundle of the form P x,q(G) gt.In particular,

g&xY,zZ)=—g(Y,éxZ2), X, Y,ZeTM.

By a definition, the intrinsic torsion measures the defect of the Levi—Civita connection to
be a G-connection. In particular, if £ vanishes, then the holonomy of V is contained in G. The
study of the intrinsic torsion and its decomposition into irreducible summands was initiated
by Gray and Hervella in the case of G = U(%) [14]. Since then, other possible cases, mainly
coming from the Berger classification of non-symmetric irreducible holonomy groups, have
been considered (see, for example, [7,8,11,20,21]).

3 Anintegral formula

Let (M, g) be an oriented Riemannian manifold with the Levi—Civita connection V. Assume
M is a G-structure, with G C SO (n), and let £ be the associated intrinsic torsion. Define a

vector field x = x% by
X =) Eei, o)
i

where (e;) is any orthonormal basis. We call x the characteristic vector field of a G-structure
M. Notice that if £ is skew-symmetric with respect to X and Y, then x vanishes. This is the
case, for example, for nearly Kéhler manifolds (see the following sections). Additionally,

g0 X) == glei, &, X) = divX — diviX. )

Thus, vanishing of the characteristic vector field is equivalent to the fact that divergences
with respect to V and V coincide. Moreover, put

1 sym 1
gy = S ExY =& X) and "y = 5 ExY +8&r X). ?3)

In this section, we compute the divergence of x with respect to V. First, let us recall
well-known curvature identities involving the intrinsic torsion [12]:

R(X,Y)g = RO(X,Y) + [£x, &v]g,

4
R(X,Y)gr = —(Vx8)y + (Vy)x — 2[x. §v] + [Ex. §vlge. @

where R and R are the curvature tensors of V and V©, respectively. We use the following
convention for the curvature R(X, Y) = [Vx, Vy] — V|x,y]. Thus,

RO(X,Y) = R(X,Y) + (Vx&)y — (VyE)x + [&x, &v]. (&)
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Denote by s and s© the scalar curvatures of R and R, respectively.
Proposition 1 On an oriented G-structure M, we have

2divy =59 — s+ [x* + [§17 — 15V ©)
Proof By (5), we have

sO=s5+) 8((Vebleseje) — Y 8(Ve,E)eiej e + Y gl bejlej en).  (T)
i ij i.j

Notice that (Vx§&)y is skew-symmetric, since £y is skew-symmetric,

g((Vx&)yZ, W)

g(VxéyZ, W) — g(§vxy Z, W) — gy Vx Z, W)

—X(Z,5yW) — g6y Z, VxW) +g(Z, vy W) + (VX Z,Ey W)
—8(Z, Vxsy W) + g(Z, &y Vx W) + g(Z, Evyy W)

—g(Z, (Vx&)yW).

Thus, the first sum and second sum on the right-hand side of (7) are opposite. Moreover,
dive = ) 8(Vebesejre) = ) g((Veb)esej €, ®)
ij i
since
Y (8, eej. €) + 8 Vere), €i)
i,J

= Z g(Veej,er)gecej, ei) + Zg(se,-veiej, e;)

i,j,k i,
=— > glej, Voe)gEnej e) + Y 8, Vee), ei)
ij.k ij
=0.

Let us compute the last term in (7),

Zg([ée,-, Eeilej, ei) = Zg(éeiéejej, ei) — 8 &ei¢j, €i)

ij i.j

—Ix P+ )8 e Ene) ©)
i,j

—Ix 1?4 1EY™? — g2

Substituting (8) and (9) into (7), we get (6). O
We will improve the above divergence formula a little bit, by getting rid of the component

59 and replacing it by g*-component of s and some additional term, which vanishes in some
cases. Namely, denote by sglj the following quantity:

s =) el Eejlgre), ).
i,
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Proposition 2 On an oriented G-structure M, we have

. 1 1
divy = Jsgl = 58 + X + 1§17 — 1§97, (10)

If M is, additionally, closed, then the following integral formula holds

1
*/ sgL—s“‘ivolzf X2+ 16 = ™2 vol. (1n
2 Jm g M

Proof By (4) and (9), we have
sa =5+ gl &ojlej. e) — Y gl &;1gLe). €)
i,j i,j

=59 — [xI” = [E" P+ EY™P = Y g ([Eer £ lgrey €.

ij
Since s = s¢4 + Sgl, (6) can be rewritten in form (10). ]
Remark 1 Notice that elements
2 It)2 2
IxI% 1EYE, 18

are quadratic invariants of the representation of SO (n) in the space of (1, 2)-tensors with the
symmetries of the intrinsic torsion, i.e., the space T*M Q@ so(T M) [14]. This implies that |§ 2
and |£4112 — |£Y™|2 are also quadratic invariants. Thus, for an irreducible submodule I/ of the
representation 7* M ® so(T M), since the space of its quadratic invariants is one-dimensional
[4], then the number

2 ,alt (2 ,S 2
Ey = [xY* + g9 — jgUsym

is a constant multiple of |EY|2. Here, £¥ denotes the U-component of & with respect to
decomposition into irreducible summands. This approach is also valid for any irreducible
module G-module in the space of possible intrinsic torsions. This kind of approach was used
in [5] to get integral formulas for many G-structures.

We have an immediate consequence of the formula (10).

Corollary 1 Assume M is an oriented G-structure, where G = U(%), n even, or G =
SO(m) x SO (n — m). If the characteristic vector field vanishes, then

1 . .
Esgi — |§-d]t|2 _ |%.sym |2'
In particular, if the intrinsic torsion is totally skew-symmetric, then
gt =217 >0
with the equality if and only if the G-structure M is integrable (i.e., & = 0).

Proof For the listed choices of G, we have [gL, gJ-] C g; thus, szli vanishes. O

The consequences of the integral formula will be presented in the following section for
certain choices of G.
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4 Applications to certain Riemannian G-structures

In this section, we rewrite formulas (10) and (11) for certain G-structures. We also give some
applications of these relations. We will show that obtained formulas are consistent with the
Bochner-type formulas obtained, using representation theory, in [5].

4.1 Almost product structures

We show that the divergence and integral formulas obtained in the previous section agree
with the Walczak formulas [23]. Since this integral formula has found many applications,
we will only concentrate on deriving it from (11) and state its one corollary, which will be
needed later.

Let (M, g) be an oriented Riemannian manifold, with two complementary orthogonal
oriented distributions D and D+, i.e., TM = D@ DL. Thus, the bundle of oriented orthonor-
mal frames SO (M) has a reduction to a subgroup SO(m) x SO(n —m) C SO (n), where
m = dim D. On the level of Lie algebras

s50(n) = (so(m) ® so(n —m)) ®m,

where

m = (so(m) ® so(n —m))*" = [(—S\T g)}

and A is m x (n —m) matrix. Let V be the Levi—Civita connection of g. Since the orthogonal
projection to m is just a restriction to non-diagonal blocks, it follows that the intrinsic torsion
equals

ExY = —(VxY )t — (VxrHT,

where Y and Y1 denote the components of ¥ in D and DL. Notice that £ is made of
shape operators and fundamental forms of distributions D and D*. Recall that the second
fundamental form, for example, of D is a (1, 2)-symmetric tensor B = BP of the form

1
B(X,Y) = E(ny +VyX)t, X, YeD.
Additionally, we will use integrability tensor T = TP being just
1 1
T(X,Y)= E[X’ YI-, X,Y eD.

Notice that B(X,Y) 4+ T(X,Y) = (VxY)+; hence, B and T are symmetrization and alter-
nation of (a minus of) a part of the intrinsic torsion reduced to D.

For an orthonormal basis (¢;) adapted to the decomposition DGD, denote by e 4 elements
of (e;) in D and by ¢, elements of (¢;) in DL, The characteristic vector field X equals

X== (Vesea) = (eqeq) =—H—H", (12)

A o

where H and Ht are mean curvature vectors of D and D+, respectively.
We may now state and show that the Walczak formula [23] is an integral formula (11) for
G=80(m) x SO(n—m).
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Proposition 3 ([23]) On a closed Riemannian manifold equipped with a pair of complemen-
tary orthogonal and oriented distributions, the following Walczak integral formula holds

/sm:f |H* + |H > +|T1* + |T+* = |B|> — | B*|*, (13)
M M
where smix is a mixed scalar curvature defined by

smix = ) 8(R(ea, €)eq, €a)
A

Proof Since

DN Veue) P =Y g(Vesenep)’ = Y g(Veyepen)’ =D |(Ve,ep) ' |
Aa a,p

Aa,B Aa,B

and analogously interchanging e, with e4, then
1 1
1t|2 2 12 12 T2
12 =T+ TP + g |(Vesen) 1* + 5 Zﬁj (Ve ep) |
. a,

and

1
£V = B + B + Xﬁjuveaemz.
o,

Moreover,

sm=Y_ &(R(ei,ej)mej, e) =2 g(R(ea, €a)eq; €) = 2smix.
ij A

Putting all these facts together (10) implies Walczak divergence formula [23]
—div(H + HY) = =smix + |[H* + [H" > +|T> +|T*]> = |BI> = [B*]*.  (14)

Assuming M is closed, the Walczak integral formula holds. O

Formula (13) has found many applications. Let us only state one of its consequences for
D of codimension 1, since it will be used in one of forthcoming subsections. In this case,
clearly, T+ = 0 and B+ = H~. Denoting the unit positively oriented vector field orthogonal
to D by ¢, we have x = (div¢)¢ — V ¢. Moreover,

smix = Y &(R(ea, 0)¢, e4) = Ric(¢, ).
A

Therefore, (14) and (13) can be rewritten in the following well-known way.

Proposition 4 On a Riemannian manifold with an orientable codimension one distribution
D, we have the following divergence formula:

div(—(dive)¢ + Ve¢) = Ric(¢, ¢) — (dive)? — |T* + |BJ?

and, assuming M is closed, the following integral formula

/Ric(;, o) voly :/ (dive)? + |T|*> — | B|* voly. (15)
M

@ Springer



174 Annals of Global Analysis and Geometry (2019) 56:167-192

4.2 Almost Hermitian structures

Assume (M, g, J) is an oriented Riemannian manifold with an almost complex structure
J,ie., J* = —idrp, which is Hermitian, i.e., g(JX,JY) = g(X,Y) for X,Y € TM.
Then, (M, g, J) is of even dimension 2n and induces an U (n)-structure. On the level of Lie
algebras, we have

50(2n) = u(n) ® u(n)",
where
u(n) ={A eso(n) | AJ = JA}), um)t ={Aeso(n) | AJ = —JA)}.
In particular, [u(n)*, u(m)L1 C u(n), thus s |, =

to u(n)t equals A — % (A + JAJ). Thus, the u(n)-component of R is given by

0. The orthogonal projection from so(n)

R(X,Y)ym) = %(R(X, Y)+JoR(X,Y)oJ). (16)

Moreover, the intrinsic torsion, being informally the projection of —V to u(n)", is given by
the formula

é}XY:—%J(VXJ)Y. a7

Hence, the characteristic vector field y is the following
r .
X = —EJ(dle). (18)

Let us describe the intrinsic torsion with the use of the Nijenhuis tensor N and the Kéhler
form £2. Recall that

NX,Y)=[JX,JY]|-J[X,JY]-J[JX,Y]—[X,Y]
= (Vx)JY = (VyDNIJX + (Vyx))Y — (Vyy )X

and
(X,Y)=gX,JY).

It is a famous theorem by Newlander and Nirenberg that vanishing of the Nijenhuis tensor is
equivalent to integrability of J, i.e., existence of complex coordinates adapted to J. In can
be shown [2] that

4gExY,Z2) =d2(X, Y, JZ)+dS2(X,JY,Z) - g(N(Y, Z), X). 19)

Unfortunately, this shows that £ has no particular symmetries and using (19), it is hard to give
nice interpretations for the symmetrized and skew-symmetrized intrinsic torsion £%Y™ and
g2 respectively. Therefore, it is convenient to consider some restrictions or decomposition
of the intrinsic torsion. The space of all possible intrinsic torsions is, in this case, T*M &
u(m) L (T M). Decomposing this space into irreducible modules with respect to U (n)-action,
we get so-called Gray—Hervella classes [14]

T*M @ uin) - (TM) = Wi @ Wr @ W3 & Wy, (20)
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where each class can be characterized as follows:
W ¢ ExY = —£&y X, in particular, x = 0.
Wh: géxY,Z)+g(zX,Y)+g(yZ, X)=0.Then x =0.
Wis: ExY =§;x(JY)and x =0,
Wyt —4ExY =0(N)X +0(JY)IX —g(X,Y)0" — g(X,JY)J6*, 6 € ['(T*M).

In the characterization of Wy, 6 is a one-form often called the Lee form.
The following proposition contains well-known and useful properties of almost Hermitian
W1, ..., Wy classes.

Proposition 5 ([14]) We have the following characterization of Gray—Hervalla classes:
Wi @Wr = {§ € T"M @u(n)" (T M) | §yxJY = —ExY)
W @ Wy = {§ € T*M @u(n)" (T M) | §5xJY = &xY).
Moreover,
WI@W2 @ W3 = (§ € T"M @ u(n)™ (T M) | x = 0}.

By the above proposition, if & € W) @ W, @ Wi, then formula (10) is a point-wise
formula for the u(n)L-component of the scalar curvature
1

SSumt = IEM — €Y% @n

The left-hand side has a nice interpretation, which is valid for all Gray—Hervella classes.
Define Ricci and *-Ricci tensors by

Ric(X,Y) = Y g(R(X.e)ei.¥), Ric*(X.Y)=g(R(X,e)Jei, JY).

1

These induce, taking traces, scalar curvatures
s = ZRic(ei, e), s*= ZRiC*(e,-, e;).
i i
Then, by (16)

Syt = Z g(R(ej, ei)ymrei,ej)
i,J

1
3 Zg(R(ej, ei)ei,ej)+g(JR(ej,ei)lei, ej) (22)
ij

_1 *
_E(S_S ).

Now, we will discus relations between elements in the divergence formula (10) in each
pure class W; separately. We will proceed by studying quadratic invariants of the U (n)-
representation on the space of intrinsic torsions 7*M ® u(n) (T M) [14]:

. 2 .

i1=)Y ale.ej e =Y alei.ej.en)ale;. e, ex)
ij.k i)k

i3 = Za(ei,e;,ek)a(lei, Jej,er) i4g = Za(ef,ei,ek)a(ej,ej,ek),
i jk i,jk
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Table 1 Quadratic invariants for

Gray—Hervella classes W Wi iil) =0, ’é]) = _ifl)’ ’é]) = _ifw
W iz(tZ) =0, i§2) _ _i§2)’ léZ) _ %42)
ws i@ o, I
wy i =ta-ni® P =i, iV =0

where @ (X, Y, Z) = g(é€xY, Z). Notice that
it= &% i = EYMPE — 8N s = [y

Thus, the divergence formula (10) may be rewritten, using these invariants and formula (22)
as follows:

1
divy = _Z(S — 5" — iy +is4. (23)

Itis not hard to see by definitions of each pure class W; and Proposition 5 that the following
fact holds.

Proposition 6 Quadratic invariants characterize pure Gray—Hervella classes W; as listed
in Table 1. In a table, i;k) denotes an invariant i j considered for a class W.

Using Proposition 6 and relation (23), we can derive some useful relations for each pure
class. These relations are well known. (See the references listed in the proposition below.) Let
us enlarge on this. In analogy to Gray [15], we consider the following curvature condition:

SC: s=s%
Notice that the class SC contains Gray class G, which by definition, denotes almost Hermitian
structures for which the curvature tensor satisfies

Gi: RX,Y,Z,W)=R(X.,Y,JZ, JW).

Proposition 7 The following relations hold.

1. (compare [10,13]) For a W structure s — s* = IVJI% In particular, there is no nearly
Kdihler non-Kdhler structure satisfying SC condition.
2. (compare [10,19]) For a W, structure 2(s — s*) = —|VJ|2. In particular, there is no
almost Kdihler non-Kdhler structure satisfying SC condition.
. Any Wj structure satisfies SC condition.
4. (compare [9,10,22]) For a Wiy structure with a Lee form 6

9%}

(n — Ddive® = —(s — s + (n — D?0]%.

In particular, there is no locally conformally Kdhler non-Kahler structure defined on a
closed manifold which satisfies SC condition.

Proof Tt suffices to apply (10), Proposition 6 and use the fact that |& |2 = iWJ |2. For a Wy
case, notice that

-1 - 1)?
nolgs e D

X=7 A
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Now, we show that the main integral formula (11) in an almost Hermitian case is equivalent
to a Bor-Lamoneda formula [5]. Decompose & and x with respect to the Gray—Hervella
classes as follows:

E=&'"+82+8 48 x=x"+x>+0C+x%
ie, k=Y, 5fie[,and let
S L(k . (k
Ek — |Xk|2 + |§-k,ah|2 _ |%-k,sym|2 — _lé ) + lf‘ )
It can be shown that

=y i j=1234
k

Thus, by above considerations (see also Remark 1), we have
1 1
Ev=IE'P. Er=—3I&7 E;=0. Es=-(n—DIg".
Hence,
1 n—1 1
divy = [E1 2 — S 1E22 4 P R = Ss — 57, 24
ivy =1§| 2|E|+2IEI 4(S s%) (24)

which implies the integral formula by Bor and Herndndez Lamoneda [5] (assuming M is
closed)

/ QIE'P — £ + (1 — DIEYP) voly = 3/ s — s volyy. 25)
M 2 Ju

4.3 Special almost Hermitian structures

Assume (M, g, J) is an almost Hermitian manifold equipped with a complex volume form
¥ = 4 + i_ such that (¥, ¥)c = 1, where the inner product is a natural extension of
an inner product for real-valued forms. This structure defines reduction of a structure group

to special unitary group SU (n), hence a SU (n)-structure. On the level of Lie algebras, we
have

50(2n) = su(n) @ ()t @ R),

since u(n) = su(n) @ R. For an element A € u(n), let
(Ao —Ay
A= <A1 Ao ) € s0(2n).
Then, A € su(n) if and only if A € u(n) and trA; = 0. Notice that

1 1
A =5 Zg(Ae,-, Jer) = = tr(AJ).
L

Thus, the orthogonal projection from so(2n) to suim)t =um)t dR equals

1 1
Ars ~(A+JAJ) — —(trAJ)J.
2 2n
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The intrinsic torsion £ equals £ = £V 4 5 [5,8,20], where £V is the intrinsic torsion of
related U (n)-structure and

1
Y == g(ExeenlY.
i

Define a one-form 7 by the relation nxY = n(JX)JY. This convention will appear to be
useful. Denote the class in the space of all possible intrinsic torsions induced by n by Ws.
Split sy, 1 INtO 5,y and sg with respect to the decomposition su(n)t =umn)t e R.

Proposition 8 On a closed SU (n)-structure (M, g, J) with the Ws-component induced by
the I-form n, we have the following integral formula:

8[ n(XU(n))VOIM:f sR—s*;l;W voly. (26)
M M

Inparticular, if (M, g, J) is of Gray—Hervella class W @ W, ®Wis treated as U (n)-structure,

—_ alt
then [, sg = fMSsu(n)i'

Proof
x=x"" 4+ neJe = xU" +
i
and
Y g ke =Y gl Me; £ Wey +2) g€l e n(Jej) e
i,j ij i,j
+Y nWedn(Jepg(Je, Je)
i,j
=Y 2] Me; €2y =20 (x V) + "I
ij
Thus,
. 1 1
leX = _Essu(n)l + ESEE(H)L + |X|2 - Zg(EE,‘ €j, Eejei)
i,j
1 1,
= = Ssum* + 555 T X OP + 20" + 1
=Y g€l Me; &) Me) + 2n(x V) — I
i,
: U(n) 1 alt 1 1 U(n)
= leX + Essu(n)L — Essu(n)l + Esu(”)L + 47}()( )

Hence,

I
divn® = = Jsm + 25550 + 4007, @7)

2 su(n)t

Assuming M is closed and applying the Stokes theorem, we get (26). O

The values of sg and s?ﬁ (nyL can be computed explicitly, which gives an alternative

version of formula (26). Firstly, introduce two components of the intrinsic torsion, £V-12 ¢
Wi @ W, and §UM34 € Wy @ Wy,

@ Springer



Annals of Global Analysis and Geometry (2019) 56:167-192 179

Corollary 2 On a closed SU (n)-structure (M, g, J) with the Ws-component induced by the
1-form n, we have the following integral formula

[ st votar = [ gV VO voly < dn [0 volur
M M M
In particular, if&U(") e W1 @ Wr & W3 & W, then

/ S* VO]M — / |§-U(ﬂ),1|2 + |§_~U(}’l),2|2 _ |§-U(ﬂ),3|2 VO]M.
M M

Proof We have
SR = Zg(R(ei,ej)Rej,ei)
i,j
1
=—5 Ztr(R(ei, ej)Ng(Je;, e)
L]

1
= > g(RUej.ej)ei.ei)
ij

1
= - D (&(RUei, Jepej, e) + g(Rlej, Je T ej, ei)
i.J

1
= —s*.
n
1 o, . . . J_ J_
To compute s;‘:L ()L itis convenient to determine the component [su(n)—, su(n)—] su(n)L- For

A= Ao+ AJ and B = By + uJ, where Ag, By € u(n)*, by the relation [u)*, um)t] c
u(n), we have

[A, Blgymt = [Ao, Bolr + A[J, Bol 4 Ao, J]

1

——tr(AgBoJ)J + 2(uAy — ABg)J.
n

Hence,

. 1
S;],i(”)l = Z (-;tr(ée,fejf)g(fej, e) +28m(Jej)se, Jej —n(Jei)ée; Jej, ei))
i,

1
== D 8o b Jeie) +2) (1T ep)gEe e, e = n(JeNg(Ee; Jej, e)
ij

i,J

1
- > g(Ee TeinEeen) — An(xU™)
i,J

1
= =D glEen £repTen) —4n(x ™).
ij

By Proposition 5, we get

D 8esei EreJen) = g2 4 gV
)

Now, it suffices to apply (26). O
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Remark 2 The above integral formula, however formulated in a different way, can be found
in [5]. Let us be more precise. In [5], authors state some consequences of their formula for
almost Hermitian structures with vanishing first Chern class c;(M). Let us derive the first
Chern class in our setting. It is known [13] that the first Chern form y is given by

8ty = —¢ +29,
where
e(X,Y) =u(VxJ)(VyJ)), ¥(X.Y)=u(RX,Y)olJ).
It is not hard to see that

(X, Y) = 4Zg(§“xlei, Eve)), Y(X,Y)=—2Ric"(X,JY).

Thus, using the same arguments as before Corollary 2, we get
2rirty = [EVM342 _ |gUm122 4 o

where tr*y = Zi y (ei, Je;). Notice that vanishing of the first Chern class, i.e., y = da for
some 1-form, is equivalent to the fact that f y ¥y = 0. Thus, by Corollary 2, c1(M) = 0 if
and only if ,, 7(xY™) = 0. Finally, note that by (2), we have

/ n(xYMyvoly = —/ div¥n® voly.
M M

Corollary 3 Consider an SU (n)-structure (M, g, J) which is of type Wi & Ws. Then,

/svolM=5/ s volyy.
M M

Proof By Corollary 2, we have
/ S*Z/ |%-U(n)|2_
M M

It suffices to notice that by (22) and (21), we have 1 (s — s*) = [§V™) 2, o

4.4 Almost contact metric structures

Let (M, g) be a (2n + 1)-dimensional manifold together with a 1-form 5 (and its dual unit
vector field ¢) and ¢ € End(T M) such that

X ==X +n(X)¢, gleX,9Y) =gX,Y) —n(X)n(Y). (28)

Notice that ¢ defines almost complex structure which is g-orthogonal on the distribution
kern. Thus, we get U (n) x 1-structure. On the level of Lie algebras, we have

s02n + 1) = u(n) ® un)*,

where u(n)" is isomorphic to the space of block matrices of the form

(—I;T g) . Beum  Cso2n), acR™. (29)
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Since here ¢ = e3,41, ¢ is a natural complex structure on R?" and zero on ¢, it is easy to see
that the orthogonal projection from so(2n + 1) onto u(n)* equals

1
A 5(A+¢m<p+;TA®§+§T®A;). (30)

Rewriting this formula with the use of the one-form n(= ¢ ™), the intrinsic torsion satisfies
the following relation:

ExY = p(ExeY) +néxY)¢ +n(Y)éxe. (31)
This, moreover, implies the formula for the intrinsic torsion [12]
1 1
ExY = E(wa)wY + E(VXﬂ)Y ¢ —n(Y)Vx¢. (32)
By (28), it follows that
(Vxp)Y = —(Vxp)pY + (Vxn)Y - ¢ + n(Y)Vx<.

Thus, we may write the intrinsic torsion in an alternative way [12]

1 1
ExY = —Ew(Vw)Y +(Vxn)Y - ¢ — En(Y)Vxn- (33)
Hence, the characteristic vector field in this case equals
1 . . 1
X = —§</J(dlwp) + (divg)g — EV;L (34)

The condition & € T*M ® um) (T M) is equivalent to relation (31). Decomposing the
space T*M ®u(n)L (T M) into irreducible U (n) x 1-modules, we get 12 classes Cy, ..., C12
[7]. First four are isomorphic to Gray—Hervella classes Wy, ..., Wj.

Remark 3 Note that in [7] types of almost contact metric structures, i.e., irreducible modules
of T*M ® u(n)L (T M), were classified with respectto (X, Y, Z) = (Vx®)(Y, Z), where
D(X,Y) = g(X, ¢Y). It is well known that this is equivalent to considering the intrinsic
torsion as amap B(X, Y, Z) = g(&éxY, Z). The correspondence follows from the fact that
Vx® = &x @, since VV™W*1p = (. This implies a direct relation

a(X,Y,Z2)=B8(X,Y,pZ) - B(X, Z,¢Y). (35)

Note that we should be careful with studying irreducible modules Cy, ..., Cj2, since the
correspondence o <> f interchanges some of the modules, which is underlined in Table 2.

Let us describe these spaces in more detail. Put
Di=C®..®C4, Dy=C5®...0C11, D3 =Ci3.
Each of the above spaces is characterized as follows [7]:

1. Class Dy: £ Y = éx¢ = 0. Applying formluas (32) and (33), we obtain V¢ = 0 and
hence x = —%(p(diV(P), as expected, since in this case, being not very precise, £ is the
intrinsic torsion on the almost Hermitian structure kerr.

Table 2 Module correspondence

viaa < B Ci C C3 C4 Cs Co C7 Cg Co Cip Cii Ci2

B C C C3 C C¢ C5 Cg C7 C9 Cio Ci1 Ci2
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2. Class Dy: &xY = n(X)&Y + n(Y)éxs + n(ExY)¢. Taking X = Y = ¢, we get
&c¢ = —n(&:¢)¢ and 7 to both sides we get £,¢ = 0. Taking X = Y = ¢;, we obtain

Plery X = 0.

Hence, x € span¢, so by (34), x = (div¢)¢. Moreover, it is easy to see that for
X,Y € kern

&xY espang, &Y ekern, &x¢ ekern, &¢ =0.

Thus, by formulas (32) and (33) for the intrinsic torsion, we get (X, Y € kern)
ExY = (VxmY - ¢,
&Y = %(V{(ﬂ)fﬂY,
§x¢ = —Vxi.

3. Class D3: &xY = n(X)n(Y)é: ¢ + n(X)n(§ Y)¢. Therefore, for X, Y € kery
ExY =0, &x¢ =0, &Y espang, &:¢ €kern.
Hence, x = &¢ =~V and [x[* + [§4]7 — ™™ = 0.

Analogously as in an almost Hermitian case, let us relate divergence and integral formulas
(10), (11) to quadratic invariants of almost contact metric structure. In this case, the space of

quadratic invariants is generated by 18 invariants [7]. For our purposes, we need only some
of them:

i1= Za(ei,ej,ek)2, i = Zot(ei,ej,ek)oc(ej,ei,ek)z,
i,j.k ij.k
is =Y ale e, en)ale). e, er), is =Y a(t e e)
ik I
iGZZ(X(ei7§»€k)2, i7:Zoz(;,ej,ek)a(ej,{,ek),
ik I
ig = Za(ei,ej, Oalej, e, 0), ilp = Za(ei’ ei, Oalej, ej, ),
i I
i = Zd(ei, ej, Halple;), plei), ), iy= Za(ei, p(ei), Halej, plef), ¢),
i i
ie =Y e, ¢ a)’ i =) ale e, e)all, ¢, e),
k ik

where (X, Y, Z) = g(éxY,Z)andi, j =1,...,2n. Notice that
617 = i1 + is + 2i6 + 2i16,
1X1? = ia +i10 + it6
VM2 — £ = iy + iy +is + 16

Let us now compute scalar curvature ‘components’. Define the x-scalar curvature as
follows:

s* = trRic* = Zg(R(ei, ejpe;, pe;).
ij
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Lemma 1 The following relations hold:

1 . . . . . ;
sil(ln)L = E(ls —i10 +i12 +i14) +2(i7 — i17) and

1
Su(n)L = E(S — S*) + RIC({, ;)

Proof Denote by (B, a) an element in u(n)L of form (29). Note that a = (B, a)ey+1 €
R?* ¢ R?"*!, Then,

[(B,a), (B,a)] = (—a A d, Ba — Ba),
where a A @ is an endomorphism of R** given by (a A @)v = (@, v)a — (a, v)a. Thus
. 1 ~ y L
[(B,a), (B,d)]ymr = (—E(a Aa+@ola Aa)ey, Ba — Ba),

where ¢y is a restriction of ¢ to R?", thus defining an almost complex structure.

By these considerations, we are ready to compute sil(tn) - Wehave (herei, j =1,...,2n)

1
Sil(tn)L = _5 Zg((%‘e,z A gejz + (/)(geiz A sejZ)Qﬂ)ej, ei) + 228(5@5{( - ngeié-v ei)
i,j i
1
= _5 Z (g(ge,-ei, ;)g(sejeiv é‘) - g(ée,-ejs {)g(sejei’ C)
ij

— g(Ep(en), g 0(e)), ) + 8Engle)), D) ple, c))
+2) (—8 (L Eei) + 86 L Ecer)

1. . . . .
= 5(—110 +ig +ig +ign) +2(—iy7 +i7).

For s,,(,,y1 by (30), we have

Sumt = Zg(R(ei, ej)u(n)LEj, e;)
ij
1 N 1
= E(S —s")+ 3 Z(’I(R(ei, ej)ejn(e) +nlej)g(Rei, e;)¢, e)

ij

1
=S —s+ Z(g(R(c, ej)ej,¢)

1
= E(S —5*) +Ric(¢, 2).

O
By Lemma 1 and above considerations, we may rewrite formula (10) as
Givg = iyt i = Jies Zio s Lo L i e - AR o, Go)
WY = —ip +1i4 418 4110 4112 4114 117 1 s —S 2 1c(¢, ¢).

Moreover, by a classification of each module C; by quadratic invariants [7, Table I], we have
the following observation.
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Proposition 9 We have:

1. the characteristic vector field x vanishes if and only if the intrinsic torsion belongs to
ClPCrBC3BCePCrPCy®Co®Cro®Cru,

|EY™ |2 — |22 = O if and only if the intrinsic torsion belongs to C3 & C4 & Ci1,

3. st = 0 if and only if the intrinsic torsion belongs to C; & Co & C3 @ C4 D C7 D Co D

u(n

Cio @ C11 @ Cra.

N

We are ready to interpret, at least in some cases, formula (36) in a geometric way. Denote
by B" and T" the (symmetric) second fundamental form and integrability tensor of kern,
respectively (see the section on almost product structures).

Proposition 10 Let (M, g, ¢, n, ) be an almost contact metric structure with the intrinsic
torsion &.

1. If& € Dy, then
1 1 1
div((@ive)e) = (@dive)? + 77 = [B" + Zsi) 0 = (5 =87 = SRie(¢, ),

or, equivalently,

. 1 1_. 1
div(Ver) = Zsiie + 5 Rie(€ ) = 265 —5").

If additionally, M is closed, then the following integral formula holds
1 .
/ Ric(¢, ¢) voly = 7/ s — 85— 2s31(tn)L voly = / (dive)? + |T"> — |B"|* voly.
M 2J/m M
2. Ifé €eCe®...®Cyy, then

1 1 1
2 2 _ alt .
77" — |B"| ——Esi(mL+Z(S—S*)+ER1C(§3§)

[9%)

. If& € Cyy, then s — s* = —2Ric(¢,¢) and [, s — s* voly = [, Ric(¢, ¢) voly = 0.
4. If& € Cqp, then

1 1
div(Ve) = (s = s*) + S Ric(¢. 5).

If, additionally, M is closed, then

/ s —s"voly = —2/ Ric(¢, ¢) vol.
M M

Proof (1) Assume & € D;. Then, for X, Y € kern, we have
Y = -T7(X,Y), &Y =-B"X,Y).
Moreover, by classification of D, by quadratic invariants [7], we see that
E4 2 — 1EWM? = —ig = |T"? — | B"P.

Since x = (div¢)¢ using Proposition 4, the divergence formula (10) takes the first form. The
second one and the integral formula follow again by Proposition 4.

(2) In this case, by Proposition 9, the characteristic vector field vanishes, i.e., div¢ = 0. Thus,
it suffices to apply the first part.
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(3) This is an immediate consequence of (1), (2) and the fact that |T"> — |B"|? and sil(tn)l

vanish (by Proposition 9).

(4) By discussion concerning 21313 class, we have |x |2+ |22 — M2 = 0and = —V¢<.
al

Moreover, by Proposition 9, Sumyt = 0. Hence, the divergence formula (10) and the integral

formula (11) simplify to the desired ones. Notice that we could use the formula (36) and the
fact that for C1; class the only nonzero invariant is i1¢ [7, Table I]. O

At the end, consider the following Janssen—Vanhecke C(«) condition [17]:
R(X,Y,Z,W)=R(X,Y,pZ,oW) +a(—g(X, Z)g(Y, W) + g(X, W)g(¥, Z)
+8(X,9Z)g(Y. W) — g(X, oW)g (Y, 9Z)),
where « is a smooth function. It implies that

s —s* =4n’a and Ric(¢, ) = 2na. (37)

Corollary 4 If the intrinsic torsion of an almost contact metric structure belongs to D, class
and satisfies Janssen—Vanhecke C («) condition, then

1 1 alt .
o= m Esu(n)i —div(Vee) ).

Proof Follows immediately by Proposition 10(1). O

Remark 4 In an analogous way as for U (n)-structures, it can be shown, with a little bit more
effort, that the integral formula (11) in this case is equivalent to the integral formula obtained
in [12].

5 Examples

In this section, we apply obtained results to certain almost Hermitian and almost contact
metric structures. First examples are simple illustration of obtained results for almost contact
metric structures. We deal with this structure only since it has not been investigated from
this point of view elsewhere. Almost Hermitian case is, due to well-known facts contained in
Proposition 7, well understood from this perspective. In the end, we focus on more involving
examples concerning homogeneous spaces, where we treat both cases—almost Hermitian
and almost contact metric structures.

Example 1 Let (M, g, ¢, n, £) be an almost contact metric structure which is Sasaki, i.e., ¢
satisfies the relation

(Vx@)Y =g(X,Y)§ —n(Y)X, Vx{=—¢(X).
Thus, by (32), the intrinsic torsion equals
ExY = g(X, o(Y))¢,
or, in matrix notation

fx = (_w(oX)T ‘p((f()) € u(m)H(TM) for X € kery
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and & = 0. Hence, we arrive in the Cs class. From the proof of Lemma 1 or, directly, by
Proposition 9, we see that sil(tn) | does not vanish. In fact, by [7, Table 1], we have
. . . L.
lg = —If = —1 = —114.
6 8 12 n 14
Thus, by the definition of i and Lemma 1

salt (n — Dig = 2n(n — 1).

umt =
It can be shown [17] that the curvature tensor of a Sasakian structure satisfies C (1) condition.
Thus, by (37), s — s* = 4n? and Ric(¢, ¢) = 2n. Since V¢ = —¢(¢) = 0, it follows that
the left-hand side of the second divergence formula in Proposition 10(1) vanishes, whereas
the right-hand side equals
alt 1 * 1. 2
—s —f(s—s)+§Rlc(g’,§)=n(n—1)—n +n=0.
Example2 Let (M, g, ¢, n, ¢) be an almost contact metric structure which is Kenmotsu, i.e.,
¢ satisfies the following condition
(Vx@)Y = g(@X, Y)¢ —n(Y)p(X).
Hence, the intrinsic torsion, by the formula (32), equals
ExY =g(X,Y), é&x¢t=-X, &Y =0, &¢=0,

where X, Y € kern. In matrix notation, for X € kern,

£x = (_?(T g) & u(m) (T M),

Hence, arguing as in the example above, sil(‘n) | does not vanish. Since, in this case,
. 1
lo =18 =112 = 5110,
2n

by Lemma 1,

sttt = (1= mig = 2n(1 = n).

It can be shown that Kenmotsu structure satisfies C(—1) condition [17]. By (37), s — s* =
—4n? and Ric(¢, ¢) = —2n. Therefore,

1 alt 1 % 1. 5
FSumr ~ 7 =8 + JRic@. O =nd —n)+n"—n=0.
Since for a Kenmotsu manifold Vx¢ = X — n(X)¢, it follows that

le{ =2n and V{{ =0.

It follows that the second divergence formula in Proposition 10 is justified.
Let us now justify condition (2) in Proposition 10. It is known that the distribution kern
is integrable and umbilical [18]. Hence, 7" = 0 and B" = —ﬁ g ® (div¢)¢, which implies

IT")? = |B" = —2n
and

1 1 1
Z(S — s+ ERic(g“, 7)) — Esil(tn)l =-n>—n—n(l—-n)=—2n.
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Example 3 Consider a generalized Heisenberg group H (1, n) [12]. This is a Lie group con-
sisting of square n + 2 by n 4 2 matrices of the form

I, A" B!
g=101 ¢ |,
00 1
where A = (ay,...,ay) and B = (by, ..., b,) are elements of R” and ¢ € R. Thf;n, H(l,n)
is nilpotent of dimension 2n + 1. H(1, n) has a global coordinate system (xf, " o),

i=1,2,...,n given by
(@) =a, x"T(g=bi, g =c (38)
We choose a Riemannian metric such that the left-invariant basis

a a a .0
Xi:fa Y; ) Zzaiz-i_ZXl
' i

Jxnti

i = Jxnti

is an orthonormal one. Nonzero components of the Levi—Civita connection are given by [12]

1
Vx; Xnti = Vx,,, Xi = _§Z’

1
Vx,Z=-VzX; = EXnJrl,

1
Vx,, Z=VzXnti = EXi-

Thus, the integrability tensor 7" vanishes and nonzero components of the second fundamental
form are equal

1
B (X, Xnyi) = B"(Xpyi, X;) = _EZ'

Hence, |B" |2 = % Moreover, by the formula for the curvature tensor [12]

1 . . 1

R(Xi,Xj,XnH,XnJrj):Z i#J, R(Xi»Xn+jan,Xn+i):_Zs
3 1
R(Xin:Xi,Z):Zy R(Xn+i, Z, Xn—‘riaZ):_Z

with remaining components vanishing, we see that

n . n
s=——, Ric(Z,2)=——.
2 2

Consider on H (1, n) an almost contact structure induced by the Reeb field { = Z and
a dual one form n = dz with a compatible endomorphism ¢ such that ¢(X;) = X4,
©(Xn+1) = —X;. Then, we get a structure in a Cg class [12]. We have

It is easy to see that divZ = 0; hence, the characteristic vector field vanishes (as noticed in
Proposition 9(1)). We are ready to compute both sides of the divergence formula in Propo-
sition 10(2). The left-hand side, clearly, equals —75. Since by Proposition 9(3), sat =,

u(n)t —
the right-hand side is equal to

LRI __n_n_
16—+ Rie@. ) =—7 -7 =—

n
4 2

I
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5.1 Examples on reductive homogeneous spaces

We will show that for a certain choice of G-structures on reductive homogeneous spaces
induced from one-parameter deformations of invariant Riemannian metrics, the characteristic
vector field x vanishes; hence, the divergence formula becomes point-wise formula. We
justify this stating appropriate examples. We closely follow [3, p. 140] and [1].

Let K be a connected, compact Lie group and H its closed, connected Lie subgroup. The
quotient K /H is a homogeneous space denoted by M. Assume additionally that on the level
of Lie algebras ¢ = fh @ m, where m is the orthogonal complement with respect to some
ad(H)-invariant bilinear form B on €. Deform B in the following way: Assume m = mo@my,
where

[h, mo]l =mp, [mo, mpo] C hDmy,

(39)
[h,m] Cmy, [m,m]Ch, [mp, m]C mp.

For any ¢ > 0, we put
Br = B|mo><mo + 2tB|m1><m1 .

Form B; defines an invariant Riemannian metric g; on M. We will often write g instead of
g, if there is no confusion. The Levi—Civita connection of ¢ may be described as a linear
map A : m — so(m) defined as follows: [3]

AX)Y = %[X, Ylms

A(X)B =t[X, B],
A(A)Y =1 -0n[A, Y],
A(A)B =0,

where X,Y € mp, A, B € m;.

Now, we consider a G-structure on M. Thus, we have a decomposition so(m) = g @ gl,
where we take orthogonal complement with respect to the Killing form on so(m). Then, A
splits as A = Ag + Aj1. Ag defines a G-connection VG, whereas A gL corresponds to the
intrinsic torsion &.

In the following two examples, we introduce a G-structure via the same procedure. Denote
by xo the coset e H, and letad : H — SO(m) be the isotropy representation. Let ¢ : m — m
be a linear map, which intertwines the isotropy representation. Since all tensor bundles on
M are associated with the bundle G +— M with respect to the isotropy representation, it
follows that ¢ induces (1, 1)-tensor field, in our case, almost Hermitian or almost contact
metric structure.

Example 4 We follow [3, p. 142]. Consider a complex flag manifold F » consisting of pairs
(I, V), where [ is one-dimensional complex subspace and V is a complex two-dimensional
subspace containing [ in C3. U (3) acts transitively with a isotropy subgroup H = U(1) x
U (1) xU(1). Thus, Fy > is ahomogeneous space. On the level of Lie algebras, u(n) = HSm,
where b consists of diagonal matrices, whereas m is a subspace of the form

0 a b
m= —c_z 0c)|, ab,ceC
—b —¢
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m splits into two subspaces mg and m; given, respectively, by relationsc = 0 anda = b = 0.
Denote by B the Killing form on u(3), B(X,Y) = %Re(trX Y)). The inner product on m
given by

_B|mo><mo + 2t(_B)|m1 Xmy

defines a one-parameter family of Riemannian metrics on Fj>. The following basis is
orthonormal with respect to the given inner product on m:

Ei=enn, Erx=s12, Ez=ep3, Es=s13, Es= \/%623, E¢ = \/%523,
where e j; is a skew-symmetric matrix with the (j, k) entry equal to 1 and s j; is a symmetric
matrix with the (j, k)-entry equal to i (and remaining elements except for (k, j)-entry equal
to zero). We see that mg is spanned by E1, Eo, E3, E4, whereas m;| by Es, E¢. It can be
verified that relations (39) hold.

Let us define an almost Hermitian structure on Fj . The isotropy representation Ad :
H — SO(m) = SO(6) equals

Ri_s O 0
Ad(t,r,s) = 0 R, O ,
0 0 R,

where (¢, r, s) denotes an element diag(e’, ¢'*, ¢!”) € H and Ry is a rotation in R? through
an angle 6. In order to define an almost Hermitian structure, it suffices to define isotropy

invariant (1, 1)-tensor Jy in m with JO2 = —1.Let
Jo(E1) = —E2, Jo(E3) = E4, Jo(Es) = —Eg.

The Levi—Civita connection of this almost Hermitian structure can be described by a map
A:m — so(m),

A(Ey) = :/[%(635 + e46), A(Ep) = :/[;(645 —e36),

A(E3) = :/[;(6’26 —e15), A(Ey) = _:/[;(616 + e25),
1— 1 —

A(Es) = —— (1 + e29), A(Eg) = ——

NeT; N (e14 — e23).

The curvature tensor R is given by
R(X,Y) =[AX), AY)] = A([X, Y]m) — Ad([X, Y]p),
where Ad : h — so(m) denotes the differential of the isotropy representation,
Ad(H)) = —e1p —e34, Ad(Hz) = ein —es6, Ad(H3) = e34 + es6.

Here, H; denotes the matrix %skk.
Now we are ready to compute s, (31 . Deriving relations for the commutators in m and its

components in f and then the curvature tensor R and projections of elements ¢;; to u3)t,
we get

Su(S)L = 8(2 - t)
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We could obtain the above relation by applying formula (22). It is easy to see that s =
2(—=13+3t — 2)and s* =23 — 5t — %).

Let us turn to computations of the intrinsic torsion and its components. We easily see that
Am— u(3)L. Hence, the minimal connection VY3 is induced by a zero map. Moreover,

Z(A(Ei)Ei» A(EHE;)) =4 —2)

i,j
corresponds to |£5Y™|2 — |£2142; hence, the main divergence formula, which reduces to
Tsuyt = |EN2 — |EYM2 = 42 — 1), is justified.

Let us look at the Gray—Hervella classes induced by ¢ for each choice of > 0. Since

x = 0, the considered almost Hermitian structure is of type W; & W> & Ws. Simple
calculations show that A, hence &, satisfies £;xJY = —£&xY. Thus, by Proposition 5, the
considered structures are of type WW; @ W,. Moreover, it is nearly Kéhler, i.e., in Wi, if and
only if t = % By above considerations, we see that for r < 2, Su@yL > 0 and for t > 2,
Su(3)J_ < 0

Example 5 We follow very closely the approach by Agricola [1]. Consider the five-
dimensional Stiefel manifolds V4> = SO(4)/S0O(2). We embed S(2) as a lower diagonal
block. We have the splitting so(4) = s0(2) @ m with respect to the Killing form B, where

m:[(_;‘(T §>|A:<2 _0">, XeMzXz(R)}.

There is a one-parameter family g; of Riemannian metrics on V4 > constructed by Jensen
[16], which are obtained from the invariant dot product on m

((a, X), (b, Y)) =B(X,Y)+2tab,

where (a, X), (b, Y) denote the elements in m and B(X,Y) = %tr(XTY). Denoting the
canonical basis in s0(4) by (e;;), i.e., e;; is a skew-symmetric matrix with the (i, j)-entry
equal to —1 (be aware of the difference with the sign convention compared to the previous
example), we have an orthonormal basis

Ey=e13, Er=-ecy, E3=ex3, Eis=en, Es=-——en

V2t

in m. The Levi—Civita connection of this homogeneous space is described by amap A : m —
so(m) = s0(5) of the form [1,16]

t t ‘
A(EY) = \/;635, A(Ep) = \/;645, Ae3) = —\/;6’15,

1 —
A(Ey) = —\/gezs, A(Es) = f:(em + e24).

The curvature tensor is then given by
R(X,Y) =[AX), AY)] — A(X, Y]m) — Ad([X, Y]p),

where Ad is the differential of the isotropy representation Ad : SO(2) — SO (m),

g 0 0
Ad(g)=10 g 0], ge€S0Q).
0 0 O
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Now we introduce an almost contact structure on V4 2 by defining an isotropy invariant
map ¢ : m — m, which is, in terms of the basis (E;), given by a matrix

0O o0 1 0 O

0 0 0 1 0
o=|-1 0 0 0 0
0 -1 0 0 0

0 O 0 0 O

One can check that ¢, in deed, defines an almost contact structure with the Reeb field ¢ induced
by Es and compatible with the metric g;. Notice that the fundamental form F(X,Y) =
g (X, ¢(Y)) induced by ¢ if F = ej3 + ez, which is proportional to d Es making the
structure just Sasaki structure [1].

To derive the formula for Syl we need to compute the u(2)l-c0mponent of R, ie.,
project R(E;, E) to the second factor with respect to the decomposition so(m) = u(2) ®
u2)L. Itis easy to see that ¢;5 € u(2)L and ¢;3, ex4 € u(2). Moreover, ¢3 and ex4 project to
v = %(e13 — e24) and —v, respectively. Finally, e projects to w = %(612 — e34), Whereas
e34 projects to —w. Thus,

SU(Z)L = 6t.
We could compute s, 51 using Lemma 1 and noticing that
s=24—1), s"=24-51), Ric(,¢)=2t.

Let us describe the intrinsic torsion. We see that Ay3yL(Ei) = A(E) fori =1,2,3,4,
and Ay 3)1(Es) = 0. Hence, the characteristic vector field x, which corresponds to
> i Ay (Ei)E;, vanishes and, it is not hard to see that |42 — |£5Ym)2 which corresponds
to — Zi,j (AL (EDEj, Ay (Ej)E;), equals 2¢. Finally, directly from the definition, it

is not hard to see that sil(tz) . = 2¢t. Thus,

1 1
oM = 3w + IV — P =1 =3t 42t =0,

Notice, finally, that by the classification of all possible intrinsic torsion modules [7], since
ip = |EY™2 — |82 = —¢ < 0, we arrive in a pure C class.
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