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Abstract. We study the following (¢ — 1)th convex ordering relation for
gth convolution power of the difference of probability distributions p and
v

(V - ﬂ)*q z(qfl)cz Oa q > 27

and we obtain the theorem providing a useful sufficient condition for its
verification. We apply this theorem for various families of probability
distributions and we obtain several inequalities related to the classical
interpolation operators. In particular, taking binomial distributions, we
obtain a new, very short proof of the inequality given recently by Abel
and Leviatan (2020).
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1. Introduction

Let I C R be an interval (finite or infinite). Recall that a function ¢: I — R
is convex, if the inequality

o(tx 4 (1 —t)y) < to(x) + (1 —t)p(y)

holds for all z,y € I and for all ¢ € [0, 1].
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The Bernstein operator B,, associated with a continuous function ¢ :
[0,1] — R (see [10]) is defined by

Bu()) = puste)e (L), el
=0
where

Pni(x) = ( .

>xi(1 - x)"*i, 0<j<n.
i

Mrowiec et al. [11] proved the following theorem on inequality for Bern-
stein operators.
Theorem 1. Let n € N and z,y € [0,1]. Then
DD Pni@)pn i (@) + Pri ()P (Y) = 2pni(@)pn s (y)) @ >0 (1)

— < 2n
=0 j=0

for all convex functions ¢ € C([0,1]).

This inequality was stated by Ioan Raga as an open problem about thirty
years ago. During the Conference on Ulam’s Type Stability (Rytro, Poland,
2014), Rasa [14] recalled his problem. Theorem 1 affirms the conjecture (see
also [1-4,7,8,15] for further results on the I. Raga problem).

The proof given by Mrowiec et al. [11] makes use of probability theory.
Let p and v be two finite Borel measures on R such that

/ p(r)p(dr) < / o(z)v(dx) for all convex functions p: R — R
R R

provided the integrals exist. Then p is said to be smaller then v in the convex
order (denoted as p1 <., v ). In [11], the authors proved the following stochastic
convex ordering relation for convolutions of binomial distributions B(n,x) and
B(n,y) (neN, z,y € [0,1]):

B(n,x) x B(n,y) <cx %(B(n,x) * B(n,z) + B(n,y) * B(n,y)), (2)

which is a probabilistic version of inequality (1).
In [6], we gave a generalization of inequality (2). We introduced and
studied the following convex ordering relation
v <o g(pxp+vsv), (3)
where 1 and v are two probability distributions on R. We note, that inequality
(3) can be regarded as the Rasga type inequality. In [6], we proved Theorem 2.3
providing a very useful sufficient condition for verification that p and v satisfy
(3). We applied Theorem 2.3 for p and v from various families of probability
distributions. In particular, we obtained a new proof for binomial distributions,
which is significantly simpler and shorter than that given in [11]. By (3), we
can also obtain inequalities related to some approximation operators associated
with 4 and v (such as Bernstein-Schnabl operators, Mirakyan-Szdsz operators,
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Baskakov operators and others, cf. [6]). Note, that in [8], we gave also necessary
and sufficient condition for verification that p and v satisfy (3).

Recently, Abel and Leviatan [2] gave a generalization of the Raga inequal-
ity (1) to g-monotone functions. Given a function f: I — R, denote

A f(z) = Ay f(z) = f(z +h) — f(z),
AR f(x) = AR (A f(2)),
Ahyo g (@) = Dpy oo A Ay f(@) = Anyn, (D f(2),

forn € Ny o € I and h,hy,...,hp,hpe1 > 0 with all needed arguments
belonging to I. Let ¢ > 1. A function f : I — R is g-monotone if A} f(z) >0
for all h > 0 and = € R such that z, x +q¢h € I.

Theorem 2. [2] Let ¢, n € N. If f € C([0,1]) is a g-monotone function, then

sanla =" DI ()(H >> 11 ron®)

L vq=035=0 i=j+1
xf(yl ...—|—1/q>>0 (1)
an

In this paper, we give a generalization of inequality (3) to higher order
convex order. Let us review some notations. In the classical theory of convex
functions their natural generalization are convex functions of higher-order.

Let n € N and o, . .., x, be distinct points in I. Denote by [zo, ..., zy; f]

the divided difference of f at xg,...,z, defined by the recurrence
[zo; ] = f(z0),
[0, ..., zn; f] = 20 Tni ] = [0, Bnai ] for n>1.
Iy — X

Following Hopf [5] and Popoviciu [12,13], a function f: I — R is called convez
of order n (or n-convez) if

[0, ..., Tny1; f] >0

forall zg < ... < @p41in 1.
We list some properties of n-th order convexity (see [9]).

Proposition 1. If the function f: I — R is n-convex on I (n > 1), then

Ahl N AhnAhn+l f(ac) Z 0
forallxz eI, hy,...,hp,hpy1 >0 such that x+hy+ -+ hpe1 € 1.
Proposition 2. If I C R is an open interval, then a function f: I — R is n-

convex on I (n > 1) if, and only if, its derivative f"=1) exists and is convex
on I (with the convention f©(z) = f(z)).

Proposition 3. Let f € C(I) and n > 1. Then the following statements are
equivalent.
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(a) f is n-convex on I.

(b) f is (n+ 1)-monotone on I.

(c) APt f(x) >0 for allz € I and h > 0 with x + (n+ 1)h € 1.

(d) Apy oo Ap,Ap, ., f(x) 20 for all x € T and hy, ... "y, hpgr > 0 with

c+hi+--+hp el
Recall the definition of n-convex orders.

Definition 1. Let n > 1. Let p and v be two finite signed Borel measures on I
such that

/gp(x)u(dm) < /ap(x)y(dm) for all n-convex functions p: I = R (5)
I I

provided the integrals exist. Then p is said to be smaller then v in the n-convex
order (denoted as pt <,,—cp V).

In particular, p <y_., v coincides with p <., v. Observe, that this
definition does not depend on the choice of the interval I. Indeed, let Iy, Is C
R be two intervals and let u,r be two finite signed Borel measures on I; N
I5. Assume that (5) is satisfied for the interval I;. Then for every n-convex
function <p Ig — R there exist n-convex functions Y : R — R such that

f Yz ) ffz Y () p(dx) e flz x)p(dr) and fh z/;k x)v(dr) =
Ji, Yl dm) - I, o ) (dx) (if [, p(x)p(dz) and [ p(x)v(dz) exist).
Clearly, z/Jk |1, are n-convex on I. It follows that (5) is satisfied for I5. Similarly,
if (5) is satisfied for I3 then it is also satisfied for I;. We do not give a precise
proof, because we will not use this observation any further.

We study the following generalization of (3)

(V - :U/) 4 >(q l)ca: 5 q Z 27 (6)

where p, v are probability measures and (v — p)*? is the convolution (v — u) *
(v—p)*- - -+ (v—p) with ¢ terms (v—p). Note, that (v—pu)*? = vsv—2vpu+pu*u,
thus (6) for ¢ = 2 is equivalent to (3). Inequality (6) can be regarded as the
Rasa type inequality.

In Theorem 4, we give a very useful sufficient condition for verification
that p and v satisfy (6). In particular, by Theorem 4, taking binomial distri-
butions (Theorem 10 (a)), we obtain

[Sgn(x - y)]q (B(n,:):) - B(na y))*q Z(q—l)cz 0, ¢=2

which is equivalent to inequality (4). Consequently, we obtain a new proof of
inequality (4) given by Abel and Leviatan [2], which is significantly simpler
and shorter than that given in [2].

We apply Theorem 4 for p and v from various families of probability
distributions. Using inequality (6), we can also obtain inequalities related to
some approximation operators associated with u and v (such as Bernstein-
Schnabl operators, Mirakyan-Szész operators, Baskakov operators and others).
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2. The Rasa Type Inequality for (¢ — 1)-Convex Orders

In the sequel, we make use of the theory of stochastic orders. Let us recall
some basic notations and results (see [16]). Let u be a probability distribution
on R. For x € R the delta symbol §,, denotes one-point probability distribution
satisfying 0, ({z}) = 1. As usual, F,,(x) = pu((—o0,z]) (x € R) stands for the
cumulative distribution function of p. If g and v are two probability distri-
butions such that F,(x) > F,(z) for all x € R, then p is said to be smaller
than v in the usual stochastic order (denoted by p <g v). An important char-
acterization of the usual stochastic order is given by the following theorem.

Theorem 3. [16, p. 5] Two probability distributions u and v satisfy p <g v
if, and only if there exist two random variables X and Y defined on the same
probability space, such that p is the distribution of X, v is the distribution of
Y (X ~pandY ~v for short) and P(X <Y) =1.

In the following theorem, we give a very useful sufficient condition that
will be used for verification of some convex orders.

Theorem 4. Let g > 2. Let p and v be two probability distributions on I, such
that p <g v. Then

(V - :u’)*q Z(q—l)(w 0.

Proof. Note that (v — p)*? is a signed measure on ¢/ = {gz : x € I}. Let
f:ql — Rbea (¢—1)-convex function on ¢I. Then, by Proposition 1,

Ahth(Fl oo A, Apy f(SC) >0 (7)

for all x € ¢I, hi,...,hq—1,hq > 0 such that x + hy +--- 4+ hq € ql.
Let @1,...,2¢,91,...,y4 € I be such that 21 < y1,...,24 < y,. Then
taking h; =y; —x; fori=1,...,qgand x = z1 + ... + x4, by (7), we obtain

0 < qu*quyq—lfffq—l e AnymAylle f(.%'1 +.o.o.t+ xq)
= > DM+ 4 2), (8)
AcC{1,....q}
where z; = x; if i€ Aand z; =y; ifi ¢ A, i=1,...,q

Since p <y v, by Theorem 3, there exist independent random vectors
(X1,Y1), (X2,Y2), ..., (X4, Yy,), such that

Xi~p Yi~vand P(X; <Y;)=1, i=1,...,q 9)

Let H; =Y, — X;, i =1,...,q. Since the measures y and v are concentrated
on I, from (9) it follows that

PX;el)=PY;el)=1and P(H; >0)=1, i=1,...,q.

Let X = X1+...+X,. Taking into account that Y1+...+Y, = X+H+.. .+H,,
by (9), we obtain

PXeql)=P(X+H+...+H,eql)=1.
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By inequality (8), with z; = X; and y; = Y;, we obtain

P o Wzt +Z) =0 =1,
AC{L,....q}

where Z; = X, ifi € Aand Z; = Y; if i ¢ A, i =1,...,q, consequently, we
have

E Y )Mzt 4+ 2Zy) | =0 (10)
Ac{l,....q¢}

We have
q
(V_N)*q:Z< ) k*k*y*(q k)
k=0

— Z (=D)A m xmg %Lk, (11)

AcC{l,....q}

where m; = pific Aand m;=vifi¢ Aji=1,...,q
Then, by (10) and (11), we obtain

/qlf( ) (v — 1) (dz) /f (=D)HAl ry om xmy | (da)

=K Y )Mz 4.+ 2Zy) | =0

The theorem is proved. 0

Theorem 5. Let ¢ > 2.Let p and v be two probability distributions on I, such
that p >g¢ v. Then

(_1)(](” - /’L) 1 >(q 1)cx 0.
Proof. If p >4 v, then v <y p. Then, applying Theorem 4, we obtain
(,LL - V)*q z(q—l)cw 0.
Since (p — v)*? = (—1)%(v — p)*?, the theorem is proved. O

We consider also some generalization of Theorem 4 to signed measures.

If 1 and v are two finite signed Borel measures on R such that pu(R) =
v(R) and pu((—o0,x]) > v((—o0,x]) (z € R), then pu is said to be smaller than
v in the usual stochastic order (denoted by p <g V).

Theorem 6. Let ¢ > 2. Let p and v be two finite signed Borel measures on I
such that pu(I) = v(I) and p <g v. Then

(V - IU/)*q Z(q—l)cm 0.
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Proof. Let p and v be two finite signed Borel measures on I such that p(I) =
v(I) and p <4 v. By the Hahn decomposition theorem, there exist two non-
negative finite measures (v —p)* and (v — p)~ (the positive part and negative
part of v — p), such that v — p = (v — )t — (v — p)~. Since u(I) = v(I), it
follows that (v—p)™(I) = (v—pu)~(I), consequently, without loss of generality
we may assume, that both (v — p)* and (v — )~ are probability measures.
Moreover, the condition p <g v is equivalent to (v — p)((—o0,z]) <0 (z € R),
consequently, we have (v — )™ >4 (v —pu)~. Then, by Theorem 4, we obtain

(v = )" = (v = 1)) 2(g-1)ea 0. (12)

T — (v — )~ = v — u, this completes the proof. O

Since (v — p)
As an immediate consequence of Theorem 6, we obtain the following
theorem.

Theorem 7. Let q > 2. Let T be a finite signed Borel measure on I such that
7(I) =0 and 7 >4 0. Then

T >

Z(g—1)cz 0.

Similarly to Theorem 4, the following theorems can be proved.

Theorem 8. Letq > 2. Let ji1, ..., g and v, ..., v, be probability distributions
on I, such that p; <g v; fori=1,...,q. Then

(1 — 1) * .. % (Vg — pg) >(g—1)ex 0

Theorem 9. Letq > 2. Let 11,..., 74 be finite signed Borel measures on I, such
that 7,(I) =0 and 7, >4 0 fori=1,...,q. Then

TL*...% Ty Z(q—l)ca: 0.

We will apply Theorems 4 and 5 for g and v from various families of
probability distributions. As a result, we obtain new proofs of the results of
Abel and Leviatan [2] and several new inequalities, which are analogues of (1).

The binomial distribution B(n,z) (n € N, x € [0,1]) is the proba-
bility distribution given by B(n,z)({i}) = pni(z) = (7)z'(1 — )"~ for
i=0,1,....,n.

The Poisson distribution Poiss(A) (A > 0) is the probability distribution
given by Poiss(\)({i}) = s;(\) = e - i‘—: for i =0,1,... (Poiss(0) = dy i.e.
80(0) = 1, 81(0) =0fori= 1,2,. )

The negative binomial distribution NB(r,p) (r > 0, 0 < p < 1) is the
probability distribution given by

) t+r—1Y\ ; -
NEC(H =t = (7T -y -
for 1=0,1,...
(if = 0, then NB(0,p) = dy i.e., nby(0,p) =1 and nb;(0,p) = 0 for i > 0).

I'(i+r)

I(r) LAY
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The gamma distribution I'(a, 8) («, 8 > 0) is the distribution given by
B“x‘;{;)ﬁﬂﬁ for x > 0 and v, 5(z) = 0 for z <O0.
By convention, we define I'(0, 8) = Jy for every 5 > 0.

The beta distribution Beta(a, 8) (o, f > 0) is the distribution given by

the density function
F(O{ + 6) a—1

) = T ()"
and by g(z) = 0 for = ¢ (0,1). By convention, we define Beta(0,3) = dp and
Beta(a,0) = 67 for every a, 5 > 0.

By N(m,0?), we denote the normal (Gaussian) distribution with ex-

pected value m and variance o2.

the density function v, g(x) =

(1—x)°~1 for z € (0,1),

Proposition 4. [6]

(a) Let n € N and x1,22 € [0,1]. Then B(n,x1) <g B(n,z3) < x1 < .

(b) Let A1, A2 > 0. Then Poiss(\1) <g Poiss(A2) & A < Ao.

(¢) Letry,ro >0 andpy,pe €10,1). If 1y < r9 andp; < pa, then NB(r1,p1) <g
NB(r2,p2)-

(d) Let ar,c0 > 0 and B1,P2 > 0. If a1 < g and By > Ba, then T'(aq, B1) <st
[(az, Ba).

(e) Letau, By, an, B2 > 0 be such that a1 +51 > 0 and as+02 > 0. If oy < an
and 31 > (33, then Beta(aq, $1) <g Beta(az, f2).

(f) Let mi,my € R and 02,05 > 0. Then N(my,0?) <g4 N(ma,03) &
(m1 < mgy and o2 = 03).

From Theorems 4, 5 and Proposition 4, we obtain immediately the fol-
lowing theorem.

Theorem 10. (a) Letn € N and z,y € [0,1]. Then
[Sgn(z - y)}q (B(n7 1‘) - B(?’l, y))*q Z(q—l)caj 0.
(b) Let xz,y > 0. Then
[sgn(xz — y)]? (Poiss(x) — Poiss(y))* >(g—1)ex 0.
(¢) Letri,r9 >0 and p1,p2 € [0,1). If (rh — r2)(p1 — p2) > 0, then

1 a .
[2 (sgn(r1 —r2) + sgn(p1 — pz))} (NB(r1,p1) — NB(r2,p2))" >(4=1)es 0

(d) Let ay, a0 > 0 and By, B2 > 0 satisfy (o1 — ao)(B1 — B2) < 0. Then

B (sgn(on — ag) + sgn(B2 — ﬁl))] (T(a, 1) — (a2, 52))™ > (g—1)ex O-

(e) Let ai, By, aa, B2 > 0 satisfy (a1 — az)(B1 — f2) < 0. Then

[; (sgn(on — az) + sgn(fBa — 51))} (Beta(ay, p1) — Beta(as, 32))™

Z(q—l)cm 0.
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(f) Let 2,y € R and 0® > 0. Then

sgn(a: - y)q(N(m7o.2) - N(y702))*q Z(qfl)cw 0.

Note that Theorem 2 is an immediate consequence of Theorem 10 (a) and
Definition 1. If n € N and «, y € [0, 1], then B(n,x) and B(n,y) are probability
distributions on [0,n]. Let ¢ = 2,3,... and f:[0,1] — R be a (¢ — 1)-convex
function. Then the function ¢ : [0,¢n] — R given by ¢(t) = f (q%) isa(g—1)-
convex (g-monotone) function. By Theorem 10 (a) and Definition 1, we obtain
(4). Since B(n,x) * B(m,x) = B(n + m,z), (4) can be also written as

q kn (g=k)n . .
sonte =032 5 0 (Homn@pins 07 (57 20

k=04 j=0

Theorem 2 is closely related to Bernstein operator (or Bernstein-Schnabl
operator) and the binomial probability distribution. Theorem 10 allows to ob-
tain similar results related to other distributions and other interpolation oper-
ators, such as Mirakyan-Szasz operators S;, Baskakov operators V;, Bleimann-
Butzer-Hahn operators L,, gamma operators G;, Miiller gamma operators
Gy, Lupas beta operators B;, inverse beta operators T;, Meyer-Konig—Zeller
operators M; and others.

Mirakyan-Szdsz operator S;: Dg — C([0,00)) (where ¢ > 0 and Dg C
C([0,0)) consists of functions of at most exponential growth) is related to the
Poisson distribution and is given by

Zsz f (%) forxe|0,00),
=0

IIE

where s;(z) = e . By Theorem 10 (b), we obtain immediately:

a9’ S 31 ()(H tx>> 11 s

Vi,...,Vq=0 j=0 i=j+1

Xf(yl+...+1/q> >0
qt

or  sgn(z—y qzq:i <) (kt:z:+(q—k)ty)f<i>>0
=0 1=

qt

for every t > 0 and (¢ — 1)-convex (¢g-monotone) function f € Dg (cf. [2,
Theorem 3.1]).

Baskakov operator V;: Dy — C([0,00)) (where ¢ > 0 and Dy C C([0, c0))
consists of functions of at most polynomial growth) is related to the negative
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binomial distribution and is given by
oo
Vi(P)(@) =) woeal@)f (3)  forz € [0,00),
i=0

where v ;(z) = (t+i_1)(1++i)t“ = nb; (t,miH). Theorem 10 (c¢) yields the

inequality

snte = >0 Y -vri (1) (Hvt,m)) 1 venw)

V1,...,vq=0 5=0 i=j+1

Xf<u1+...+uq> >0

qt
& q 1+
o sgna =)' S0 3 07 (1) ones(oigoes 0F (L) 20
k=01,7=0
for every ¢ = 2,3,...,¢t > 0 and (¢ — 1)-convex (¢g-monotone) function f € Dy

(cf. [2, Theorem 3.2]).

Theorem 10(d)—(f) leads in the obvious way to other inequalities related
to integral interpolation operators. These inequalities are integral counterparts
of the above inequalities. E.g. Theorem 10(d) leads to

q oo
sonte =03 [ (bt S 20,

which is related to the gamma distribution and the operator

oo ter—1_—u

el (3) du= [ e (4) du
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