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TENSE OPERATORS ON BL-ALGEBRAS
AND THEIR APPLICATIONS

Abstract

In this paper, the notions of tense operators and tense filters in BL-algebras are
introduced and several characterizations of them are obtained. Also, the relation
among tense BL-algebras, tense MV-algebras and tense Boolean algebras are
investigated. Moreover, it is shown that the set of all tense filters of a B L-algebra
is complete sublattice of F(L) of all filters of BL-algebra L. Also, maximal
tense filters and simple tense BL-algebras and the relation between them are
studied. Finally, the notions of tense congruence relations in tense BL-algebras
and strict tense BL-algebras are introduced and an one-to-one correspondence
between tense filters and tense congruences relations induced by tense filters are
provided.

Keywords: (simple) tense BL-algebra, tense operators, tense filter, tense congru-
ence.
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1. Introduction

BL-algebras are the algebraic structures for Hajek Basic logic [8], in order
to investigate many valued logic by algebraic means. His motivations for
introducing BL-algebras were of two kinds. The first one was providing
an algebraic counterpart of a propositional logic, called Basic Logic, which
embodies a fragment common to some of the most important many-valued
logics, namely Lukasiewicz Logic, Gédel Logic and Product Logic. This
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Basic Logic (BL for short) is proposed as ”the most general” many-valued
logic with truth values in [0,1] and BL-algebras are the corresponding
Lindenbaum-Tarski algebras. The second one was to provide an algebraic
mean for the study of continuous t-norms (or triangular norms) on [0,1].
Most familiar example of a BL-algebra is the unit interval [0,1] endowed
with the structure induced by a continuous t-norm. In 1958, Chang intro-
duced the concept of an MV -algebra which is one of the most classes of
BL-algebras. MV -algebras, Godel algebras and product algebras are the
most known classes of BL-algebras. H4jek in [8], introduced the notions
of filters and prime filters in BL-algebra and by using the prime filters of
BL-algebras, he proved the completeness of basic logic BL. Filter theory
play an important rule in studying these algebras. From logical point of
view, various filter correspond to various set of provable formulas.

Study of tense operators was originated in 1980’s, see e.g. a compendium
[2]. The classical tense logic is a logical system obtained from the bivalent
logic by adding the tense operators G (it is always going to be the case
that) and H (it has always been the case that). Starting with other log-
ical systems (intuitionistic calculus, many-valued logics etc.) and adding
appropriate tense operators we arrive to new tense logics. Two other op-
erators F' and P are usually defined via G and H by F(z) = -G(—z) and
P(z) = —H(—x), where =z denotes negation of the proposition z. So,
G and H can be recognized as tense for all quantifiers and P and F' as
tense existential quantifiers. Recall that for a classical propositional calcu-
lus represented by means of a Boolean algebra B = (B, V, A, —,0,1), tense
operators were axiomatized in [2] by the following axioms:

(B1) G(1)=1, H(1) =1,

(B2) G(zAy) = G(x) NGly), H(zVy) = H(z)V H(y),
(B3) -G-H(x) <z, "H-G(x) < x.

For Boolean algebras, the axiom (B3) is equivalent to
(B3) G(z)Vy==zV H(y).

To introduce tense operators in non-classical logics, some more axioms must
be added on G and H to express connections with additional operations or
logical connectives. Tense operators have been studied by different authors
for various classes of algebras. For example, tense operators on Basic alge-
bras and effect algebras, on MV-algebras and Lukasiewicz-Moisil algebras
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and on intuitionistic logic (corresponding to Heyting algebras) were studied
by Botur et al. [1], Diaconescu et al. [5] and Chajda [3], respectively. This
motivated us to introduce tense operators on the structure of BL-algebras
as an extension of the tense M V-algebras and because there was an nega-
tion on BL-algebras, the operators F' and P were introduced as similar
to tense operators on MV-algebras with two additional conditions. For
other interesting algebras the reader is referred to [4, 7, 6, 9]. This paper
is organized as follows:

Section 2 contains some fundamental definitions and results. In Section 3
we introduce the notion of tense operators on BL-algebras and we study
relation among tense BL-algebras, tense M V-algebras and tense Boolean
algebras. In Section 4 we introduce the notion of tense filters on BL-
algebras and we prove that the set of all tense filters of a BL-algebra is
complete sublattice of F/(L) of all filters of BL-algebra L. Also, we study
maximal tense filters and simple tense BL-algebras and the relation be-
tween them. In Section 5 we introduce the notions of tense congruence in
tense BL-algebras and strict tense BL-algebras and we give some related
results.

2. Preliminaries

In this section, we give some fundamental definitions and results. For more
details, refer to the references.

DEFINITION 2.1. [8] A BL-algebra is an algebra (L, V, A, ®,—,0, 1) of type
(2,2,2,2,0,0) such that

BL1) (L,V,A,0,1) is a bounded lattice,

BL2

) (L,®,1) is a commutative monoid,
BL3) z<z—yifand only if x ® z < g,
)

(
(
(
(BL4) zhNy=20(x = y),

(BL5) (x - y)V(y > z)=1, forall z,y,z € L.

A BL-algebra L is called a Godel algebra, if 22 =z ®x =z, for all z € L
and a BL-algebra L is called an MV-algebra, if (z7)” =z, for all x € L,
where x= = ¢ — 0. A BL-algebra L is Boolean algebra if and only if

2> =xand (z7)" =z, forall z € L.
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PROPOSITION 2.2. [11, 12] In any BL-algebra L the following hold:

BL6) x <y ifand only if x — y =1,

BL7) z <z~ andz— (y > 2) =y = (v = 2),

BL8) z <y implies z0z<y0z,y > z<zx—z and z >z <z =y,
BLI9) y—> < (z—y)— (2> x),

oS

L)) 2 > (y—2) =20y — 2,

BL12
BL13) z — /\yz— /\(x—>y1)

T~ zT,e<y—rzandzO®x” =0,

(
(
(
(
( )
(BL11) z ©y=0if and only if x <y,
( )
( )

(BL14) (zAy) " =2~ Ay, (e —y) =z~ =y ~and (z0y)"~ =
=~ @y, forall z,y,z,y; € L.

DEFINITION 2.3 ([11, 12]). Let L be a BL-algebra and F' be a nonempty
subset of L. Then

(1) Fiscalled a filterof Lift ®y € F, for any z,y € F and if z € F and
x <ythenye F, forall z,y € L.

(ii) Fis called a mazimal filter of L if it is a proper filter and is not properly
contained in any other proper filter of L.

(#43) L is called a simple BL-algebra if L is non-trivial and {1} is its only
proper filter.

THEOREM 2.4 ([8]). Let F' be a filter of BL-algebra L. Then the binary
relation = on L which is defined by

c=py ifand only ifc >y € F andy >z €F
is a congruence relation on L.(Filters of L and congruence relations =p

, L
on L are in one-to-one correspondence.) Define -, —, U, M on —, the set

of all congruence classes of L, as follows:
[2]-[y] = [z Oy], [z] = [yl = [z = y], [2]UJy] = [z Vyl, [2]T[y] = [z Ay].

L
Then (f’ =, U, M, [0],[1]) ¢s @ BL-algebra which is called quotient BL-
algebra with respect to F'.
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DEFINITION 2.5. An MV-algebra is an algebra (L, ®,—,0, 1) of type (2, 1,0)
satisfying the following axioms for any z,y, 2z € L:

MV 2@y=yox,
MV2) zd(ydz)=(zdy) D2

MV3) x® 0=z,

MV5) x®1=1, where 1 := =0,

(
(MV2)
(MV3)
(MV4) ~—z =
(MV5)
(MV6)

MV6) ~(-z@y)dy=-(-ydx) .

In any MV-algebra L we can introduce the new operations ®, V, A and
— for any z,y € L as follow:
Oy =@ &y ), eVy=zo(z0y =yd(yor), zAy =
TO(z@y) =yO(-ydz)andz —y=-1DHyY.

DEFINITION 2.6. [5] Let (L, ®,—,0,1) be an MV-algebra and G, H : L —
L, be two unary operations on L. Then the structure (L; G, H) is called a
tense MV -algebra if it satisfies in the following conditions for any =,y € L :

A0) G(1) =1, H(1) =

Al) G(z = y) < G(z) = G(y), H(z — y) < H(z) = H(y),

A2) G(z)®Gy) <Gz oy), Hz)® H(y) < H(z @ y),

A3) G(z @ z) < G(z) ® G(z), Hx @ z) < H(z) ® H(z),

Ad) F(z) & F(z) < F(z @), P(z) & P(z) < Plz @ ),
5)

A5) © < GP(z), v < HF(x), where F' and P are the unary operations of
L defined by F(z) = (-G(—x)), P(z) = (=H(—x)).

(
(
(
(
(
(

3. Tense Operators on BlL-algebras

In this section, we introduce the notion of tense operators on BL-algebras
and we give some related results.
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DEFINITION 3.1. Let (L,V,A,—,®,0,1) be a BL-algebra and G, H : L —
L be two unary operations on L. The structure (L; G, H) is called a tense
BL-algebra if the following conditions hold:

(TBLO) G(1) =1, H(1) =1
(I'BL1) G(x —y) <G(z) = G(y), H(x = y) < H(z) — H(y).

(TBL2) x < GP(z),z < HF(x), where F' and P are two unary operations
of L defined by F(z) = (G(z~))” and P(z) = (H(z~))~, with additional
conditions (G(z~7))"~ =G(z) and (H(x~7))"~ = H(z), for all z,y € L.

Note that by additional conditions in Definition 3.1, we conclude that
(F(z7))” = (G((z7)7)7)” = (Glz™7)) = G(z) and (P(z7))” =
(H((z=)7)")” = (H(z~7))”~ = H(x). Hence F' and G, P and H are

in some sense equivalent.

Ezample 3.2. [10] Let L = {0,a,b,1}, where 0 < a <b<land z Ay =
min{z,y}, © Vy = max{z,y} and operations ® and — are defined as the
following tables:

Table 1 Table 2
©@|0lal|lb]|1 = |0]a|b]|1
0|0(0]0]O0 0O |1 |1(1]1
a |0/0]0]a a bl1|1]1
b |0[0]alb b |a|b|1]1
1 |0ja|b]|1 1 [0fla|b|1

Then (L,V,A,®,—,0,1) is a BL-algebra. We define the operations
G =H on L as G(O) =0,G(a) = a,G(b) = b,G(1) = 1. Tt is not difficult
to check that G and H are tense operators on L and so (L; G, H) is a tense
BL-algebra.

Ezample 3.3. Every tense M V-algebra is a tense BL-algebra.

Recall that a frame is a pair (X, R), where X is a nonempty set and R
is a binary relation on X [2]. The notion of frame allows us to construct
the second example of tense BL-algebra. Also, we mention that if L is a
BL-algebra and X a set, then LX the set of all mappings from X into L,
together with the operations is a BL-algebra,



Tense Operators on BL-algebras and Their Applications 305

o (fvyg)(z)=f(x)Vg(x),

o (fAg)(x) = f(z)Ag(x),

o (f=9)(@) = f(z) = g(2),

* flzoy) =f(2)© f(y), 0(z) =0, 1(z) = 1.
Now, we define L as follow:

Ly ={f e L | f~"(2) = f(x), foranyz € X}
it is clear by (BL14), L is a sub BL-algebra of LX.

LEMMA 3.4. Let L be a BL-algebra and a;,b; € L, for anyi € I. Then
N =)o Aai < Abs
i€l il iel

(whenever the arbitrary meets exist.)

PROOF: Let a;,b; € L, for any ¢ € I. Then by (BL13),
i€l el icel iel

Now, since A a; < a;, for any ¢ € I, by (BL8), we get that a; — b; <

i€l
N a; — b;, for any i € I and so a; — b; < A (A a; — b;). Hence,
iel i€l i€l
N (ai = b:) < A(Nai — b))
i€l il i€l
el el

Hence, by (BL3), we conclude that

Nlai = b) o Nai < \bi. O

i€l el i€l
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THEOREM 3.5. Let L be a complete BL-algebra, (X, R) be a frame with R
reflevive, G* and H* the unary operations on BL-algebra L defined by

= A{f(W)ly € X, 2Ry}
2) = N{f()ly € X,yRa}

for all f € L and x € X. Then (L5 ,G*, H*) is a tense BL-algebra.

PRrROOF: Let z € X. Then
/\{1 )y € X,zRy}

= A{lly € X, xRy}
_ 1

Similarly, H*(1)(z) = 1. For f,g € Ly and = € X, we have

G*(f = 9)@) © G*(f)(z) = \(f = 9)W)ly € X, xRy}
o Nfw)ly € X, 2Ry}
=\ —
© /\{f(y ly € X, 2Ry}
< A{o(w)ly € X, 2Ry}, By Lemma 3.4
=G (y)(x)

and so by (BL3), we conclude that G*(f — g)(z) < G*(f)(z) — G*(g9)(z).
Hence, G*(f — g) < G*(f) — G*(g). Similarly, H*(f — g) < H*(f) —
H*(g). Moreover, for f € Ly and x € X, we have

G*P*(f)(z) = G*((H(f_))_(x))
= /\{ H(f y)|xRy,y € X}.

Now, by (BL7), we get that

y)ly € X, zRy}
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(H(f = (AL ( |zRy}
=\/{f " (2)|2Ry}
= \/{/(z IzRy}'

Since xRy, we get that \/{f(z)|zRy} > f(z). Hence, for any = € L such
that xRy, (H(f7))"(y) = f(z) and so A{(H(f7))”" (y)lzRy} > f(x).
Hence, G*(P*(f))(z) > f(z) and so G*P*(f) > f, similarly, H*F*(f) > f.
Moreover, for f € Ly and x € X, by (BL14), we get that

(G*(f~~ /\{f y)lyRa})”
= A\{f~~ (y)lyRaz}
= A/ WlyRz}
=G (f)(=).
Hence, (G*(f~7))"~ = G*(f) and similarly we have (H*(f~7))"~ =
H*(f). Therefore, (L5'; G*, H*) is a tense BL-algebra. O

PROPOSITION 3.6. In any tense BL-algebra (L; G, H), the following state-
ments hold for any x,y € L:

g)( I)f z <y, then G(z) < G(y), H(x) < H(y), F(z) < F(y) and P(z) <
Y).

(ii) Glx > y) < F(z) =» F(y) and H(z — y) < P(z) — P(y).

(t4) x © F(y) < F(P(z) ©y) and 2 © P(y) < P(F(z) O y).

(iv) P < PGP and F < FHF.

(v) PG(z) <z~ and FH(z) <z .

(vi) G(z) ® G(y) < G(z ®y) and H(z) ® H(y) < H(z O y).

(i) If # <y, for z,y € L, then by (BL6), x — y = 1. From (T'BLO0),
G(x —y) = H(x — y) =1 and from (T'BL1), G(z — y) < G(z) = G(y)
and H(z — y) < H(z) — H(y). Hence, G(z) — G(y) = 1 and H(z) —
H(y) = 1. Therefore, G(z) < G(y) and H(z) < H(y). Moreover, if z < y,
for z,y € L, then by (BL8),y~ <z~ andso G(y~) < G(z~) and H(y™) <
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H(z~). Hence, by (BL8), we conclude that (G(z~))” < (G(y~))~ and
(H(z™))” < (H(y™))™ and so F(z) < F(y) and P(z) < P(y).

(ii) Since by (BL8) and (BL12), z »y <z =y =z — (y~ —
0) =y~ — a2, so by (i), (TBL1) and (BL9), we have

The other inequality for H, is proved analogously.

(ii1) Since zOy < Oy, by (BL3), we get that < y — x®y. Consider
x = P(z), so P(z) <y — P(z) ®y. By (i) and (i),

G(P(z)) <Gy = P(z)0y) < Fly = (P(z) ©y)) < F(y) = F(P(x) Oy).

Since by (T'BL3), x < GP(z), we get that © < F(y) — F(P(xz)®y) and so
by (BL3), x®F(y) < F(P(z)®y). By similar way, t® P(z) < P(F(x)®y).
(iv) From (T'BL3), x < GP(x) and x < HF(x), so by (i), P(z) <

PGP(z) and F(zx) < FHF(z). Hence, P < PGP and FF < FHF.

(v) From (T'BL3), = < HF(x7), by (BL12), + < z~~ and by (i),
G(z) < G(z~7). By (BL8), G(z~~)” < G(x)” and so by (i), HF (z7) =
H(G(z~~)") < H(G(z)™). Hence, z— < H(G(z)") and so by (BLS),
(H(G(z)7))” < a~ . Therefore, PG(x) < x~~. By similar way, FH(x) <

(v) By (T'BL1) and (BLS),
Gz —y) ©Gx) < (G(z) = Gly) © G(x)

taking y = x @ y, it follows that G(z = z © y) © G(z) < G(x @ y). Since
by (BL10),y — (z 22 Qy) =20y —-zOy=1, wehavey <z >z 0y
and so by (i), G(y) < G(z — = ®y). Hence, by (BL8),
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Gly) ©G(z) <Gz -z O y) © G(x)
Gz ©y).
Therefore, G(z) ® G(y) < G(x ® y). The proof for H is similar. O

<
<

In the following, we study relation among tense BL-algebras, tense
MYV-algebras and tense Boolean algebras.

THEOREM 3.7. Let (L;G, H) be a tense BL-algebra and x~~ =z, 2% = x,
for any x € L. Then (L; G, H) is a tense MV -algebra.

ProOF: Let (L; G, H) be a tense BL-algebra and =~ = z, 22 = z, for
any € L. Then by Definition 3.1, (A0), (A1) and (A5) are established.
We will prove (A2), (A3) and (A4). By (BL12), z,y <y~ —ax=ydz =
x @y and by Proposition 3.6(i), G(z),G(y) < G(z ® y) and so G(z) &
Gly) < Glx dy) ® Gz ®y). Since 2=~ =z, ¥? = x, for any z € L,
we get that z @ x = (7 ©@27)” = (z7)” = x, for any = € L. Hence,
G(z) ® G(y) < G(z @ y) and by similar way, H(z) ® H(y) < H(z ® y)
and so (A2) is established. Since z @ x = z, for any = € L, we have
Gzdzxz) =G =G e Ga), Haxadz) = Hxz) = H(x) & H(z),
Flx®z) = F(z) = F(z) ® F(z) and P(z @ ) = P(z) = P(x) ® P(z).
Therefore, (A3) and (A4) hold and so (L; G, H) is a tense M V-algebra. O

THEOREM 3.8. Let (L;G,H) be a tense BL-algebra and x~~ =z, 2% = x,
G(z™)=G(x)” and H(z )= H(x)~ for any x € L. Then (L;G,H) is a
tense Boolean algebra.

PRrROOF: Let (L;G,H) be a tense BL-algebra and =~ = z, 2? = z,
G(z7) = G(z)” and H(z~) = H(x)~ for any € L. Then by Definition
2.1, L is a Boolean algebra and by Theorem 3.7, (L; G, H) is a tense MV -
algebra. By Definition 2.6, (B1) and (B3) hold. Now, we will prove (B2).
Since x Ay < x,y, by Proposition 3.6(¢), we get that G(z Ay) < G(z), G(y)
and so G(z Ay) < G(x) AG(y). Now, by Proposition 3.6(vi) and (A2), for
x,y € L, we have
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GlzNy) =Gz o (z” dy)
> G(2) © (G(z™ @y))
> G(z) © (G(z7) D G(y))
> G(z) © (G(z)” & G(y))
> G(z) © (G(z) = G(y))
> G(z) NG(y)
b

( )
=(G=" Ay7))”
(GET)AGY )~
= (G(x)” AGy)")”
=G(z)"" VG(y) ™
=G(x) V G(y).

Similarly, we conclude H(x Vy) = H(z) V H(y). Therefore, (B2) hold and
so (L; G, H) is a tense Boolean algebra. O

DEFINITION 3.9. Let (L; G, H) be a tense BL-algebra. Then we define two
unary operations d and p on L by d(z) = 2 AG(x) A H(z) and p(z) =2 ©
G(z)®H(x), for any x € L. We observe that for any z € L, p(x) < d(x) < z
and if (L; G, H) is a tense Boolean algebra, then p(z) = d(z). Now, we
define d"(z) and p™(z), for any n € N and for any « € L, by induction as
follow:

d*(x) = p"(2) =z, d" 1w = d(d"(2)), p"* (2) = p(p" (2)).

Moreover, for nonempty subset X of L, p¥(X) is define as follow:

P(X) = X, p(X) = {p(a)le € X}, 9 (X) = p(*(X)).

LEMMA 3.10. In any tense BL-algebra (L;G, H), for any xz,y € L and
n € N, the following statements hold:

(i) d™(0) =0, d*(1) = 1, d""(z) < d"(x).

(i) If x <y, then d™(z) < d"(y).
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(#i) « = d(z) if and only if d*(x) =z, for any n € N.

)
) =1 /\ G(1) A H(1) = 1 so d*(1)

(#) If x < y, then by Proposition 3.6(7), G(z) < G(y) and H(z) <
H(y). Therefore,

d(z) =2z ANG(z) NH(z) <y AGy) NH(y) = d(y)
and so d(d(z)) < d(d(y)). Hence, d"(x) < d"(y).
(#i) If x = d(x), then

d"(z) = d(d" "' (z)) = d(z) =

If d*(z) = z, for any n € N, then for n =1, d(x) = z.

(iv) We prove by induction on n. If n =1, then by (T'BL2)

x<xANGP(x) N HF (z)

<(xVPE)VF(@)ANGxV P()ANF(zx))NH(xV P(z)V F(x))

=d(zV P(z)V F(z))
<d(xmm V(H(z7)” V(G(T))7)
=d((@z” AH(@zT)AG(z7))7)
= d(d(z™))".

Suppose that the inequality holds for n, then we show that it is correct for
n+ 1. Since x < d(d(z7)) ", consider z = (d"(x ™))™, we have:



312 Akbar Paad

Q
3
&I
N
=
|

)
x7)))” by (BL8), (BL12) and (i)

1 VAN | R VAN |

Now by (i), d"(d"(z7))~ < d"(d(d"*'(z7))") = d""H(d""(27))” and
since < d"(d"(z7))~, so we get that x < d"*1(d"+1(27))~. Therefore,
(iv) follows by induction.

(v) If d(x) = z, then by (iv), = < d(d(z~7))” < d(d(z))” = d(z7).
Also, d(z7) =2 " ANG(xz")ANH(z7) <z~ andsod(z™)=x". O

PROPOSITION 3.11. In any tense BL-algebra (L; G, H), for any z,y € L
and k,n € N; the following statements hold:

(i) p"(0) =0, p"(1) =1, p"*(2) < p" ().
(i) If © <y, then p"(z) < p"(y).

(1) p*(z) © p*(y) < pF(z O y).

(iv) p*(a™) > (p*(x))™.

PROOF:

() p(0) = 06 G(0) © H(0) = 0 50 2(0) = p(p(0)) = p(0) = 0,..,
p"(0) = p(p"~1(0)) = 0 and p(1) =1 ® G(1) ® H(1) = 1 and so p?(1) =
p(p(1)) = p(1) = 1,....p"(1) = p(p"~1(1)) = p(1) = 1. Moreover, for z € L,
Pt (x) = p(p(x)) = p" () © G(p"(x)) © H(p"(x)) < p"(x)

)
H(z) < H(y). Therefore, p(z) = z0G(z)0H(z) < yoG(y)©H (y) = p(y),
and so p(p(z)) < p(p(y)). Hence, p"(z) < p"(y).

(#ii) By Proposition 3.6(vi), for x,y € L:

p(x) © ply) = (z © G(z) © H(x)) © (y © G(y) © H(y))
=(20y) o (G(x)oG(y) o (H(r)© H(y))
<zOyoOGoy) ©HxOy)
= p(z ©y).
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By induction, let p™(z) © p"(y) < p"(x ©y), for x,y € L. Then by Propo-
sition 3.6(vi),

P (@) © p"Hy) =

) By (iii), for x € L, we get that (p*(z))" = p*(z) © p*(2) © ... ®
<plroze. o) =opkaan). O

4. Tense filters in BL-algebras and simple tense
BL-algebras

In this section, we introduce the notions of tense filters in BL-algebras and
simple tense BL-algebras and we give some related results.

DEFINITION 4.1. Let (L; G, H) be a tense BL-algebra and F' be a filter of
L. Then F is called a tense filter if G(z) € F and H(z) € F, for all z € F.
Not that if F is a tense filter of tense BL-algebra (L; G, H), then p(x) € F
and d(z) € F, for any x € F.

Ezample 4.2. [10] Let L = {0,a,b,1}, where 0 < a <b<land z Ay =
min{z,y}, z Vy = max{x,y} and operations ® and — are defined as the
following tables:

Table 3 Table 4

= o O
OO O OO
Q@ Q2 O

> o Ol
_ o Ol
H@‘QO\L
O OO =IO
S R
e
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Then (L,V,A,®,—,0,1) is a BL-algebra and it is not an MV -algebra.
We define the operations G = H on L as G(0) = 0,G(a) = G(b) = G(1) = 1.
It is not difficult to check that G and H are tense operators on L. Now,
let Fy = {1} and F» = {1,b}. Then F; and F; are tense filters of L.

THEOREM 4.3. The tense filter [X) of tense BL-algebra (L; G, H) gener-
ated by nonempty subset X has the following form:

(X)={ye€Lly>a1®..0an,a; € p""(X);i=1,...,nk € N,n > 1}.

PROOF: Let A ={y € Lly > a1 ® ... ® an,a; € p*(X);i = 1,....n,k; €
N,n > 1}. Firstly, we prove that A is a tense filter of L. Obviously
1€ A. Let x,y € A. Then there exist ay,...,an,b1,...,b,, € L such that
a; € pFi(X),b; € pti(X), kiyt; € Nymyn > 1,1 <i<n,1<j<mand
20100 .00, Yy >b0O...0b,. Hence, Oy >a;1 ®az®..0O
an Ob1 ®...0by andsoz Oy € A. If z <y and x € A, then, there exist
ai,...,a, € L such that a; € p*(X) and a1 ® ... ® a, < z, since z < y, we
get that a1 ®as ®...®a, < y. Hence, y € A. Thus, A is a filter of L. Now,
we show that A is a tense filter. If € A, then there exist aq, ..., a, € L,
a; € pF(X) and a; ®as ®...®a, < z. Since a; € p¥ (X), by Definition 3.9,
there exist z; € X, such that a; = p¥i(z;) for any i (1 <4 < w). Hence,
a1 ©az ® ... ® ay = pF1 (1) ® p*2(22) © ... © pFv (x,,) < z, by Proposition
3.11(#4), we have

pla1 ®...0ay) < plx) =20 G(x)®© H(zx) < G(z), H(x)
and since by Proposition 3.11(4i%),
plar) © plaz) © ... ©® p(aw) < plar © ... © ay)

we get that p(a;) ® p(az) © ... ® p(a,) < G(z), H(z). Hence, p"11(z1) ©
pketl(x) @ ... © pFetl(zy,) < G(z), H(x) and so G(z), H(x) € A. There-
fore, A is a tense filter of L. If z € X, since = > p(z), we conclude z € A.
Hence, X C A. Now, let B be a tense filter containing X and z € A, then
there exist aq,...,a, € L such that a; € pki (X)and a1 ©® a2 ®... @ ap < x,
ie. pri(r) ®..® pF(z,) < z. Since 7; € X C B and B is a tense
filter. we get that p*i(x;) € B and so p* (2,) ®...® p*~(z,,) € B and since
P (z1) ® ... ® pFn(x,) < =, we have x € B. Therefore, A is a the least
tense filter of L containing X and so [X) = A. O
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PROPOSITION 4.4. Let (L; G, H) be a tense BL-algebra and x € L. Then
[2) = {y € Lly > (0" ())"; for somen, ks € N}.

Proor: By Theorem 4.3, [z) = {y € Lly > a1 ® a2 ® ... ® ap,a; €
pFi(z);k; € N,1 < i < n,n € N}. Consider k = max{ki, ka, ..., k,} such
that a; € p*i(x). By Proposition 3.11 (i), we get that p¥i (x) > p*(x). Now,
we have

y > pM(@) ©p"(2) 0. 0 pb (2) 2 pM (@) © pM (@) © .. 0 pF () = (P (2))™

Hence, y > (p¥(x))" and so [x) C {y € Lly > (p*(x))"; for somen, k € N}.
If y € L, such that y > (p¥(x))", then y > p*(z) ©® p*(z) ® ... ® p¥(x) and
so by Theorem 4.3, y € [x). Therefore,

[) = {y € Lly > (p"(x))"; for somen, k € N}. O

PROPOSITION 4.5. Let F be a tense filter of tense BL-algebra (L;G, H)
and x € L. Then the tense filter generated by F'U {z} is characterized as

[FU{z})={yeLly>ao (p*); for somea € F,k,n € N}

PROOF: Let A= {y € Lly > a® (p*(x))"; for somea € F, k,n € N}. We
prove that A is the least tense filter of L containing F'U{z}. Let z,y € A,
then there exist a,b € F, k,k’,n,n’ € N such that z > a ® (pF(z))" and
y>b0 (¥ (). S S
Hence, 20y > (a®(p"(2))")@bO(p* ()" = (a@b)o(p*(2))" O (p* ()™ .
Taking t = Max{k,k'}, then by Proposition 3.11(i), p*(z) > p'(x) and
o (@) > pt () and so (0*(2))" © (o ()" > ()" and so z Oy >
(a ®b) ® (p'(x))™t". Therefore, z ®y € A. If < y and & € A, then
there exist a € F and k,n € N such that * > a ® (p*(x))". Hence,
y>a® (pF(x))" and so y € A. Therefore, A is a filter of L. If x € A, then
there exist @ € F and k,n € Nz > a ® (p*(z))", and so by Proposition
3.11(ii), p(z) > p(a ® (p*(x))™). From Proposition 3.11(i4), we get that

p(x) > pla® (p*(x))") > pla) © p((p"(z)")
> p(a) ® (p(p" ()"
= p(a) ® (p"(z))"

and since F is a tense filter of L, we get that p(a) € F and since G(z) >
p(x), we have G(z) > p(a) ® (p*+1(z))". Hence, G(x) € A and similarly,

©
©
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H(z) € A. Therefore, A is a tense filter of L. Now, if B is a tense filter
containing F'U {z} and z € A, then there exist a € F and k,n € N such
that, z > a ® (p*(z))". Since * € B and B is a tense filter we have
((p"(x))™ € B and since a € F C B, we get that a ® (p*(z))" € B. Hence,
z € B and so A is the least tense filter of L containing F'U {z}. Thus,

[FU{z}) ={y e Lly>a0 (") forsomea € F,k,n € N}. O

As usual, for two filters F; and Fy of BL-algebra L, we let Fy A Fy :=
FyNFy and Fy V F, = [F} U Fy) and it is easy to check

Fy VvV Fy={yly > x1 © x9; for somexy € Fy,x9 € Fo}

THEOREM 4.6. Fy(L) of all tense filter of tense BL-algebra (L; G, H) is a
complete sublattice of F(L) of all filter of L.

PrROOF: Let F; and F5 be two tense filter and x € F; A F5. Then x € F;
and x € Fy so G(z) € F; and G(x) € Fy. Hence, G(x) € F; A F5 and
by similar way H(z) € Fy A Fy. Also, if © € Fy V Fy, then there exist
x1 € Fy and x5 € Fy such that © > 21 ® 2. Now by Proposition 3.6(¢)
and (vi), we get that G(x) > G(z1 ©® 22) > G(z1) ® G(z). Since F; and
F, are tense filters, we conclude that G(z1) € Fy and G(x2) € F3 and so
G(z) € [F1 U Fy) = Fy V Fy. By similar way, H(xz) € Fy V Fy. Therefore,
Fy vV F, is a tense filter and so Fy(L) is complete sublattice of F'(L). O

THEOREM 4.7. Let F be a proper tense filter of tense BL-algebra (L; G, H).
Then the following statements are equivalent:
(i) F is a mazimal tense filter of (L; G, H),

(#) for each x € L\F, there exist a € F and k,m € N such that a ®
(p*(z))™ =0.

PROOF:

(i) = (i7) Let F be a maximal tense filter of tense BL-algebra (L; G, H)
and z € L\F. Then by F' C [FU{z}) C L, we conclude that [FU{z}) =L
and since 0 € L, we get that 0 € [FU{z}). From Proposition 4.5, there exist
a € F and k,m € N such that 0 > a ® ((p¥(z))™ and so a ® (p*(x))™ = 0.

(ii) = (1) Let E be a tense filter of L such that F¥ C F C L. If there
exist z € E\F, then by (ii) there exist b € F' and k,m € N such that



Tense Operators on BL-algebras and Their Applications 317

b® (pF(x))™ = 0. Now, Since b€ F C F, z € F and E is a tense filter, we
get that (p*(2))™ € E and so 0 = b® (p*(x))™ € E. Hence, E = L and so
F is a maximal tense filter of L. O

THEOREM 4.8. For any tense BL-algebra (L; G, H), the following state-
ments are equivalent:

(1) (L; G, H) is a simple tense BL-algebra,
(i1) for any x € L\{1}, there exist k,n € N, such that (p*(z))" = 0.

PRrROOF:

(i) = (i1) Let (L;G, H) be a simple tense BL-algebra. Then {1} is a
maximal filter of L and so by Theorem 4.7 for any « € L\{1}, there exist
k,n € N such that 1 ® (p*(z))™ = 0. Therefore, (p*(z))" = 0.

(ii) = (i) Iffor any = € L\{1} there exist k,n € Nsuch that (p*(z))" =
0, then by Theorem 4.7, F' = {1} is a maximal tense filter and so there is
not nontrivial tense filter of L and so L is a simple tense BL-algebra. [J

THEOREM 4.9. Let F be a proper tens filter of tense BL-algebra (L; G, H).
Then the following statements are equivalent:

(1) F is a mazimal tense filter of (L; G, H),

(ii) for each x € L, x ¢ F if and only if ((p*(x))")~ € F, for some
k,n € N.

PROOF:

(1) = (i7) Let F' be a maximal tense filter of (L; G, H) and = € L\F.
Then by Theorem 4.7, there exist a € F and n,k € N, such that a ®
(p*(z))" = 0. By (BL11), a < ((p*(z)")~ and since a € F, we conclude
that ((p*(x)"))~ € F. Conversely, let ((p¥(z))")~ € F for some k,n € N.
If x € F, then p(z) € F and so (p*(x))" € F. By (BL12), 0 = (p*(z))" ®
((p®(x))")~ € F and so F = L which is contradiction. Therefore, = & F'.

(#1) = (i) Let F ¢ E C L and E be a tense filter of L. Then there
i E such that © ¢ F. By (ii) there exist k,n € N, such that
(£))")” € F C E, since F is a tense filter and x € FE, we have

)® € E and so by (BL12), 0 = (p*(2))” ® ((p*(z)"))~ € E. Hence
E = L and so F' is a maximal tense filter of (L; G, H). O

@D
&
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&
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8
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5. Tense congruence relations in tense BlL-algebras

In this section, we introduce the notions of tense congruence in tense BL-
algebras and strict tense BL-algebras and we give some related results.

DEFINITION 5.1. Let 6 be a congruence relation on BL-algebra L and
(L; G, H) be a tense BL-algebra. Then 6 is called a tense congruence if it
is compatible with respect to the operations G and H. In fact, if 26y, then
G(z)0G(y) and H(z)0H (y), for any z,y € L.

PROPOSITION 5.2. Let (L; G, H) be a tense BL-algebra, F be a filter of L
and 0 be a congruence relation induced by F. Then F' is a tense filter of
L if and only if 8 is a tense congruence.

PROOF: Let Or be a tense congruence relation induced by F' and x € F.
Thenl — z € Fandz — 1 € F and so 10gx. Since 0 is tense congruence,
we get that G(1)0pG(x) and H(1)0pH(x) and so 10G(z) and 10H(z).
Hence, G(z) € F and H(z) € F and so F is a tense filter of L. Conversely,
let F be a tense filter of L and zfpy, for x,y € L. Then x — y € F and
y — x € F and since F' is a tense filter of L, we have G(z — y) € F
and H(zx — y) € F and by (T'BL1), G(z — y) < G(z) — G(y) and
H(z — y) < H(x) —» H(y). Now, since F is a filter of L, we conclude
that G(z) — G(y) € F and H(x) — H(y) € F. By similar way, we get
that G(y) — G(x) € F and H(y) — H(xz) € F. Hence, G(x)0rG(y) and
H(z)0rH (y). Therefore, 6 is a tense congruence relation on L. O

PROPOSITION 5.3. Let (L; G, H) be a tense BL-algebra. Then there is an
one-to-one correspondence between tense filters of L and tense congruences
relations induced by tense filters of L.

ProOF: It follows by Theorem 2.4 and Proposition 5.2. O

THEOREM 5.4. Let (L; G, H) be a tense BL-algebra and F be a filter of L.

L
Then F is a tense filter of L if and only if (f;G*’H*) by the operators
L

G*, H .fﬁfsuchthat

G*([2]) = [G(2)], H*([2]) := [H(2)]
and F*([z]) .= [F(x)], P*([z]) := [P(x)] is a tense BL-algebra.
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ProoF: Let (L;G,H) be a tense BL-algebra and F' be a tense filter of

L. Then by Theorem 2.4, ( —,U,m,[0],[1]) is a BL-algebra. Define

f»'?
L L
tors G*, H* : = — = b
operators I 1A y

G ([2]) == [G(2)], H([2]) == [H(x)].

L
Now, we prove (f’ G*,H*) is a tense BL-algebra. Firstly, we prove that

operations G* and H* are well-defined. Let [z] = [y]. Then z — y,y —
x € F. Since F is a tense filter of L, by similar proof of Proposition 5.2, we
get that G(x) — G(y) € F and G(y) — G(x) € F. Hence, [G(z)] = [G(y)]
and so G*([z]) = G*([y]). Similarly, we have H*([z]) = H*([y]) and so
operations G* and H* are well-defined. By (T'BL0) in tense BL-algebra

L, G*([1]) = [G(1)] = [1] and similarly, H*([1]) = [H(1)] = [1], and so
(T'BLO) holds in % Let [z],[y] € % Then by (T'BL1) in tense BL-
algebra L,
G ([z] = [y]) = G*([z = y])
=[Gz = y)]
< [Gz) = Gy)]
= [G(2)] =[G ( )]
< G ([2]) = G ([yD)-
Similarly, we get that H*([z] — [y]) < H*([z]) = H*([y]) and so (T BL1)

holds in % Finally, By (T'BL3) in tense BL-algebra L, we have
G P ([x]) = G*(P*[z])

=G ((H"z7])7)

=G ([H(z7)]7)

=G ([(H(z7))7))

= [G((H(z7))7]
= [GP(x))]

> [a]. I
Similarly, we get that H*F*([z]) > [z] and so (T'BL2) holds in ik More-
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L
£ -
over, for [z] € fal

Similarly, (H*([z]~7))"~ = H*([z]). Therefore, (f;G*’H*) is a tense

L
BL-algebra. Conversely, let F' be filter of L, x € F and (f;G*’H*) is

a tense BL-algebra. Then [z] = [1] and so G*([z]) = G*([1]). Hence,
[G(z)] = [1] and so G(z) € F. Similarly, H(z) € F and so F is a tense
filter of L. O

DEFINITION 5.5. Let (L1; Gy, Hy) and (Lo; Go, Ha) be two tense BL-al-
gebras and ¢ : Ly — Ly be a BL-homomorphism. Then ¢ is called a
tense BL-homomorphism (or briefly, a T'BL-homomorphism) if G(¢(z)) =
#(G(x)) and H(p(x)) = ¢(H(x)), for all € L.
PROPOSITION 5.6. Let ¢ : (L1;G1, H1) — (L2; Ga, He) be a TBL-homo-
morphism. Then the following statements hold:

(1) ker ¢ is a tense filter of L.
(ii) If F is a tense filter of Lo, then ¢~!(F) is a tense filter of L;.

(7i7) If ker¢p C F, ¢ is onto and F is a tense filter of L, then ¢(F) is a
tense filter of L.

PROOF:

(i) Tt is easy to check that ker ¢ is a filter of L. Now, let z € ker ¢.
Then ¢(z) = 1 and so 1 = G(1) = G(¢(z)) = ¢(G(z)). Hence, G(z) €
ker ¢, by similar way, H(x) € ker ¢ and so ker ¢ is a tense filter of L;.

(ii) Let F be a tense filter of Ly and z € ¢~ !(F). Then ¢~(F) is
a filter of Ly and ¢(z) € F and so ¢(G(z)) = G(¢(x)) € F. Hence
G(z) € ¢7Y(F), by similar way, H(z) € ¢~ (F). Therefore, ¢~(F) is a
tense filter of L.

(ii1) Assume that ker¢ C F, ¢ is onto and F is a tense filter of Lj.
Firstly, we prove ¢(F) is a filter of Lo. Let a,b € ¢(F). Then there exist
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x,y € F, such that a = ¢(z),b = ¢(y) and a ©b = ¢(z) © ¢(y) = ¢p(z O y).
Since z@y € F, we get that a©b € ¢(F). Moreover, if a < b and a € ¢(F),
then there exists z € F and w € Ly, such that a = ¢(z),b = ¢(w). Hence,
#(2) < ¢p(w) and so ¢(z — w) = 1. Thus, 2 — w € kerp C F and since
z € F, we get that w € F. Therefore, b = ¢(w) € ¢(F) and so ¢(F) is
a filter of Lo. Now, let x € ¢(F). Then there exists ¢t € F, such that
x = ¢(t) and since F is a tense filter of L;, we have G(t) € F and so

G(z) = G(é(t)) = #(G(t)) € ¢(F). By similar way, H(z) € ¢(F) and so
o(F) is a tense filter of Lo. O

DEFINITION 5.7. A tense BL-algebra (L;G, H) is called strict if for all
ze€L, Glxox)=Gx)oG(z)and H(x ©z) = H(z) © H(z).

Ezample 5.8. Let (L;G,H) be tense BL-algebra Example 3.2. Then
(L;G, H) is a strict tense BL-algebra.

PROPOSITION 5.9. Let (L; G, H) be a strict tense BL-algebra and F be a
tense filter of L. Then (f’ G*, H*) is a strict tense BL-algebra.

L
PRrROOF: By Theorem 5.4, (F;G*’H*) is a tense BL-algebra, when F' is

L
a tense filter of L. Let [z],[y] € i Since (L; G, H) is a strict tense BL-

algebra, we conclude that

L
Similarly, H*([z].ly]) = H*([z]).H*([y]). Therefore, (F’ G*,H*) is a strict
tense BL-algebra. O
THEOREM 5.10. Let (L; G, H) be a strict tense BL-algebra and for any x €
Loz~ =2, G@z7)=(G ( )" and H(xz~) = (H(x))~. Then (L;G,H) is
a tense MV -algebra.

PRrOOF: Let (L; G, H) be a strict tense BL-algebra and =~ = z, for any
x € L. Then L is a MV-algebra and by Definition 3.1, (A0), (A1) and
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(A5) are hold. Now, we prove (A2), (A3) and (A4). Let z,y € L. Then by
Definition 2.5,

Glx)®Gy) = (G(x)” ©G(y))~
=(Gz7)oGly )"
= (Gl oy))”
=Gz 0y)7)
=Gz dy)

Similarly, H(x) ® H(y) = H(x @ y) and so (A2) holds. Moreover, if y = «,
then G(z) ® G(z) = G(x @ x) and H(z) ® H(z) = H(z ® =) and so (A3)
holds. For (A4), since (L; G, H) is a strict tense BL-algebra, we have

Flz) ® F(r) = Ge™)” @ Gz7)"
=(GE7)oG((™))"
=(GE"oz7))”

= (G((@®2)))
— Flz ®a).

Similarly, P(z) ® P(y) = P(z @ y) and so (A4) holds. Therefore, (L; G, H)
is a tense MV-algebra. O

6. Conclusion

The results of this paper will be devoted to study the notion of the tense
operators on BL-algebras. We presented a characterization and several
important properties of the tense operators on BL-algebras. Moreover,
we investigated the relation among tense BL-algebras, tense MV -algebras
and tense Boolean algebras. Also, we defined the notions of tense filters
and maximal tense filters in BL-algebras and we stated and proved some
theorems which determine the relationship between this notions and simple
tense BL-algebra and we proved that the set of all tense filters of a BL-
algebra is complete sublattice of F'(L). Finally, we introduced the notions
of tense congruence relations in tense BL-algebras and strict tense BL-
algebras and we shown that there is an one-to-one correspondence between
tense filters and tense congruences relations induced by tense filters.
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