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Abstract: The purpose of this publication is to propose a permutation test to detect the departure
from symmetry in multidimensional contingency tables. The proposal is a multivariate extension
of McNemar's test. McNemar's test could be applied to 2 x 2 contingency tables. The proposal may
be also treated as a modification of Cochran’s Q test which is used for testing dependency for multi-
variate binary data. The form of the test statistics that allows us to detect the departure from counts
symmetry in multidimensional contingency tables is presented in the article. The permutation meth-
od of observations was used to estimate the empirical distribution of the test statistics. The consid-
erations were supplemented with examples of the use of a multivariate test for simulated and real
data. The application of the proposed test allows us to detect the asymmetrical distribution of counts
in multivariate contingency tables.
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1. Introduction

McNemar’s test was proposed in 1947 (McNemar, 1947). It is a statistical test
used for paired nominal data. This test is applied to 2 x 2 contingency tables with
a binomial outcome, with matched pairs of subjects, to determine whether there
is marginal homogeneity. Typical applications involve two independent raters pro-
viding dichotomous judgments for the same set of ratings, or a panel of separate
rates responding on two occasions to the same dichotomous variable. Bowker
(1948) presented a generalisation of McNemar’s test for k (k > 2) variables. The
generalisations of McNemar’s test for square tables larger than 2 x 2 are often re-
ferred to as the Stuart-Maxwell test (Stuart, 1955; Maxwell, 1970). Some of the
modifications concern the extension of the test application to quantitative data,
others to nominal polynomial data, and still others to multidimensional depend-
ent dichotomous data.

The purpose of this publication is to propose a permutation test to detect the
departure from symmetry in multidimensional contingency tables. The proposed
test, like the Cochran Q test, leads to testing the null hypothesis on the independ-
ence of k (k> 2) binary variables. The null hypothesis is the same as in Cochran’s
O test, but the alternative hypotheses in these tests are different. The use of the
Cochran Q test leads to the detection of existing differences in the percentage of re-
sponses for individual variables, and the proposed test, like the Bowker test, lets
us detect asymmetry of counts in multivariate contingency tables.

2. McNemar’s test

Let us consider (Y, Y,) fori =1, 2, ..., n paired data with the binary response:

“0” and “1”. There are four possible outcomes for each pair: (0, 0), (0, 1), (1, 0)

and (1, 1). Let us assume that:

a) the sample of n subjects has been randomly selected from the population;

b) each of the n subjects in the contingency table is independent of the other ob-
servations;

c) the scores of subjects are in the form of a dichotomous categorical measure
involving two categories;

d) the sample size should not be extremely small.

The chi-square distribution is employed to calculate the McNemar’s test sta-
tistic (McNemar, 1947). When the sample size is small, some sources endorse the
use of a correction for continuity, while other sources prefer the exact binomial
probability for the data to be computed instead of the chi-square based statistic
(Fay, 2011).
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Suppose (Y, Y,) fori =1, 2, ..., n are identically and independently distrib-
uted bivariate data vectors. Let the mean vector of (Y, , Y,) be (p,, p,) and the null
hypothesis H: p, = p, against the alternative H,: p, # p,. The observable data may
be arranged in a 2 x 2 contingency table (see Table 1).

Table 1. Fourfold table for the presentation of data on matched samples

¥, Y) Y,=0 Y,=1 Total
Y, =0 a b n,.
Y =1 c d n.
Total n., n., n

where n=a+ b+ c+ dis a sample size.

Source: own elaboration based on McNemar (1947)
The empirical probabilities for cells m; are shown in Table 2.

Table 2. Fourfold table for the presentation of empirical cell probabilities on matched samples

¥, Y) Y,=0 Y,=1 Total
Y =0 T, , T,
Y =1 T, T, .
Total ., ., 1

Source: own elaboration based on McNemar (1947)

McNemar’s test could be used for testing the hypothesis:
H,:m =rx,
(it means that the theoretical proportion of cell b equals the proportion of cell ¢

in the underlying population the sample represents), against the alternative hy-
pothesis:

H iz, #7,.

The test statistic in McNemar’s test has the following form (McNemar, 1947):

b— 2
0-=L. 1)

b+c

Under the null hypothesis, with a sufficiently large number of discordant pairs
(b and ¢), the statistic Q has a chi-square distribution with one degree of freedom.
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For small sample sizes, the modified form Q. of the test statistic (1) with continui-
ty-correction should be calculated. This statistic has the following form (Sheskin,
2011):

(b-d-1)

b+c

Oc = (2)

Statistics Q and Q. measure the asymmetry of counts in the contingency table
(see Table 1). The test leads to rejection of the null hypothesis in the case of counts
asymmetry in the contingency table.

An alternative form for the McNemar’s test statistic is based on a normal
distribution (Sheskin, 2011). The equation (3) can be employed to compute the
McNemar’s test statistic (1):

_b-c

e G)

Another form of test statistic (2) could be written as follows:

|b - c| -1 4
Z=
Nb+c
For the small sample size, instead of statistic (2) with continuity-correction,

the exact version of McNemar’s test could be used (Sheskin, 2011). In this case,
the odds ratio is calculated (Fay, 2011):

o
¢=m , )

where:

3. Some modifications and extensions
of McNemar's test

McNemar’s test may be applied to only binary categories for each outcome.
It is possible that in some cases the outcomes could be classified into k categories
where £ is greater than two. The paired data that result from this type of experiment
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can be summarised in a k x k contingency table of counts. Such data can be ana-
lysed using the Bowker test (Bowker, 1948). The use of Bowker test for binary data
(k=2) leads to the same results as in McNemar’s test so the Bowker test is a gen-
eralisation of McNemar’s test. The form of the contingency table in the Bowker
test for three binary variables (k = 3) is presented in Table 3.

Table 3. Contingency table in the Bowker test

¥, Y) Y, =y, Y,=y, Y, =y,
Yl :yll n]l nlz nl}
Yl =y12 nZ] nZZ n23
Yl :y13 n31 n32 n33

Source: own elaboration based on Bowker (1948)

The form of the null hypothesis in the Bowker symmetry test could be writ-
ten as follows:

H,:z;=n, foralli#jversus H, 7, #7

i » for some i # j.

If n, is the count of i-th row and j-th column in the contingency table (see Ta-
ble 3), then the test statistic could be written in the following form (Bowker, 1948):

n.—n ’
B=3. IZP,(H +n) : (©)

Under the null hypothesis, the test statistic B has an asymptotic chi-square
distribution, with k(k — 1)/2 degrees of freedom. In the case of k = 3, the statistic
(6) has the following form:

(nlz —n21)2 N (n13 _’131)2 " (n23 — N3 )2 ‘

ny, + 1y, s+ 1y, Ny + 1y,

B= (7)

It is visible that only counts that are symmetric in pairs (n,, and n
51> 5> and ) in the contingency table are compared.

There are some well-known extensions of McNemar’s test. The generalisations
of McNemar’s test for square tables larger than 2 x 2 are often referred to as the
Stuart-Maxwell test (Stuart, 1955; Maxwell, 1970). Feuer and Kessler (1989) dis-
cussed the generalisations of McNemar’s test based on the case of two independ-
ent samples of paired univariate binary responses. They considered the null hy-
pothesis that the marginal changes in each of two independently sampled tables
are equal. Agresti and Klingenberg (2005) (see also Klingenberg, Agresti, 2006)

o Mg and

n
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considered methods for comparing two independent multivariate binary vectors.
Pesarin (2001) considered methods for comparing two dependent vectors of sam-
ple proportions.

Westfall, Troendle and Pennello (2010) consider the problem of multiple com-
parisons of dependent proportions. They argue that multiple comparisons of de-
pendent proportions can be made more powerful by utilising testing methods and
incorporating dependence structures. They proposed a method that utilises step-
wise testing and discrete characteristics for exact McNemar’s test.

McNemar (1947) assumed that the data being analysed are measured on a nom-
inal or ordinal scale. However, the experimental data may be often measured
on at least an interval scale. Oyeka (2012) proposed an extension of McNemar’s test
which could be used for data measured on an interval or ratio scale. This modifi-
cation is based on data transformation from a continuous scale to a nominal scale
based on the formula:

1 fory,>0andy, <0
u, =10 fory,y, 20

1

-1 fory,>0andy, >0

Cochran’s Q test is an extension of McNemar’s test to more than two matched
samples (Donald, Shahren, 2018). When the Cochran’s Q test statistic is comput-
ed with only k£ = 2 groups, the results are equivalent to the results obtained from
McNemar’s test. Cochran’s O could be also considered to be a special case of the
Friedman test (Sheskin, 2011). When the responses are binary, the Friedman test
becomes Cochran’s Q test.

Suppose that there are & binary measurements on each of n subjects. Let Yy
be the binary response from the subject i in the categoryj (i=1,2,...,n,j=1, 2,
..., k), with success = 1 and failure = 0. The null hypothesis for Cochran’s Q test
is that there are no differences between the categories (Sheskin, 2011). If the cal-
culated probability is low (p-value is less than the selected significance level o),
the null-hypothesis is rejected, and it can be concluded that proportions in at least
2 of k variables are significantly different from each other.

The null hypothesis in Cochran Q test could be written as follows:

Hy:p=p,==p,

versus H, :p, # p;, for at least one pair 7, j where i #j and 1<, j<k.
The test statistic Q has the following form:

(k-1)(kC-T7)

C="r—r ®)
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where:

2 2
T:Zi=lzl;=1yU’ RZZ:‘:](Z,;:]'VU) and szlj‘:l(z:‘:lyij) .

Under the null hypothesis, the test statistic O has an asymptotic chi-square
distribution with £ — 1 degrees of freedom.

4. Proposal of a multivariate extension
of McNemar’s test

Suppose (¥, ¥, ..., ¥,) fori =1, 2, ..., n and k > 2 are identically and inde-
pendently distributed bivariate data vectors. The multivariate binary data could
be arranged as in McNemar’s test in a contingency table. In the case of & varia-
bles, the contingency table will be a k-dimensional contingency table. The exam-
ple of a three-dimensional contingency table is shown in Table 4.

Table 4. Three-dimensional contingency table

¥,=0 F,-1

(1, ¥) v,=0 v-1 (¥, ¥) Y,=0 A
Yl = O nOOO nOlO Y] = O n(]()] nOlI
Yl = 1 nlOO nl]O )/1 = 1 nlOl nlll

Source: own elaboration

The hypothesis that the theoretical probabilities in symmetric cells in a multi-
dimensional contingency table are equal will be considered. This hypothesis could
be written as follows:

Hyim, =7, o forall ipi,....i e{0,1}" 9)

1ty el (AR

against the alternative:

.. . k
H :r ELiop for some i,,i,,...,i, 6{0,1} ,

iy 4y 5l [

where:
i,€{0,1} fors=1,2,---,k and i, =1—i fors=1,2,--,k.

The test statistic for the proposed extension of McNemar’s test is based on the
idea from the Bowker test statistic which allows us to detect counts asymmetry
in a contingency table. The test statistic has the following form:
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2

(nil’iz’“"ik - nzlzzzk )
Mk :z,' iy s ’ (10)
etk n +n

(A

AR

where:
i;€{0,1} fors =1,2,---,k and i, =1—i, fors=1,2,---,k.

The idea of the test statistic M, is based on the test statistic (6) used in the
Bowker symmetry test. The main goal is to detect counts asymmetry in a contin-
gency table. The independent permutation of each variable is used for obtaining
the empirical distribution of the M, statistics under the null hypothesis. Permuta-
tion tests have optimum properties, which means good merit for its practical use
(Oden, Wedel, 1975). The recommended number of data permutation should
be N> 1000 (Pesarin, 2001; Konczak, 2016). The value of the test statistic for the
sample data is denoted by M, . The estimated p-value is calculated as follows:

card{i:M,; > M}
N

, where M, (i = 1, 2, ..., N) is the value of the test statistic

in the i-th permutation and M is the value of the test statistic for non-permuted
data.

5. Multivariate extension — empirical verification

Two examples of the use of the proposed multivariate permutation extension
of McNemar'’s test are presented. The first example is based on the simulated data
and the other is based on the real data obtained from the Diagnoza spoteczna survey
(2019). The results of this test are compared to another extension — Cochran’s Q test.

5.1. Empirical verification — simulation data

Let us consider the probability model (Table 5) of the three-dimensional random
variable (Y, Y, ).

Table 5. Three-dimensional probabilitymodel

¥,=0 Y,
(1, ¥) %,=0 r=1 (,¥) %,=0 Y-
Y, =0 0.30 0.18 Y =0 0.04 0.00
Y = 0.18 0.00 Y =1 0.00 0.30

Source: own calculations
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The symmetric element in the three-dimensional probability table for the el-
ement (0, 0, 1) with probability 7, = 0.04 is the element (1, 1, 0) with probability
7, = 0. The symmetric element for the element (0, 1, 1) with probability 7, = 0
is the element (1, 0, 0) with probability m, , = 0.30. The symmetric element for the
element (1, 0, 1) with probability  ; = 0 is the element (0, 1, 0) with probability
Ty = 0.18.

The random sample of the size n = 30 of the random vector Y = (Y, ¥, ¥))

1s shown in Table 6.

Table 6. The simulated sample data for k=3

Y, n Y, i
0 0 0 10
0 0 I 1
0 1 0 4
0 1 1 0
1 0 0 6
1 0 1 0
1 1 0 0
1 1 1 9

Source: own elaboration

Based on the source data from Table 6, the data could be presented in a three-di-
mensional contingency table (see Table 7). Cochran’s Q test for data presented
in Table 6 leads to a decision that there is not enough evidence to reject the null
hypothesis (Q = 3.455, p-value 0.1778).

Table 7. Three-dimensional contingency table for data from Table 6

¥,=0 Y,=1
(Y, V) Y,=0 v,=1 (Y, Y) Y,=0 v,=1
Y,=0 10 4 Y,=0 1 0
Y, =1 6 0 Y, =1 0 9

Source: own calculations

The symmetric element in the three-dimensional contingency table for the
element (0, 0, 1) with counts n, = 1 is the element (1, 1, 0) with count n ,, = 0.
The symmetric element for the element (0, 1, 1) with counts n, = 0 is the element
(1, 0, 0) with count n,, = 6. The symmetric element for the element (1, 0, 1) with

counts n,,, =0 is the element (0, 1, 0) with count ny, =4
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Figure 1.Distribution of p-values in the proposed multivariate permutation extension of McNemar's
test for data from Table 6

Source: own elaboration

The proposed multivariate test uses a data permutation method to estimate
the distribution of the test statistic M,. Due to the Monte Carlo procedure, the es-
timated p-values may differ in subsequent simulations. There were made N = 1000
runs of the proposed test for the considered data. The p-values were from 0.000
up to 0.009 and the empirical distribution is shown in Figure 1. In each of the N
tests, the decision was to reject the null hypothesis. This example shows the differ-
ence between the Cochran Q test and the proposed multivariate permutation ex-
tension of McNemar’s test. It could be seen that in the case of counts asymmetry
in the three-dimensional contingency table the proposed test leads to the rejection
of the null hypothesis even if the Cochran Q test leads to the decision that we have
not enough evidence to reject the null hypothesis.

5.2. Empirical verification - real data case
To show differences between the Cochran Q test and the proposed modification
of McNemar’s test, the data from the Diagnoza spoteczna survey (2019) were used.

Diagnoza spoteczna is based on panel research. Researchers return to the same
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households every few years, with the first sample being taken in the year 2000
and the last sample in the year 2015. One of the questions asked concerns escap-
ing into alcohol in order to deal with problems and difficulties in 2007, 2011, and
2015. The results are shown in Table 8.

Table 8. Three-dimensional contingency table for the following

question “l reach for alcohol” (0 - 'no”, 1 - "yes”)
Yius =0 Y, =1
(Yl’ YZ) YZOll = ),201] = 1 (Yl’ )/2) YZOII = 0 Y2011 = 1
Y, =0 2204 44 Y0, =0 29 22
Y, =1 53 13 Y =1 8 19

Source: own calculations based on data from Diagnoza spoteczna (2019)

The percentages of “yes” answers for all variables (years 2007, 2011, 2015)
are equal to 3%, 3% and 2.4% respectively in 2007, 2011 and 2015. This leads
to the statement that we have not enough evidence to reject the null hypothesis in
the Cochran Q test (Q = 3.846, p-value = 0.1462).

It is visible that counts in the three-dimensional contingency table are not
symmetric. The proposal of the permutation extension of McNemar’s test should
detect the asymmetry in these counts. The symmetric element in the three-dimen-
sional contingency table (see Table 7) for the element (0, 0, 1) with counts n ;| =29
is the element (1, 1, 0) with count n,,, = 13. The symmetric element for the element
(0, 1, 1) with counts n, = 22 is the element (1, 0, 0) with count n, , = 53. The sym-
metric element for the element (1, 0, 1) with counts = 8 is the element (0, 1, 0)
with count n = 44.

The permutation test was performed N = 1000 times. For each series of per-
mutation tests, there was strong evidence to reject the null hypothesis. In each case,
the p-values were from 0.000 up to 0.009. The asymmetry in the three-dimensional
contingency table leads to rejecting the null hypothesis by the proposed multivar-
iate permutation extension of McNemar’s test.

6. Conclusions

The permutation multivariate extension of McNemar’s test was proposed in the
paper. This test could be used to detect the dependency for multidimensional de-
pendent binary variables. The test can also be considered as a modification of the
Cochran Q test. The proposed test is similar to the O Cochran test, but the test
statistic is based on the test statistic as in the Bowker symmetry test. The main
idea of the proposed multivariate permutation test is to detect counts asymmetry
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in the contingency table. The examples with the use of the simulation and the real
data were presented in the paper. The presented calculations have shown that the
proposal leads to effective detection of counts asymmetry in the multidimensional
contingency table. A special property of the proposed test is the ability to detect
asymmetry of counts in a multidimensional contingency table.
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Wielowymiarowe permutacyjne rozszerzenie testu McNemara

Streszczenie: Celem artykutu jest przedstawienie propozycji testu permutacyjnego do wykrywania
odchylen od symetrii ukfadu liczebnosci w wielowymiarowej tablicy kontyngencji. Propozycja jest
wielowymiarowym rozszerzeniem testu McNemara, ktéry stosuje sie do tablic o wymiarach 2 x 2.
Przedstawiony test mozna réwniez traktowac jako modyfikacje testu Q Cochrana, ktéry stuzy do te-
stowania zaleznosci dla wielowymiarowych danych binarnych. Przedstawiono postac statystyki testu,
ktéra pozwala wykry¢ odchylenie od symetrii liczebnosci w wielowymiarowej tabeli kontyngencji.
Do oceny rozktadu teoretycznego statystyki testowej zastosowano metode permutacji obserwacji.
Rozwazania zostaty uzupetnione przyktadami zastosowania proponowanego testu dla danych sy-
mulowanych i rzeczywistych. Zastosowanie proponowanego testu pozwala wykry¢ asymetryczny
rozktad liczebnosci w wielowymiarowych tabelach kontyngendiji.

Stowa kluczowe: test permutacyjny, test McNemara, wielowymiarowy test
JEL: C12,C14,C15
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