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FINITELY GENERATED SUBRINGS OF R[X]

ANDRZEJ NOWICKI

ABSTRACT. In this article all rings and algebras are commutative with iden-
tity, and we denote by R[z] the ring of polynomials over a ring R in one
variable . We describe rings R such that all subalgebras of R[z] are finitely
generated over R.

INTRODUCTION

Let K be a field and let L be a subfield of K(z1,...,x,) containing K. In
1954, Zariski in [15], proved that if n < 2, then the ring LN K[x1, ..., ;] is finitely
generated over K. This is a result concerning the fourteenth problem of Hilbert.
Today we know ([8], [9], [7]) that a similar statement for n > 3 is not true. Many
results on this subject one can find, for example, in [4], [5], [10], [13], and also in
the author articles ([11], [12]) published by University of Lodz in Materials of the
Conferences of Complex Analytic and Algebraic Geometry.

We are interested in the case n = 1. It is well known that every K-subalgebra A
of K[x4] is finitely generated over K. In this case we do not assume that A has a
form L N K[z1]. We recall it (with a proof) as Theorem 2.1. An elementary proof
one can find, for example, in [6]. The assumption that K is a field is here very
important. What happens in the case when K is a commutative ring and K is not
a field ? In this article we will give a full answer to this question.

Throughout this article all rings and algebras are commutative with identity,
and we denote by R[x] the ring of polynomials over a ring R in one variable . We
say that a ring R is an sfg-ring, if every R-subalgebra of R]x] is finitely generated
over R. We already know that if R is a field then R is an sfg-ring. We will show
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that the rings Z and Z, are not sfg-rings. But, for instance, the rings Zg and Z1¢5
are sfg-rings.

The main result of this article states that R is an sfg-ring if and only if R is
a finite product of fields. For a proof of this fact we prove, in Section 3, many
various lemmas. A crucial role plays the Artin-Tate Lemma (Lemma 1.3). If R is
an sfg-ring then we successively prove that R is Noetherian, reduced, that every
prime ideal of R is maximal, and by this way we obtain that R is a finite product
of fields. Moreover, in the last section, we present a proof that every finite product
of fields is an sfg-ring.

1. PRELIMINARY LEMMAS AND NOTATIONS

We start with the following well known lemma (see for example [2] Proposition
6.5).

Lemma 1.1. If R is a Noetherian ring and M is a finitely generated R-module,
then M is a Noetherian module.

Let A be an algebra over a ring R. If S is a subset of A, then we denote by R[S]
the smallest R-subalgebra of A containing R and S. Several times we will use the
following obvious lemma.

Lemma 1.2. Let A = R[S]. If the algebra A is finitely generated over R, then
there exists a finite subset Sy of S such that A = R[Sy].

The next lemma comes from [14] (Lemma 2.4.3). This is a particular case of the
Artin and Tate result published in [1]. Since this lemma plays an important role
in our article, we present also its simple proof.

Lemma 1.3 (Artin, Tate, 1951).  Let R be a Noetherian ring, B a finitely gen-
erated R-algebra, and A an R-subalgebra of B. If B is integral over A, then the
algebra A is finitely generated over R.

Proof. Let B = RI[by,...,bs], where by,...,bs are some elements of B. Since each
b; is integral over A, we have equalities of the form

b+ apnb™ T o ag,, =0, fori=1,...,s,

where all coefficients a;; belong to A, and ng,...,n, are positive integers. Let
{a1,...,am} be the set of all the coefficients a;;, and put

A" = Rlay,...,an).

It is clear that A’ is a Noetherian ring and B is an A’-module generated by all
elements of the form b]'63* - - bl where 0 < ji < ng,...,0 < js < ns. Thus,

B is a finitely generated A’-module and so, by Lemma 1.1, B is a Noetherian A’-
module. This means that every submodule of B is finitely generated. In particular,
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A is a finitely generated A’-module. Assume that a;,41,dmao,-..,a, € A are its
generators. Then

A=Aap1+- -+ Aay, =Rlay,...,a,],
and we see that the algebra A is finitely generated over R. O

Let us fix some notations. For a given subset I of a ring R, we denote by I[x]
the set of all polynomials from R[z] with the coefficients belonging to I. If I is an
ideal of R, then I[z] is an ideal of R[z], and then the rings R[z]/I[z] and (R/I)[x]
are isomorphic.

Let f: S — T be a homomorphism of rings. We denote by f the mapping from
S[z] to T[z] defined by the formula

I Zijj ZZ@(Sj)xj
J J

for all ; s;z? € S[z]. This mapping is a homomorphism of rings and Ker f =
(Ker f)[x]. We will say that f is the homomorphism associated with f. If f a
surjection, then f is also a surjection. It is clear that if S and T are R-algebras,
and f : S — T is a homomorphism of R-algebras, then f : S[x] — T[z] is also a
homomorphism of R-algebras.

In next sections we will use the following two lemmas.

Lemma 1.4. Let I be an ideal of a ring R, and let A = R[ax; a € I]. If the ideal
I is not finitely generated, then the algebra A is not finitely generated over R.

Proof. Assume that I is not finitely generated and suppose that A is finitely gen-

erated over R. Then, by Lemma 1.2, there exists a finite subset {a1,...,a,}
of I such that A = R[aiz,...,apz]. Then of course (ai,...,an) # I so,
there exists b € I \ (ay,...,a,). Since bx € A = R|az,...,a,z], we have

bx = F(ayz,...,a,x), where F is a polynomial belonging to R[ty,...,t,]. Let
F=rg+riti+roto+---+rytn, +G

where 79, 71,...,7, € Rand G € Rl[t,...,t,] is a polynomial in which the degrees
of all nonzero monomials are greater than 1. Then, in the ring R[z] we have

br = F (a1z,...,a,z) =T + 1z + -+ rpanx + ha?,

where h is some element of R[z]. This implies that b = riay + -+ + rpa, €
(a1,...,ay), but it is a contradiction, because b & (ay,...,an). O

Lemma 1.5. Let A= R [bx,be, .. .,bx"], wheren > 1,0 #b € R and b*> = 0.
Then every element u of A is of the form u = rg + r1bx + robx? 4+ - - +rbz™  for
some 19, T1,...,, € R.
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Proof. Let u € A. Then u = F(bx,bx?,...,bz") for some n, where F is a polyno-
mial in n variables belonging to the polynomial ring Rl[t1, ..., t,]. Let

F(tl,...7tn):T0+7”1t1+7’2t2+"'+7"ntn+G(t1,...7tn),

where rg,...,r, € R and G € RJ[t1,...,t,] is a polynomial such that the degrees
of all nonzero monomials of F are greater than 1. Then G(bz,...,bx") = b*H (x),
gdzie H(z) € R[z]. But b2 =0, so u = rg + r1bz + robx?® + - - - + r,ba™. O

2. SUBALGEBRAS OF KJ[X]

Let us start with the following consequence of Lemma 1.3.

Theorem 2.1. If K|x] is the polynomial ring in one variable over a field K, then
every K-subalgebra of K|x] is finitely generated over K.

Proof. Let A C K[x] be a K-subalgebra. If A = K then of course A is finitely
generated over K. Assume that A # K and let f € A~ K. Multiplying f by
the inverse of its initial coefficient, we may assume that f is monic. Let f =
2"+ a2 '+ +an_12 + an, where n > 1 and ayq,...,a, € K. It follows from
the equality

2"+ a " o ap1x + (an — ) =0,

that the variable z is integral over A. This implies that the ring K[z] is integral
over A and, by Lemma 1.3, the algebra A is finitely generated over K. O

For the polynomial rings in two or bigger number of variables, a similar assertion
is not true.

Example 2.2. Let K[x,y] be the polynomial ring in two variables over a field K,
and

A=K [zy,zyz,xyg,...] .
The algebra A is not finitely generated over K.

Proof. For every positive integer n, consider the ideal I,, of A, generated by the
monomials zy, zy?,...,zy". Observe that zy™*! ¢ I,,. Indeed, suppose zy"*! =
Fiazy + Foay? + -+ -+ F,xy", where I,...,F, € A. Every element of A is of the
form a + Gry with a € K and G € K[z,y|. In particular F; = a; + G,zy, where
a; € K, G; € Klz,y] for all j =1,...,n. Thus, in K[z,y| we have

yn+1 — a1y+a2y2 + .. +anyn + (G1y2 + G2y3 + - +Gnyn) €.

Let ¢ : K[z,y] — K[y] be the homomorphism of K-algebras defined by = — 0
and y — y. Then in the ring K[y], we have the false equality y" ™ = ¢ (y" ') =
a1y + asy? + - -+ a,y"™. Hence, the infinite sequence I} C Iy C I3 C - is strictly
increasing. The ring A is not Noetherian. In particular, the algebra A is not finitely
generated over K. O
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In Theorem 2.1 we assumed that K is a field. This assumption is here very
important. For instance, if K is the ring of integers Z, then a similar assertion is
not true.

Example 2.3. Let A = Z [22,22°,223,...| . Then A is a subalgebra of Z[z] and
A is not finitely generated over Z.

Proof. For every positive integer n, consider the ideal I, of A, generated by the
monomials 2z, 222, ...,2z". Observe that 2z"*! & I,,. Indeed, suppose 22" =
20 Fy 4 22%F, + -+« + 22" F,, where Fi,...,F, € A. Every element of A is of the
form a + 22G with ¢ € Z and G € Z[z]. In particular, F; = a; + 22G;, where
a; € Z, Gj € Zlz] for all j =1,...,n. Thus, in Z[z| we have the equality

2" = a1 +asz® + -+ apa™ + 2 (Glac2 +Gord + -+ Gnm"”‘l) .

For an integer u, denote by u the element w modulo 2. Then, in the ring Zs[x]
we have the false equality 2"t! = ayx + @222 + -+ + @,z". Hence, the infinite
sequence Iy C Io C I3 C --- is strictly increasing. The ring A is not Noetherian.
In particular, the algebra A is not finitely generated over Z. O

3. PROPERTIES OF SFG-RINGS

Let us recall that a ring R is said to be an sfg-ring, if every R-subalgebra of
RJx] is finitely generated over R. We already know (by Theorem 2.1) that if R is
a field then R is an sfg-ring. Moreover we know (by Example 2.3) that Z is not
an sfg-ring. In this section we will prove that every sfg-ring is a finite product of
fields. For a proof of this fact we need the following 9 successive lemmas. In all
the lemmas we assume that R is an sfg-ring.

Lemma 3.1. R is Noetherian.

Proof. Suppose R is not Noetherian. Then there exists an ideal I of R which is
not finitely generated. Consider the R-algebra A = R [ax; a € I]. Tt follows from
Lemma 1.4 that this algebra is not finitely generated over R. But this contradicts
our assumption that R is an sfg-ring. (]

Now we know, by this lemma, that if R is an sfg-ring, then every R-subalgebra
of R[z] is a Noetherian ring,.

Lemma 3.2. If I is an ideal of R, then R/I is also an sfg-ring.

Proof. Put R:= R/I. Let ¢ : R — R, 7 + r+I be the natural ring homomorphism,
and let ¥ : R[r] — R[z] be the homomorphism associated with ¢. Let B be an
R-subalgebra of R[x]. We need to show that B is finitely generated over R. For this
aim consider the R-algebra A := @ !(B). It is an R-subalgebra of R[z]. Since R
is an sfg-ring, the algebra A is finitely generated over R. Let W C A be a finite set
of generators of A. Then it is easy to check that p(W) is a finite set of generators
of B over R. O
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Lemma 3.3. Every non-invertible element of R is a zero divisor.

Proof. Suppose there exists a non-invertible element b € R such that b is not a
zero divisor of R. Then b # 0 and b is not a zero divisor of R[z]. Consider the
R-subalgebra A = R [bx,ba?,ba®,...] . For every positive integer n, let I,, be the
ideal of A, generated by the monomials bz, bx2, ..., bx™. Observe that bx"t! & I,,.
Indeed, suppose bx" ! = bxFy +bx?Fy + - - -+ bz F,,, where Fy, ..., F, € A. Every
element of A is of the form a + bxG with @ € R and G € R[z]. In particular,
F; = aj + bzG,, where a; € R, G; € R[z] for all j =1,...,n. Since the element b
is not a zero divisor of R[z], we have in R[z] the following equality

2" = a4+ asx® + - + apz” +b(G1x2 + G + ---+an") .

Consider the factor ring R/(b). Let ¢ : R — R/(b), r — 7 + (b), be the natural
homomorphism and @ : R[z] — R/(b)[z] be the homomorphism associated with
¢. Using @, from the above equality we obtain that "1 = ¢(a;)z + ¢(az)z? +
-+ 4 ¢(an)x™. This is a false equality in the polynomial ring R/(b)[x]. Therefore,
bzt & I,,. Hence, the infinite sequence I; C Io C I3 C --- is strictly increasing.
This means that the ring A is not Noetherian. In particular, by Lemma 3.1, the
algebra A is not finitely generated over R. But this contradicts our assumption
that R is an sfg-ring. O

It follows from the above lemma that every ring without zero divisors, which is
not a field, is not an sfg-ring. Thus, we see again, for instance, that Z is not an
sfg-ring.

Lemma 3.4. R is a reduced ring, that is, R is without nonzero nilpotent elements.

Proof. Suppose that there exists ¢ € R such that ¢ # 0 and ¢™ = 0 for some
m > 2. Assume that m is minimal and put b := ¢™~!. Then 0 # b € R and
b*> = 0. Consider the R-algebra A = R[bx,bz? bx?,...]. It is an R-subalgebra
of R[z]. Since R is an sfg-ring, this algebra is finitely generated over R. Hence,
by Lemma 1.2, A = R [bz,bz?, ... ba"] for some fixed n. But bz"*' € A so, by
Lemma 1.5,
bt = ro + bz + robx® + - - + rpba™

where rg,71,...,7, € R. It is an equality in the polynomial ring R[z]. This implies
that b = 0 and we have a contradiction. Therefore, the algebra A is not finitely
generated over R, and this contradicts our assumption that R is an sfg-ring. O

Lemma 3.5. (b) = (b?) for all b € R.

Proof. 1t is clear when R is a field. Assume that R is not a field. Let b € R and
suppose (b?) # (b). Then b ¢ (b?). Consider the ideal I := (b?) and the factor ring
R:=R/I. Letb=b+1. Then 0#b <€ R and b= 0, so the ring R has a nonzero
nilpotent. Hence, by Lemma 3.4, R is not an sfg-ring. However, by Lemma 3.2,
this is an sfg-ring. Thus, we have a contradiction. O
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Lemma 3.6. The Jacobson radical J(R) is equal to zero.

Proof. Put J := J(R). It follows from Lemma 3.1 that J is a finitely generated
R-module. If b € J then, by Lemma 3.5, b = ub? for some u € R, and so, b € J2.
Thus, we have the equality J2 = J. Now, by Nakayama’s Lemma, J = 0. O

Lemma 3.7. If R is local, then R is a field.

Proof. Assume that R is local and M is the unique maximal ideal of R. Then M
is the Jacobson radical of R. It follows from Lemma 3.6 that M = 0. Thus R is a
field. O

Lemma 3.8. Fvery prime ideal of R is maximal.

Proof. Let P be a prime ideal of R and suppose P is not maximal. Then there
exists a maximal ideal M such that P C M and M # P. Let b € M ~ P. It follows
from Lemma 3.5 that b = ub? for some u € R. Then

b(1—ub)=0¢€ P.

But b¢ P,sol—ube P C M. Hence, b€ M and 1 —ub € M. This implies that
1 € M, that is, M = R. However M # R, so we have a contradiction. O

Lemma 3.9. R is Artinian.

Proof. We already know by Lemma 3.1 that R is Noetherian. Moreover we know,
by Lemma 3.8 that the Krull dimension of R is equal to 0. Using a basic fact of
commutative algebra (see for example [2] or [3] 99) we deduce that R is Artinian.

d

Now we are ready to prove the mentioned proposition which is the main result
of this section.
Proposition 3.10. Every sfg-ring is a finite product of fields.
Proof. Let R be an sfg-ring. We already know (by Lemma 3.9) that R is Artinian.

It is known (see for example [2] or [3]) that every Artinian ring is a finite product
of some local Artinian rings. Hence,

R=R; X Ry X -+ X R,

where Ry,..., R are local Artinian rings. Since all projections 7; : R — R, (for
j=1,...,s) are surjections of rings, it follows from Lemma 3.2 that all the rings
Ry,...,Rs are sfg-rings. Moreover, they are local so, by Lemma 3.7, they are
fields. (]

According to the above proposition we know that if R is an sfg-ring, then R
is a finite product of fields. In the next sections we will prove that the opposite
implication is also true.
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4. INITIAL COEFFICIENTS

Let us assume that R is a ring which is not a field, and A is an R-subalgebra
of the R-algebra R[z]. Let us denote by W4 the set of all nonzero initial coefficients
of polynomials of positive degree belonging to A. Note three lemmas concerning
this set.

Lemma 4.1. Let a € W4. Then the polynomial ax is integral over A.

Proof. There exists a polynomial f(x) = ax™ +7, 12" 1+ +rix+r9 € A, with
n>1andrg,...,7—1 € R. Let g(z) = a" ! f(x). Then

g(x) = (ax)" + rp_1(ax)" ' + ar,_o(ax)" % 4 -+ r1a™ 2 (ax) + roa™ !

is also a polynomial belonging to A. Consider the polynomial
Ht) =t" 4+ 1y 1t  dar, ot" 2 4+ 4 ra" 2t +rea™ ! — g(z).

It is a monic polynomial in the variable ¢ and all its coefficients are in A. Since
H(ax) = g(x) — g(z) = 0, the element ax is integral over A. O

Lemma 4.2. If R is Noetherian and W, contains an invertible element, then the
algebra A is finitely generated over R.

Proof. Let a € W, be invertible in R. Then, by Lemma 4.1, the variable « is
integral over A and this means that the ring R[x] is integral over A. Hence, by
Lemma 1.3, the algebra A is finitely generated over R. O

Lemma 4.3. Let a,r € R. Ifa € Wy and ra # 0, then ra € Wy.

Proof. Assume that f = az"™ + ap_12" ' +--- +a1x +ap € A with n > 1. Then
rf is a polynomial belonging to A and the initial coefficient equals ra # 0. Hence,
ra € Way. O

Consider for example the ring Zg. Using the above lemmas we will show that
Zg is an sfg-ring. Let R = Zg, and let A C R[z] be an R-subalgebra. We need to
show that A is finitely generated over R. It is clear if W4 = (), because in this case
A = R. If Wy contains an invertible element of R (in our case 1 or 5) then, by
Lemma 4.2, it is also clear.

Let us assume that W4 C {2,3,4}. Since 2-2 = 4 and 2-4 = 2 in Zg, we
have 4 € Wy <= 2 € Wy. If 3 € Wy and 4 € W4 then, by Lemma 4.1,
the polynomials 4z and 3z are integral over A, and then R[z] is integral over A,
because z = 4z — 3z, and in this case, by Lemma 1.3, the algebra A is finitely
generated over R.

Assume that W = {2,4}, and let f(z) =4a™ +rp_ 12"+ +ra+rg€ A
where n > 1 and rg,...,7,—1 € Zg. Since rg = rg -1 € A, we may assume that

ro = 0. The polynomial 3f(x) also belongs to A. Hence, 3r, 12" '+ .-+ 3rz €
A.
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Suppose that for some j € {1,...,n — 1} we have 3r; # 0. Let us take the
maximal j. Then 3r; € W4 = {2,4}, so r; = 0,2 or 4 and in every case we have
a contradiction, because 3r; # 0. Therefore, all the elements 3ry,...,3r,_1 are
zeros. This means that r; = 4b; with b; € Zg, for alli = 1,...,n — 1. Observe that
4 is an idempotent in Zg. We have 4 = 4™ for every positive integer m. Hence,

flx) = 4da™ 4+4b, 12" 1+ 4b, 22" 2 4 - +4bj2
= (42)" + bp_1(4z)" L + - + by (42)!
and hence, A is a Zg-subalgebra of the Zg-algebra Zg[4z]. In this case 4 € Wy
so, by Lemma 4.1, the monomial 4z is integral over A and so, the ring Zg[4z] is

integral over A. Therefore, by Lemma 1.3, the algebra A is finitely generated over
R =Zs.

Now let us assume that W4 = {3}. In this case we use a similar way, as in the
previous case. We show that A is a subalgebra of Zg-algebra Zg[3z] and, using
again Lemma 1.3, we see that A is finitely generated over Zg. Therefore we proved
that Zg is an sfg-ring.

5. FINITE PRODUCTS OF FIELDS
In this section we prove that every finite product of fields is an sfg-ring.
Throughout this section
R=K; x Ky x--- X K,,

where Ki,..., K, are fields. It is clear that the ring R is Noetherian, and even
Artinian. Let A be an R-subalgebra of R[z]. We will show that A is finitely
generated over R. We know, by Theorem 2.1, that it is true for n = 1. Now we
assume that n > 2.

Let us fix the following notations:

N ={1,2,...,n};

e1 =(1,0,...,0), e2=(0,1,...,0), ..., e,=(0,0,...,1);
I={ieN; e; € Wy};
J=N\1;
62261‘.
i€l

Observe that if I = (), then A = R and nothing to prove. We know, by Lemma 4.1,
that if 4 € I, then e;x is an integral element over A. If I = N, then the variable
z is integral over A, because z = (1,1,...,1)z = >_I" | e;x, and in this case, by
Lemma 1.3, the algebra A is finitely generated over R. Hence, we will assume that
I# () and I # N. Without loss of generality we may assume that

I={1,2,...,s}, J={s+1,...,n}, where 1<s<n,

and € = e; + --- + e5. Note two simple lemmas. The first one is obvious.
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Lemma 5.1. Let u be an element of R such that ue; = 0 for all j € J. Then
U = eu.

Lemma 5.2. Letu € R. If u € Wy, then u = eu.

Proof. Let u = (u1,...,uy,) and assume that u € W4. Suppose there exists j € J
such that ue; # 0. Then u; is a nonzero element of the field K;, and vu = ej,
where v = (0,...,0, uj_l, 0,...,0). Hence, e; = v - ue; and so, by Lemma 4.3, the
element e; belongs to W,4. But it is a contradiction, because j € J = N ~\ 1.
Therefore, ue; = 0 for all j € J and so, by Lemma 5.1, we have u = cu. O

Now consider the R-subalgebra B of R[z], defined by
B=Rlejz,eqx,... e5x] .
We will prove that A C B, that is, that B is a subalgebra of A.

Let f be an arbitrary element of A. If deg f = 0, then obviously f € B. Assume
that deg f > 1 and u € R is the initial coefficient of f. Since R C A, we may
assume that the constant term of f is equal to zero, Then we have

f=uz" +diz™ + doz™ + - - + dpa"7,

where dy,...,d, are nonzero elements of R, and n >ny >ng > --- >n, > 1. It
follows from Lemma 5.2 that u = cu.

Let j € J. Then ue; = u(ce;) = u0 = 0 and then
ejf = ejdlscnl —+ 6jd213n2 + -+ BjdpiEnP cA.
Suppose e;d, # 0 for some ¢ € {1,...,p}. Let us take the minimal g. Then
0 # e;jdg € Wa. Put dy = (c1,...,¢,) with ¢; € K, for all 4 = 1,...,n. Since
ejdq # 0, we have ¢; # 0 and so, vd, = e;, where v = (O, e 70’03_71’07 e ,O). This
implies that e; = v(e;dy) € Wa. But ej € Wa, because j € J = N \ I. Hence, we
have a contradiction.

Therefore, all the elements e;d,, ..., e;d, are zeros, and such situation is for all
j € J. This means, by Lemma 5.1, that d; = ed;, ..., d, = edp. Observe that the
element ¢ is an idempotent of R, so € = ¢™ for m > 1. Hence,

f = wx" +diz™ +dox™ + -+ dpa”r

uex™ + diex™ + dogx™ 4 - - + dpex”?

= ue"a" + dieMa™ 4 dape™ ™ 4 - - - dperar
= ule)" + di (o)™ + da(ew)™ + -+ dy(ez)"

and hence, the polynomial f belongs to the ring R[ex]. But

Rlez] C Rleix,eax,...,esx] = B,
so f € B. Thus, we proved that A is an R-subalgebra of B. Let us recall that
all the monomials ejx,...,esx are integral over A. Hence, the ring B is integral

over A. It follows from Lemma 1.3 that A is finitely generated over R. Therefore,
we proved the following proposition.
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Proposition 5.3. Every finite product of fields is an sfg-ring.

Immediately from this proposition and Proposition 3.10 we obtain the following
main result of this article.

Theorem 5.4. A ring R is an sfg-ring if and only if R is a finite product of fields.

Now, by this theorem and the Chinese Remainder Theorem, we have

Colorary 5.5. The ring Z,, is an sfg-ring if and only if m is square-free.
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