Analytic and Algebraic Geometry 3
L.6dz University Press 2019, 125 - 167
DOTI: http://dx.doi.org/10.18778/8142-814-9.11

KNOTS OF IRREDUCIBLE CURVE SINGULARITIES

TADEUSZ KRASINSKI

ABsTRACT. In the article the relation between irreducible curve plane singu-
larities and knots is described. In these terms the topological classification of
such singularities is given.

1. INTRODUCTION

Local theory of analytic (algebraic) curves in C? i.e. the theory of plane curve
singularities is closely related to the theory of knots. If V.= V(f), f € C{x,y},
f # const, is a local analytic curve described by the equation f(z,y) = 0 in a
neighbourhood U of the point 0 € C2, then the intersection V N'S3 of V with a
small 3-dimensional sphere S3 := {(z,y) € C? : |z|> + |y|> = 72} is homeomorphic
(even bianalytic) to the unit circle St (if V is irreducible) or to a finite disjoint
union of such unit circles (if V' is reducible). So this intersection is a knot or a link
in S3. Moreover, for all sufficiently small r the knot (link) does not depend on r
and uniquely characterizes the topology of V' in 4-dimensional ball which boundary
is S2. It turns out that knots corresponding to irreducible curve singularities are
of very special kind: torus knots of higher orders (also called cable knots). In the
article we describe torus knots and relation between irreducible singularities and
knots. Due to the form of parameterizations of curve singularities, it is easier to
consider the boundary of polycylinders {(x,y) € C? : |x| < r, |y| < r'} instead of
spheres (these both are, of course, homeomorphic sets).

In Section 2 we shortly remember the basics of the knot theory. Section 3 is
devoted to the torus knots of the first order. They correspond to the irreducible
singularities with one characteristic pair, in particular to singularities ™ —y™ = 0,
n,m € N, GCD(n,m) = 1. In Section 4 we will consider the torus knots of higher
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orders. Section 5 describes correspondence between irreducible curve singularities
and torus knots. Section 6 is devoted to topological classification of ireducible curve
singularities.

2. BASICS OF THE KNOT THEORY

The basic sources of this theory are classic textbooks [CF], [R]. Denote S! :=
{z € C:|z] =1} = {2 . § € [0,1]} — the unit circle in C, and S* — the
3-dimensional sphere defined as the space R? with one point co added, i.e.

S* :=R3 U {0}

with the Aleksandrov topology. Recall, open sets in S® are: open sets in R3 and
complements of compact sets in R? with the point co added. A knot is the home-
omorphic image of S! in S? i.e. each subset W C S? such that W = ®(S'), where
® : S' — W is a homeomorphism. A link is a finite disjoint union of knots (see
Fig. 1).

Fig. 1. Examples of a knot (the trefoil) and a link.

Two knots (links) Wy, Wy are equivalent if there exists a homeomorphism F :
S? — §3 such that F(W;) = W,. We say then Wy, W have the same type and
denote Wy ~ Ws. In the sequel we will identify knots with their types. Trivial knot
(or unknot) is the knot

St 3 €2™ 3 (cos 276, sin 270, 0) € S* = R3 U {oc}.

Remark 2.1. Studying types of knots in the sphere S is the same as in space R3
because two knots (links) in S® \ {oo} are equivalent in S® if and only if they are
equivalent in R3.

Since in the theory of singularities we will deal only with analytic knots i.e.
homeomorphisms ® : S! — ®(S') C S? are analytic functions we will consider only
tame knots that is knots equivalent to polygonal knots. It follows from the fact
that each knot of class C! (in particular analytic) is equivalent to a polygonal knot
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([CF], App. 1). See Figure 2.

Fig. 2. A polygonal knot and link

A complete invariant of a knot W is its complement S \ W, treated as a topo-
logical space, because two knots are equivalent if and only if their complements
are homeomorphic [GL|. Unforunately it is not true for links [R], p. 49. A weaker
invariant of knots and links is the first homotopy group of their complements. We
denote it by of w(W) and call the knot (link) group. So

n(W) = m (R*\ W),

where * is an arbitrary point in R3\ W. Since R3\ W is arc connected (remember W
is equivalent to polygonal one) m(WW) does not depend (up to an isomorphism) on
the choice of the point *. The knot group is not a complete invariant of W. There
exist knots having isomorphic groups but not equivalent (see [CF],VIII, 4.8). There
are general methods to calculate knot groups (e.g. Wirtinger method, see [CF]) by
giving generators of 7(W) and relations between them. Since for knots related to
curve singularities we will describe generators of (W) and relations between them
directly, we don’t present these methods. We will illustrate this with an example.

Example 2.2. Two presentations of the knot group of the trefoil W :
1.

(W) = F(z,y)/ (zyzy o 'y ")

where x,y are loops in Figure 3(a) and F(z,y) is the free group generated by two
elements x,y, and (a:yxy_lx_ly_l) is the smallest normal subgroup in F(x,y)
containing zyzy e ly7L,

2
(W) = F(z,y)/ (z°y~?)

where z,y are loops in Figure 3(b).
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Fig. 3. Generators of the knot group of trefoil.

Although the knot group is not a complete invariant of a knot this is the case for
knots (and links) associated to curve singularities. However it is difficult to decide
on the basis of knowledge of generators and relations whether two given groups are
or are not isomorphic. So we take a weaker invariant of knots to distinguish between
torus knots — the Aleksander polynomial of a knot. Its definition is complicated
and based on the formal differentation (the free calculus) in knot groups 7 (W)
([CF]). Another approach one can find in [R], p. 206. We recall the first approach.

Let F = F(x1,...,2,) be the free group with n generators z1,...,z, and
G = F(x1,...,25)/ (r1,...,7) an arbitrary group (in general non-abelian) with
generators 1, . .., T, and relations r1, ..., 7y, € F(21,...,2,) ((r1,...,7m) denotes
the smallest normal subgroup in F containing r1,...,7,,). Adding trivial relations
of the type x;2; ! we may assume that m > n— 1. In the group ring Z[F] we define
a formal derlvatlon, first on elements of F C Z[F], and next we extend it on the
whole ring Z[F] in an obvious way. Take any element g € F. We may represent it
in the following way

— pfl €k —
g=u; ...x;5, gj ==L

We define formal partial derivatives of g as follows

0
% = sléﬂle‘?l 1)/2+x515 6jl2x§62 Dieg AxS o a  eply, fak D2 e z17).
J
B(rzfl)

In particular =1 — 2z~ ! = 0, which proves the correctness of the defi-
nition of formal differentiation. For illustration, consider the following important
examples.

Example 2.3. In F(x,y) for n,m € N we have:

=" o9 _ n—1 _ z"—1
1 Ifg=a" then 52 =1+a+.. 42" 1 =21

2. Ifg=y™™ thena—g*—y Vg2 oy m= ymmy Ly ol




KNOTS OF IRREDUCIBLE CURVE SINGULARITIES 129

3. If g =x"y™™, then

og ;. a—1
9 _y Tl = :
Ox trde e x—1
ag n, —1 n, —2 n,—m n 7mym—1 ym_l
8y——my —a"y - =2y = 2"y 1 ——gy_l.

Next for the group G = F(z1,...,2,)/ (T1,---,7™m), m > n — 1, we define a
matrix over Z[F]

ory ory
oxq ce Ox,
MG = . .
Orm Orm
Oxq Tt Ox .,

Example 2.4. Let G = F(z,y)/ (xzy%) . Then Mg is a matriz 1 X 2.

2 -1 5 sy —1

Mo =1 22—yl — g2 )] = ’ )
a=[+z 2y =y -y )] = | =y 1

Because we will use minors of the matrix Mg and determinants have "good
properties" in commutative rings, we abelianize the group G, i.e. we divide G by
its commutator [G : G] := (vyz~ly~! : 2,y € G) C G. We obtain the abelian
group

G =G/|G:qG].

Then the group ring Z[G'] is a commutative ring.

In the case G is the knot group we have

Proposition 2.5. If G = w(W) is the knot group of a knot W then G' = Z.

This follows from some facts of algebraic topology. As is known, the abelian-
ization of the first homotopy group m(X) of a "good" topological space X (e.g.
topological manifold, and this is the case for knot complement) is isomorphic to
the first homology group of X, i.e. m(X) = m(X)/[m(X) : m(X)] = H1(X,Z).
In the case X = R®\ W is the complement of a knot it is easy to show that
Hi(R?*\ W, Z) = 7Z. Its generator is any loop surrounding one thread of the knot.
For instance each loop x and y in Figure 3(a) is a generator. In Figure 3(b) neither
x nor y is such a generator. Hence in the case G = w(W), choosing one generator in
G’ = 7Z we get the isomorphim Z[G'] = Z[Z]. But the group ring Z[Z] is isomorphic
to the ring of Laurent polynomials Z[t,t~!]. It is easy to see that the ring Z[t,t~}]
has properties:

1. The only invertible elements in Z[t,t~!] are powers £t", n € Z,

2. Each element A(t) € Z[t,t~1] has a unique representation in the form
A(t) = t"A(t), where n € Z i A(t) € Z[t], A(0) # 0,

After the extension of canonical homomorphisms F — G — G’ ~ Z to homo-
morphisms of group rings Z[F] — Z[G] — Z|G'] ~ Z[Z] ~ Z[t,t~'] and applying
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this last sequence of homomorphisms to the elements of the matrix Mg we will get
the matrix

Ann(t) ... A(t)
A1 (t) .. Ann(t)
which elements are Laurent polynomials. We will call it the Alexander matriz of
G. This matrix is important in the theory of knots by the following theorem (see

[CF]).

Theorem 2.6. The ideal E C Z[t,t~!] generated by the (n — 1) minors of the
matriz M{, does not depend on the choice of the generators x1,...,x, and the
relations 1, ...,rm of group G, so it only depends on the group G .

Let Mi(t),..., M(t) be the minors of degree n — 1 of the matrix M/,. From
the above the greatest common divisor of all M; depends only, up to invertible
elements, on the group G. We call it the Alezander polynomial of W and denote
by Aw. Hence

Aw (t) = GCD(My (1), ..., My(1)) € Z[t,t1].

Because Ay is determined up to factors of the type £t", n € Z, we always choose
its normalized form, i.e. one that is an ordinary polynomial in Z[t] with a non-zero
constant term and the highest coefficient inco Ay positive. So, at the end

Aw (t) € Z[t], Aw(0) #0, inco Aw(t) > 0.

For instance the normalized form of the Laurent polynomial ¢=2 4 2t~! — 3¢ is
—1—2t+3t3.

Immediately from theorem 2.6 we obtain
Proposition 2.7. For knots Wy and Wy if 7(Wy) = n(W2) then Aw, = Aw,.
Example 2.8. For the trefoil knot W we gave two presentations of its group (see
Ezample 2.2):

I presentation: 7(W) = F(z,y)/ (zyzy~ 'z~ y™') . In this case

My =[1+ay —ayzy 'a™", o —ayay™' — ayzy 2~y
Since a generator of T(W) = n(W)/[r(W) : m(W)] is the abstract class [z] (it can

also be a class [y] = [z]), then denoting t = [x] we have
wowy = [L+ 87 —t,t— 17 —1].
Hence

(t° -1t -1)

Aw(t):t2—t+1=m.
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II presentation: 7(W) = F(z,y)/ (x*y™>) . We have
Mﬂ'(W) = [1 +z, Iz(iyil - y72 - y73)]

In this case neither [x] nor [y] is a generator of m(W)'. If we take the loop = from
the previous presentation (for distinction let us denote it by T and we take as before
t = [7]), then [x] = t3 and [y] = t2. Then

-1  t6-1
/ _ 3 4 2 _
rw) = [LHT7, 7 =17 1] = L?,_l tz_l]

Hence

E_1)(t—-1 )
AW(t)zmzt —t+1.

3. TORUS KNOTS OF THE FIRST ORDER

In this section, we will define a particular type of knots, the so-called torus
knots. We will start with the simplest type of them - torus knots of the first order.

By T and T we will denote the torus and the solid torus in C? defined by

Ti={(z,y) €C*: 2| =1, [yl =1}

={(z,y) €C?rx =", y=e"" 0<n,0 <1},
T:={(z,y) €C:lz[ =1, y| <1}

={(z,y) €eC?:x=e¥" y=re?™ 0<nH<1,0<r<1}

We see that both 7" and T lie in the boundary 9P of the policylinder P = {(z,y) €
C?: |z| <1, |y| < 1}. Because 9P is homeomorphic to S* = R? U {co}, any knot
in T or T can be considered as a knot in S?. However, it depends on the chosen
homeomorphism of P on S3. For calculations and graphical presentation, we will
choose such one that this homeomorphism will send 7" and T to the standard torus
Tt and the standard solid torus T*! (see Fig. 4) defined parametrically in R3 as
follows

x1 = (2 4 cos 270) cos 27,
TSt 29 = (24 cos2wf)sin2my, 0<n,0<1
r3 = sin 276

x1 = (2 + rcos 2wh) cos 277,
Tst: x5 =(2+rcos2mf)sin2rn, 0<7n,0<1,0<r<1
T3 = rsin 270
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Fig. 4. The standard torus in R3

This homeomorphism
F:0P — S* =R*U {00}

we define separately on (OP); and on (OP)s, where P = (0P); U (OP)2 and

(OP)1 = {(z,y) € C*: |z = 1, |y| <1}

—{(@y) eCia=e" y=r® 0<n6<1, 0<r <1},
(OP)2 = {(z,y) €C*: 2| <1, |yl =1}

={(z,y) €C?:x =7 y=¢>" 0<n0<1,0<7r <1},

On (0P); we define F' by formula

Flap), (eZ™ 120 .= ((2 4 1 cos 2m0) cos 27, (2 + 7 cos 2m) sin 27, 7 sin 276)
0<n,0<1,0<r<1.

It transforms (OP); = T on the standard solid torus T*! and at the same time T
on Tt

We define now F on (OP)s. It has to transform (OP)s on the complement of
solid torus T*! in R3 U {cc}. It is easier to define the inverse homeomorphism

(Flopy,) " : R¥U {00} \ Int(T*) — (9P)s.

(0P)2 is homeomorphic to the cartesian product of a disc and a circle {x € C :
|z] <1} x {y € C: |y| = 1}. As the Figure 5 suggests the complement of the solid
torus is also homeomorphic to the cartesian product of a disc (a gray disc in the
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Figure 5) and a circle.

Fig. 5. The homeomorphism of
R3 U {oo} \ Int(T*¢) on (OP),

The latter homeomorphism can be chosen so that F|gp),is identical to F|p),
on the common part of their domains, i.e. on the torus 7. This completes the
construction of homeomorphism F'.

For each knot W in P we have the corresponding (by applying F') knot in S?.
In particular to the knot

Sl 5 eQﬂ'it — (627rit70) c P

corresponds the trivial knot in S3. If W C T or W C T, then we get the knot in
R3 lying in 7% or in T*!.

Now consider the simplest torus knots. Let n,m € N be relatively prime i.e.
GCD(n,m) = 1. Then & : S* — 9P defined by the formula

(I)(€Q7Tit) — (627rint7 e27m'mt), te [0’ 1]

is one to one (except the ends) by the property of the exponential function, contin-
uous, and thus it is a homeomorphism of the circle on its image, and thus defines
a knot in OP. We denote it T}, ,,, and the pair (n,m) call the type of this knot.
Of course T, C T. For each circle O, := {(e2™™,e2™%) : 9 € [0,1]}, n € [0,1],
the common part O, N7}, ,, consists of n points placed "symmetrically" and sim-
ilarly for each circle Op := {(e2™,e*%) : n € [0,1]} 6 € [0, 1], the common part
Op NI}, m consists of m points placed also "symmetrically". Applying homeomor-
phism F to T, ., we get a knot in S? lying in T%'. We denote it with the same
symbol T, ,, and we call it a torus knot of the first order of the type (n,m). Thus
it is given in S? by the formula

Fo®(e?™*) = ((2+-cos 2mmt) cos 2mnt, (24 cos 2rmt) sin 27nt, sin 27mt), t € [0,1].
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The knot T5 3 is presented in Figure 6.

Fig. 6. The torus knot 75,3

Remark 3.1. It can be shown that on the torus T there are no torus knots of Ty,
for GCD(n, m) > 1(see [R], p.19).

Remark 3.2. It is easy to prove that the torus knots T}, ., forn=1orm =1 are
trivial.

To describe the knot group of T, ,,, we recall some properties of 7', in particular
properties of the universal covering of the torus. This is the mapping

p:R* =T,
p(n,0) == (™, e>™), (n,0) € R*.

Notice that p(n,0) = p(1',0') if and only if (n,0) — (1',0') € Z>. The mapping p
has the following known properties:

1. For each z € T there exists its neighbourhood U such that p~!(U) is a union
JV; of open and disjoint sets V; such that p|y, : V; — U is a homeomorphism (this
is the definition of a covering),

2. For each continuous curve (in short a curve) v : [0,1] — T and arbitrary
point (n,0) € p~1(7(0)) there exists a unique continuous curve 7 : [0, 1] — R? such
that (0) = (n,0) and p o7y =~ (7 is called the lifting of the curve v at (n,0)),

3. The first homotopy group 7 (T) of the torus T is isomorphic to Z2. Its
generators are the curves a(t) := (e2™ 1) and B(t) := (1,€2™), t € [0,1], called
the longitude and the meridian of the torus.

4. If v is a closed curve in T and v = na + mfB, n,m € Z in w1 (T), then
the numbers n, m are characterized via p as follows. Let 5 be the lifting of v at
(10, 0) € p~ 1 (7(0)). Since (0) = 7(1) then 3(1) — 3(0) € Z2. Then (1) — 3(0) —
(n,m). We say then that the curve v circles the torus T n-times along and m-times
across.

5. The first homotopy group 71 (T) of the solid torus T is isomorphic to Z and
its generator is the loop a.. For every loop « in T with the same origin as o we have
k = ", where n is the index of the curve being projection of k on C by pri with
respect to the point 0 € C (n = Indg pry o k).



KNOTS OF IRREDUCIBLE CURVE SINGULARITIES 135

6. The first homotopy group m1 (0P \ T) of the complement of the solid torus T
is isomorphic also to Z and its generator is the loop . Similarly as above for every
loop  in 9P\ T with the same origin as 8 we have k = ™, where m is the index
of the curve being projection of k on C by pry with respect to the point 0 € C
(m = Indg pra o K).

Now we give some properties of the knot T3, ,,.

Lemma 3.3. The set p~ (1), ) consists of the family of parallel lines
m k
L ={(n0)€R} :0=—n+~}, keZ
ki=1{(n,0) ER{, S+

Proof. If (,0) € p~*(T).m), then there exists ¢ € [0, 1] such that (27, ") =
(e2mint e2mimt) From properties of the exponential function we get n = nt + r,
0 =mt—+s, r,s €Z. Hence

ie. (n,0) € Lys—myr

Vice versa, if 0 = " + % for a k € Z, then putting ¢ :=
and am — bn = 1 (such a, b always exist because GCD(n,m

x %‘l, where a,b € Z
)=1), we get

e27rznt — eZ‘m(n—l—ka) — e2m'r7’

. . . k(am—bn) ) k )
e27rzmt — eQ‘m(mt—kb) — eQT{’L(%T]—‘r%) — 627”(%77+;) — 627”9.

Then (n, 9) € pil(Tn,m) =

Lemma 3.4. For every P,Q € T \ T), », there exists a curve connecting P,Q in
T\ Ty m.

Proof. Let p : R%ﬁ 0 — T be the universal covering of the torus. Then by Lemma

3.3 p~ (T, m) is a family of parallel lines Ly, k € Z, in the plane R%nﬂ)' Each of

the strips lying between adjacent parallel lines is obviously a convex set. Thus, any
two of its points can be connected by a segment. Then the image of this segment
(via p) will obviously be a curve in T' connecting the images of the ends of this
segment. Therefore, it is enough to show that the image of each strip (open) is
equal to T'\ T, ,,. For simplicity we may consider the strip P := {(n,6) : n €
R, 2y <6 < Zp+ 1} Let us take arbitrary point Q = (€*™,e?™%) € T'\ T, ;.
We need to show that there is a point (n/,6’) € P such that (n/ —n,0' —0) € Z>.
Since GCD(n, m) = 1, there exist a,b € N such that

(1) am —bn = 1.
Put s := [nf—mn]. Then the point (1, 0") := (n+as, +bs) satisfies the conditions:

L p(n',0") =p(n,0) =Q,
2. (,0') € P.
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The first condition is obvious and the second follows from the inequalities
0 <nbd—mn—[nd —mn| <1,
0<nld—mn—s<l1,

0 < nb —mn—s(am —bn) < 1,
mn + mas < nf + nbs < mn + mas + 1,

m m 1
—(M+as)<O+bs<—(m+as)+—.
n n n

The first inequality is obvious because nd — mn ¢ Z (which follows from the as-
sumption that (n,6) & T), ). O

Consider, in particular, two points (), R on the torus not belonging to T, .,
differing only in the argument%r of the first coordinate. Therefore

Q — (627ri777 eQﬂ'i@) ¢ Tn,m7
R = (70 270y g T,

They lie on the circle {(e?%, e27%) t € [0,1]}, and are separated by "one thread"
of the knot T, ,,, (on this circle lie m points of T}, ,,, arranged symmetrically, see

Figure 7).

Fig. 7. The points @ and R.

Lemma 3.5. For the above specified points Q, R & T,, ., a curve connecting () and
R in T\ T, m is the image of the segment [(n,0),(n — L + a,0 + b)] via p, where
am —bn = 1.

Proof. Obviously p(n,0) = @ and p(n— % +a,0+4b) = R. Moreover the coefficient
of the line containing the segment is equal to 7 because

0+b—10 bm  bm m

n—%+a—n_am—1_%_ n’

Hence the segment is parallel to lines L. Therefore it lies in one of the strips. O
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Lemma 3.6. The set of points (n',0') equivalent to (n,0) in R? (i.e. p(n',0') =
p(n,0)) and lying in the same strip as (n,0) is equal to {(n+ kn,0+km) : k € Z}.

Proof. Obviously the points (n 4+ kn,0 + km), k € Z, are equivalent to (n,8).
Moreover they lie in the same strip as (), 8) because the vectors [km, kn| are parallel
to Lk.

Take arbitrary point (1, 0") equivalent to (1,6) w R? and lying in the same strip
as (n,0). For simplicity we may assume

1

m m
(2) —n <0< —n+—.
n n n

Hence (n,0") = (n+r,0 + s) for some 7, s € Z and

3)

By (2) i (3) we get two inequalities

m m 1
—(+r)<b+s<—n+r)+—.
n n n

0<nld—mn<1,
0 < (nf —mn)+ (ns—mr) < 1.

Since ns — mr € Z, therefore ns — mr = 0. Hence and by the assumption
GCD(n,m) =1 we obtain r = kn and s = km for some k € Z. O

The last lemma implies a description of the first homotopy group of the com-
plement of the knot T, ,, in the torus 7.

Proposition 3.7. For every point «x € T\ T, 1,
(4) T (T \ T %) = Z.

The closed curve k which is the image by p of the segment (n,0),(n+n,0 +m),
where p(n,0) = *, is a generator of w1 (T \ Th,m; *).

Proof. By definition k(t) := p((n + tn,0 + tm)), t € [0,1], and for every k € Z,
kE(t) = p((n + tkn,0 + tkm)), t € [0,1]. Take any closed curve ¢ in T\ T}, ,, at
. Its lifting 7 with initial point (7, 8) has the end at a point (n+ kn, 8 + km) for
some k € Z (by the previous lemma) and lies in a strip containing (7, §). Since this
strip is a simply connected set the curve 7 is homotopic to the segment joining its
ends i.e. to the segment (n,6), (n+ kn,0 4+ km). Hence after composition with p
the curve ¢ is homotopic to x*. Then & is a generator of 71 (T \ Ty, m; *)-

To show (4) it suffices to prove that no curve x* for k € Z\ {0} is homotopic to
the constant curve at *. In fact, otherwise for the lifting #k of k¥ with initial point
(n,0) we would have ;E(l) = (n,0). On the other hand ;E(l) = (n+ kn,0 + km),
which implies k£ = 0. g

We will now describe the knot group of T, ,,,. By definition 7 (T}, 1) = w1 (0P \
Tom; *) = m1(S? \ Thm; *), where * & T}, ,,,. For simplicity we take a point * €



138 TADEUSZ KRASINSKI

T\ T}, m- Consider two loops 7,0 as in Figure 8 and 9

Fig.8. The loop 7.

Fig. 9. The loop d.

We first show

Lemma 3.8. The loops v and § are generators of w(Ty, m).

Proof. Take arbitrary loop & in S \ T}, ., with the initial and final point at * (in
short a loop x based at x). Changing x homotopically we may assume « is a broken
line. Hence k has a finite number of common points A1, ..., 4; with T. So, we may
represent k as a finite sum of curves

K=K1...Kg,

where each curve r; lies either in R*\ T (i.e. outside the solid torus with exception
of ends - see Fig. 10)

Fig. 10. The loop k; outside
R3\ T.

or k; lies in Int T (i.e. in the interior of the solid torus with exception of ends). By
Lemma 3.4 each point A; can be joined with the point * by a curve in T\ Ty, m.-
Then changing homotopically « (by moving each point A; with the entire curve to
the point * along such a curve) we may assume that A; = ... = A; = x. Hence & is
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homotopic to a sum of curves £y ... Ry, where each curve &; is a loop in R3\ T, ,,,
based at * which lies entirely either in R3 \ T or in IntT. So, %; is homotopic
to a multiple of v or a multiple of §. Hence v and ¢ are generators of the group
ﬂl(@\Tmm;*). O

Now we describe the relation between v and § in 7(T), ). Let * = p(no, 6o).

Consider the loop ko which is the image of the segment (1, 6y), (no + n, 09 + m)
by p. It is a loop based at * which lies in T'\ T}, ., and is "parallel" to T}, ., in T
and which circles the torus T' n-times along and m-times across.

Fig. 12. The loop kg.

Let us change ko (leaving the initial and final point fixed) in two ways:

1. "pulling out" the loop kg from T. We get a loop lying in R® \ T circling T
m-times around. Hence k¢ is homotopic to y™.

2. "pushing" the loop kg into the interior of T. We get a loop lying in T circling
T n-times along. Hence kg is homotopic to ™.

In consequence

Lemma 3.9. For the loops v and § in w(T,, m) we have

,ym — 671.

It is a unique non-trivial relation between v and ¢ in 7(7T}, ). We will use the
Seifert-van Kampen theorem (see [CF]) to justify this fact precisely.

Theorem 3.10. For relatively prime n,m € N

Proof. By the canonical homeomorphism F : 9P — S? we will lead coniderations
in S* = R®U{co}. Recall Tom CT C S3. Let’s consider two open sets U; and Us
in S3. The first U; is such that its intersection with each half-plane containing the
axis Oz is an open disc with a center at the point (2,0) and radius 3/2 (notice that
intersection 7" with such a half-plan is a circle with a center at the point (2,0)
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and radius 1 in which n points of T, ,, lie) with removed segments of length 1/2
along the radii of this disc with one end at a point T, ,,, (see Fig. 13)

Fig. 13. The set U;.

The second set Us is such that its intersection with each half-plane containing
the Oz is the complement (together with the point oo) of the closed disc with the
center at the point (2,0) and radius 1/2 with removed segments of length 1/2 along
the radii of this disc with one end at a point T}, ., (see Fig. 14).

Fig. 14. The set Us.

The sets Uy, U, are connected, arc connected, U UUy = S3 \ Tp,m and w1 (Uy, *) =
F(0), m1 (U, %) = F(v). The set Uy N U, is arc connected and its first homotopy
group is w1 (T \ Ty,,m; *) because each loop in Uy N U, with beginning and end at *
is obviously homotopic to a loop lying in T'\ T5, ,,. But m1 (T \ T}y m; %) = F (k) (see
Proposition 3.7), where the loop « is the image of the segment (n,0), (7 + n, 60 + m)
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by p and p(n,#) = *. The homomorphisms
i (U MUz, %) = w1 (Uy, %), i=1,2,
are defined on the generator x by
¢1(k) = 4",
pa(k) ="
In fact, pry o k(t) = pry o p(n + tn, O + tm) = e2m(1Htn) = g2ming2mitn for + [0, 1],
whence Indgpr; o Kk = n. Then k, treated as a loop in Uj, is homotopic to §".

Similarly we show that k treated as a loop in Us is homotopic to 4™. Hence by the
Seifert-van Kampen theorem

W(Tvz,m) =T (aP \ Tn,m; *) = ]:(75 5)/ (5n77m) .
O

Consider the particular loop ¢ based at * (see Fig. 15) where the point @ differs
from

Fig. 15. The loop t.

point * by the argument %” of the first coordinate. Precisely, if Q = (27, e27),
then * = (e2™(n=1/m) ¢27i0) Firstly we represent ¢ by generators.

Lemma 3.11. In 7(T}, )
t = 5a,yfb’

where a,b € N and am — bn = 1.

Proof. Let p(n,0) = Q. By Lemma 3.5 the point @) can be joined to the point * in
T\ Ty,m with a curve which is the image of the segment [(n,6), (n — = + a,0 + b)]
via p. By Property 4 of the universal cover p this curve circles the torus T' (a — %)—
times along and b-times across. Since () and * differ by the argument %" of the
first coordinate we obtain as in the proof of Lemma 3.8

t=8%0.

O

By Proposition 2.5 it follows that the loop ¢, and precisely its abstract class [t], is

a generator of abelianization 7(T}, )" := 7(To,m) /[T (Tnm)s 7(Th,m)]. In particular
the classes [y] and [d] are generated by [¢]. In fact
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Lemma 3.12. In 7(T}, )

Proof. Since 7(T,,,)" is isomorphic to Hy (S*\ T}, m, Z), we may lead considerations
in the language of homology. Let p(n,8) = *. The loop (= cycle) t is homologic to
any cycle ¢; lying in the plane {e?™™} x C which circles the one thread of T, ,,, and
the loop (=cycle) v is homologous to o which circles all the points of T}, ,,, (see
Fig. 16).

Fig. 16. The cycles t,t;, Yo

Since in the plane {€*™} x C the set ({e2™} x C) NT,,,, has n points the cycle
Yo is homologous to the sum of cycles ¢;, circling these points. Then [yo] = n[t] in
H1(S*\Ty,m, Z). Hence in 7(T}, ,,,)" we have [y] = [t]". We do the similar reasoning
for the loop 6. We obtain in 7(T}, ), [0] = [t]™. O

We can now proceed to calculate the Alexander polynomial of the torus knots
Thoom-

Theorem 3.13. For every relatively prime postive integers n,m we have
) = @™ —-1)(t-1)
m (=)t - 1)

Proof. Because m(T), m) = F(x,y)/ (z"y~™) then using formal derivatives we ob-
tain

O (xy—™ n_1
0" ™) _yipr . gL
ox z—1
8(:L.ny7m) _ 71‘”],{71 . Iny72 . xnyfm _ 7xny7mym — 1’
dy y—1
whence
" —1 yrn_l
M _ N, —m
7(Th,m) 1 , — & yfl
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By Lemma 3.11 t = 2%~

and y = t™. Then

is a generator of 7(T}, ,,)" and from Lemma 3.12 x = ¢™

T(Tn,m) tm 1"’ tm—1 |
Hence ( )( )
tmn _q tmn _ 1 ™ —1)(t—1
A ) = D _ = .
Tn,m( ) GC < m _— 1" tn—1 ) (tm — 1)(tn — 1)

The last equality follows from the assumption GCD (n,m) = 1 and simple facts
about roots of the unity.

This ends the proof. O

In particular for the trivial knot T3 ; we obtain Ar, ,(t) = 1. Hence we get

Corollary 3.14. If T is a trivial knot then Ap(t) = 1.

Hence we get a topological classification of torus knots of the first order.

Theorem 3.15. The torus knot of the first order T, ,, is trivial if and only if
n =1 orm = 1. Two torus knots of the first order T}, p, and Ty, n,m,k,l > 2,
are equivalent if and only if (n,m) = (k,1) or (n,m) = (I,k).

Proof. The first part of the theorem follows from Remark 3.2 and the fact that for
n,m > 2 the Aleksander polynomial of T;, ,,, is not constant (deg Az, , > 0).

Assume now that torus knots T}, , i 1)1, n,m, k,l > 2, are equivalent. Then

their groups are isomorphic. Hence A, , = Ar, ,, that is

5) (trr—n-1) (@ -1t- )
@m—-0@Er-1) (-1 -1)

This equality implies

(6) mn = ki

because otherwise, for instance mn > kl, some primitive root of unity of degree
mn would be a root of left hand side of (5) and not of right hand side, which is
impossible. If mn = kI then again from (5) it follows in similar way that

(7) m=korm=1.
From equalities (6) and (7) we obtain (n,m) = (k,1) or (n,m) = (I, k).
If (n,m) = (k,1) or (n,m) = (I,k), then the identity mapping in the first

case and the permutation of coordinates (z,y) — (y,z) in the second one are
homeomorphisms which give the equivalence of knots.

This ends the proof. O

Remark 3.16. Of course, we can also consider torus knots T;, n, for any integers
n,m € Z\ {0} which satisfy GCD (n,m) = 1. In these cases all the above reasoning
are analogous with obvious changes. Limiting our considerations to positive n,m
results from the fact that we obtain such knots from curves singularities.
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4. TORUS KNOTS OF HIGHER ORDERS

Recall that by definition T := {(x,y) € C? : |z| = 1, |y| = 1} C OP. Let
ni,mp € N and GCD(ni,m1) = 1. Consider the torus knot T,, ,,,, C OP. Then

Tnl,ml — {(BQﬂinlt’eQTrimlt)’ te [071]} cTC BP

Take r1, 0 < r; < 1. Instead of T}, ,,, We consider the equivalent to it the torus
knot in OP

{(e2mimt ity ¢ € [0,1]} C OP.

We will also denote it by 17, ,,. We define closed tubular neighbourhood of T, m,
contained in 0P by

Tu‘be(T’ﬂl,ml) = U ({x} X K(y, 7‘2)),
(2,Y)€ETnq ,my

where 77 is so small that the closed discs with centers in the points y1,. .., ym, and
radius 79, where

7T1_1(l') ﬁ Tnhml =x X {y17 et 7ym1})

are contained in the disc K (0, 1) and are pairwise disconnected (see Fig.17).

Fig. 17. A tubular neighbourhood of

Tnl sy

Then Tube(T,, m,) is given parametrically by

Tube(Ty, m,) = { (¥ p1e2™ Mt 4 re™) s € [0,1], 7 € [0,79]}.
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Obviously Tube(T), m,) is contained in OP and its boundary 9(Tube(T},, m,)) is
homeomorphic to the torus. We choose the following homeomorphism

®) : T — (Tube(Th, m, ),

@1(62mt, eQﬂ'is) _ (eQﬂin1t7r162ﬂ'im1t =+ 7“262“8), t, s e [07 1]

Let T}, m, be an arbitrary torus knot of the first order lying in " C JP. Then
ng,mg € N and GCD(ng, ma) = 1. So ®1(T5,, m,) is a knot in OP, and thus (through
the homeomorphism F) a knot in S3. These types of knots are called the torus
knots of the second order and denote by T(,, m.1)(ns,ms) (both in OP and in S%).
The type of this knot in P does not depend on the choice of the radii 71,7 as
long as they satisfy the above assumptions (because there is a homeomorphism
transforming the unit disc into oneself, being an identity on the boundary, carrying
points Ty, m,)(na,m,) t0 the points of the same knot with different radii +/,r5).
Because the knot T}, ,,, in 7" is given by the formula

Tng,mz _ {(eQWiTLQt’eQT(imzt)’ te [0’ 1]} cC T7
then Ty, m,)(ns,ms) is described by the formula (see Fig. 18)

T(n1,m1)(n2,m2) — {(e2ﬂin1n2t7rle2mm1n2t + r2627rim2t)’ te [0, 1]}

Fig. 18. The torus knot of the second
order.

Higher-order torus knots are defined inductively. For a given torus knot of the
k-th order T(p, my)-..(ny,ms) C 0P, k > 1, given by the formula

[07 1] S5t (eZﬂinl..,nkt, rleZWimlng...nkt + r262ﬂimgn3...nkt 4L+ Tke27rimkt) c 8P

we consider its closed tubular neighbourhood Tube(T(nl,ml)...(nk’mk)) with suffi-
ciently small radius rg41 (such that this neighbourhood is contained in dP; and
that the closed discs of this neighbourhood in each plane {2} x C are pairwise dis-
joined). The boundary 9(Tube(T(, m,)--(ny,my))) is homeomorphic to the torus
T. We fix the following homeomorphism

Sy T — 8(Tube(T(myml)..i(nk’mk))),

(bk(e%mt’ eQTns) — <€27r1n1..4nkt7r162wzm1n2...nkt + T2€27r1m2n3...nkt+

co 2T €27 t,s €10,1])}.
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Let Ty, ., myy, be any torus knot of the first order lying in 7' C 9P. Then
@4 (Thy sy mpsr) is a knot in OP and thus a knot in S®. These types of knots are

called the torus knots of the (k + 1)-th order. It is given by the formula
(8) t— (627rin1...n;€+1t7 T162m'm1n2...nk+1t + T262ﬂ'im2n3...nk+1t 4.

+ ,rk627'rimknk+1t + T'k;+1€2ﬂ-imk+1t) fort e [0’ 1]

According to Remark 3.2 the torus knot of the first order T}, ,, is trivial if and
only if n = 1 or m = 1. Due to the lack of symmetry between variables x and y in
the definition of higher-order torus knots, this type of theorem only takes place for
the first index.

Proposition 4.1. Let T(;y, m,)...(nj,,my) be a torus knot of the k-th order and n; =1
for some i € {1,...,k}. Then

Tnyma)(nmi) ~ Lng,ma)o(ni1,mi_1)(nigr,mis) - (ng,me)-

Proof. First we show that T, m,).(ni_1,m;_1)(1,m;) 18 equivalent to
Tinymy)e-(ni1,mi_). in OP. For any z = e?™ in the plane {z} x C we have
ni - ... n;—1 points of the knot T(n, m,)...(n;,_y,m;_,) lying in the unit disc.

Around each of these points a circle with a sufficiently small radius r; is given
(such that closed discs with these radii are disjoined and are contained in the
interior of unit disc). On each of these circles is given one point of the knot
Ttny,m1)-(ni—1,mi_1)(1,m;) and these points depend continuously on x. Assuming
that r; are small enough, we can include these discs in discs with a greater radii
r; > r; and the same centers such that their closures are still disjoined and con-
tained in the open unit disc (see Fig. 19).

Fig. 19.

It is easy to show that there exists a homeomorphism h, of the unit disc on itself
carrying out the points of the knot T(,,, m.)-..(ni_1,m._1)(1,m;) O0 corresponding them
points of the knot T(y, m,)...(n;_1,m,_,) and being the identity on boundaries of the
unit disc and discs of the radii 7;. Moreover, we may choose h, such that they
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depend continously on . Then the mapping

F:0P — 0P,

Flop, (x,y) == (2, ha (y)),

Flop,(2,y) := (z,y)
is a homeomorphism of 9P transforming Ty, ym,).-.(n;_1,mi_1)(1,m;) Oon the knot
Tiny;m1)(ni1,ms_1)- Further constructions of torus knots of successive orders ap-

plied to the equivalent ones Ty, m,)--(ni_1,mi—1)(1,ms) 3D Tny my)e(ni_1,mq_) lead
to equivalent knots.

Remark 4.2. There is no similar theorem when m; = 1 for some i € {1,...,k}.
See Remark 4.8.

We will now describe the knot group of T(,,, m,)...(ny,my,)- We described the knot
groups of torus knots of the first order in Theorem 3.10. For every ni,m; € N,
GCD(ny,m1) = 1, we have

T(Tnymy) = F(x,y)/ (x”lyfml) .

We compute now the knot groups of torus knot of the second order
Tny ;mi1)(na,ms)- By definition

W(T(nl,ml)(TLQ,mQ)) =T (aP \ T(nl,ml)(ng,mg); *) =T (RB \ cbl(T(nl,ml)(nQ,mg)); *)7

where the point * & T(y,, 1m,)(ny,mo)- LTake the point * lying on the boundary of
Tube(T), m, ). As generators we fix the following three loops based at x:

1. the loop v as in the case of torus knot of the first order T, ,, ; call it here 7
(see Fig. 20),

2. the loop 6 as in the case of torus knot of the first order 7, ,, ; call it here d;
(see Fig. 20),

Fig. 20. The loops o, 01.

(for a better geometrical representation of these loops, we have drawn a point *
outside the torus),
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3. the loop being the "axis" of the tubular neighbourhood Tube(T},, n,); call it
here 05 (see Fig. 21). It is equivalent to T, ,,, in OP.

Fig. 21. The loop 0.

We show now

Lemma 4.3. The loops Yo, 61 and &2 are generators of ©(Tn, my)(ng,ms))-

Proof. The proof is similar to the case of the first-order torus knots T}, ,,. By
the homeomorphism F : 9P — S3 we move considerations to S* = R3 U {co}.
Take any loop £ in R\ T, m,)(ns,ms) based at * (recall we chose the point * in
A(Tube(Tyn, 1)) \T(ny,m1)(na,ms)- Changing & by a homotopy we may assume & is a
broken line. Hence x has a finite number of common points with d(Tube(T}, m,))-
So, we may represent x as a finite sum of curves

K=Ki...Kg,

where each curve r; lies either in R?\ Tube(T,,, .n,) (except the ends of the curve)
or in the interior of Tube(T},, m,) (except the ends of the curve). By Lemma 3.4
each common points of x with 9(Tube(T},, m,) can be joined by a curve with the
chosen point * in d(Tube(Ty, m,)) \ T(ny my)(ns,ms)- LThen changing homotopically
% (by moving each common point with the entire curve to the point * along such
a curve) we obtain that s is homotopic to a sum of curves K; ... Ky, where each
curve &; is a loop in R?\ T(ny,m1)(naymo) based at x and lies entirely either in
R3 \ Tube(T, m,) or in Int(Tube(T,, m,)) (except the ends of the curve). Those
running in R3\ Tube(7,,, ., ) are obviously generated by 7 i 61, and those running
in Tube(T,, m, ) are a multiple of d;. Then g, §; and J; are generators of the group

W(T(nlyml)(n2»m2))' O
We describe relations between o, 01 and d2 in (T, my)(na,ms))- Of course, the
relationship between -y and ¢§; is the same as in case of torus knot T(myml)

(R1) Yo't =07t

To determine the relationship between do and the pair vy, §; we consider an
auxiliary loop 1 (Fig. 21); it corresponds to the loop ¢ in the case of T, ,,, from
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Lemma 3.11.

Fig. 21. The loop ;.

By this lemma
(9) "= 5(1170_b7
where a,b € N and am; — bnqy = 1.

Consider the loop k¢ (Fig. 22) based at *, lying in d(Tube(T},, m,)) "parallel" to
Tny,m1)(na,ms)s 50 circulating d(Tube(T,, m, )) ne-times along and mo-times across.
It means that the homeomorphism ®;* transforms the curve #q into a curve which
circles T no-times along and ms-times across. Hence the projection kg on the unit
circle (via the projection pr; : C> — C on the first axis) goes around this circle
ning-times in a positive direction.

Fig. 22. The loop ko.

If we change homotopically ko so that it will lie inside Tube(T5,, 1m,) (With ex-
ception of *), then obviously
(10) Ko ~ 05
(because d5 is an "axis" of Tube(T),, m, ), and kg circles ne-times along this tubular
neighbourhood).

If we change homotopically ko so that it will lie outside Tube(T},, m,) (With
exception of %), then
(1) Ko ~ ApTRGT,

To justify this, let’s first determine the integer s such that the curve 77k is ho-
motopic to a multiple of §; and precisely homotopic to 67*"* (because the pro-
jection of kg on the first axis circles the unit circle nyns-times). For one turn kg
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around Tube(T},, 1, ) (there are exactly mo of them) therefore corresponds %122

rotation of the projection on the first axis. So the point P in Figure 23 will do

nanz M _— MUN2 Gtation.
m2

o =
m2 ni

Fig. 23.

Therefore, to obtain a curve being a multiple of d1, (it is the axis of Ty, m,, S0 it
is represented in the Figure 23 by the center of the circle) —1 + « turn should be
made.

Because kg turns around Tube(T},, i, ), Mmo-times then s = ma(—14+a) = —mo+
ming. Hence v ™™™ kg ~ 57172, This gives (11).

From (10) and (11) we get the relation
(12) B2~ AT,

In turn, by (9) we get the relation between g, 01, 92
(R2) 5~ (6" .

(R1) and (R2) are the only relations between +, d1, d2. To prove this, it is sufficient
to use the Seifert-van Kampen theorem (see the proof of Theorem 3.10). Then we
get

)mQ—m1n2

Theorem 4.4. For any torus knot of the second order T(n, m,)(ns,ms) we have
ni.—m a,,—b\M27MIN2 cping c—n
7T(j_‘(nl,’I’?’Ll)(’ﬂz,’rnz)) = f(’)/07(51, 52)/ <511’YO 17 (6170 b) 511 262 2) .

We can now calculate Alexander’s polynomial of torus knots of the second order.
For any relatively prime positive integers m,n we define the polynomial
@m—-1)(t—1)

(tm = 1)(t™ —1)°

These are indeed polynomials by properties of the roots of unity and the assumption
that GCD(m,n) = 1. Then the Alexander polynomial of the torus knot of the first
order T, ., is equal to Wi, ,n, (t).

Wom(t) :=
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Theorem 4.5. The Alexander polynomial of the torus knot of the second order
T? := T(ny 1my)(nayms) 05 given by the formula

A2 (t) - Wm ,m1 (tnz )an ;M2 —minz+mining (t)
Proof. From Theorem 4.4 we have
7T(T2) ) -7:(')’0751; 52)/ (5?1%)—77L1, (51176b)m2—m1712 6?1n252—n2) .

Denoting the first relation by R; and the second by Ry we get through formal
differentiation

%:_5n17—m176n1_1 0R; :5?1—1 OR; 0
6’}/0 ! 0 —1 ’ 851 51_1 9 852 .
and
. —bym2—min
ORy __, _b<(6no )" 2—1>73_1
G~ Sy =1 -1’
8R2 _ (5T70_b)m2_7n1n2 -1 5? —1 + (5a’yfb)m2*m1n2 &
06, 5oy —1 o1 —1 1% 51
ORs oy ma—maing g2
_— = 6(1 5n1n25 ng Y2 )
352 ( 170 ) 1 2 5y —1
Taking into account the equality v1 = 0{vy b where am; — bny = 1, and

that in 7(T(n, m,)(ns,ms))” We have vo = 7"", 01 = 7{"', we obtain equalities in

7T(jj(nl ,ml)(nz,mz))/

8R1 ’}/inlml -1 8R1 ’y?lml -1 6R1

= — 5 = 5 = O'
870 ’}/{ll -1 851 ’}/Inl -1 662
and
ORy (v — 1) At _ (27T = 1) APy
% " m-1 w-1 w1 n-1’
Oy _ A7 ™™ —190™ =1 0 1
26,  q-1 o1 T
aRQ ,y{ng—mln2+m1n1n2 -1

96y 5y — 1
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Then minors of the second degree of the Aleksander matrix of the group 7(7?)" are

o ZBZO Zag _ OR, 0R; R, ORy
e e Oyo 061 041 Oy
_ 1 (O ) (™ D) T
" -1 n-1 wr-1 8 " -1
o1 (T =) (f™ =)
7"t -1 m—1 "t -1
AR (I 1) (5 1) (g 1) (g~ 1)
(=DM =) (=DM -1
_ (,.Yzlln"u _ 1) (711712—7711n2+m1n1n2 _ 1) W (,y )A’/{ng—mlnz+m1n1n2 -1
(=DM -1 o m—1 ’
M, = % zag; _ OR, OR, _ W{L;ﬂll ~1 ,ying—mlnz—i-mlnlnz . 1,
a’yg 8522 6’}/0 8(52 Y1 -1 (52 -1
My = 29;;11 Z?g; _ IR, ORs _ 7?17711 -1 ,y;n2fmlng+m1n1n2 _ 1.
8612 6622 861 852 ")/{nl — 1 52 — 1

Because the loop 72 (see Figure 24) is a generator of the group m(T2),

Fig. 24. The loop ~».

then in m(T?)" we have 71 = 75> and §; = v5"*">. Hence from equality (12) we get
Y Y2 Y2

(52 _ 7312—m1n2+m1n1n2' Then
,y(mz—mm2+m1n1nz)n2 1
! no 2
Ml - 7Wn17m1 (72 ) no 1 )
Yoo
niming (ma—mins+minina)na
a2 -1 -1
2 ning __ ma—mina+mining ’
Y2 1 Y2 -1
niming (ma—mins+mining)na
a2 -1 -1
3 ming ma—mina+mining
Y2 1 V2 -1
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Since GCD(ng, my — ming + mining) = 1, we easily show
GCD(My, M3, M3) = GCD(My, GCD (M3, M3))

(ma—minz+mining)ng nimin nimin
~1 1mane g manz
— GCD (M{, V2 GCD (’71 ,71m1n2 : >>

mo—minga+mining ninz __
2 -1 1 1 71

7(7”2—1’711712-‘1—771171‘1”2)’”2 . 1
= GCD M{a 2 Wi m, (7;2)

mz—minz+mining 1
2

’ ma—minz+mining __

Y5 =1 Yo

= Wnl ,mi (7;2 )WTLQ ;M2 —Mming+mining (72)'

,Y(mz—mlnz-i'mlnlnz)nz 1 ,Y(mz—mlng-i-mlnlng)nz 1
= thml (ng) GCD 2 2 1

Putting ¢t = vy, we get the assertion of the theorem. (|

We will now discribe the general case of the torus knots of the g-order TY :=
Ty mi)e-(ngimy) C OP. We will calculate m(79) = m1(0P \ T, %), where * ¢ T9.
We choose the point * on d(Tube(T971)) \ T9. As in the case of the second order
torus knots, it can be shown that the generators of m(T9) are 7y and the "axes"
d1,...,04 of consecutive tubular neighbourhoods (see Fig. 25).

Fig. 25. Generators of w(T9).

Of course §; ~ TV :=Ty 1, 0o ~T",..., 8, ~ T97 in OP. The same reasoning as
in the case of the second-order toru knots (using the Seifert-van Kampen theorem)
we will obtain that there are the following relations between these generators

Rllé?l :’yénl,

L SN2 o M2—min2 $ning

(13) Ry : 657 = oy,
L Sng A Tg T Mg —1Ng ¢Tg—1Tg
Ry : 699 =71 (5g_1 ,
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where v9,71,...,79—1 (see Fig. 26) are loops circling one thread of the torus knots
T, T, ..., 797! respectively.

Fig. 26. The loops vg,...,74 — 1

The loops satisfy the relations
= 5‘1“76b1, where aq1,b1 € N, aymq — biny =1,
(14) Yo = 6‘2127fb2+a2m16fa2"1, where ao,bs € N, asmo — bang =1,

ag—1_—bg_1+ag_1mg_oc—ag_1ng_2
Yg—1 = 0427 Vg3 TS, S8R, where ag_1,by—1 €N,

Ag—1Mg—1 — bgflngfl =1.

In fact, we will show this only for 5, because the reasoning in the general case is
analogous. We have to express vo by 71,01, d2. Fix point * on d(Tube(T1)) \ T2.
Let’s denote by @ the point on d(Tube(T!)) \ T? that differs from the point *
by 1/m rotation of the projection on the first axis (in coordinates given by the
canonical homeomorphism ®; : 7' — d(Tube(T"))) (see Fig. 27).

Fig. 27.

By Lemma 3.4 the point () can be connected to the point * by a curve lying in
O(Tube(T')) "parallel" to T2. In coordinates given by the canonical homeomor-
phism ®; : T'— 9(Tube(T"))) this curve circles the torus 9(Tube(T")) az — 1/ma-
times along and bs-times across. Therefore, by moving the point () along this curve,
together with the entire curve 7, we get a curve homotopic to curve v, in 9P \ T2
with the initial and final point in *, whose the first part lies inside Tube(T") (except
the point *) and the second one out of Tube(T"). Denoting these curves by x; and
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Ko, we have 9 = K1ko. We will now express x1 and ko by 71,071, d2. Because the
curve connecting () with * makes as —1/ms and the first part of vo (from the point
* to Q) makes 1/my rotation along d(Tube(T")), and d, is the axis of Tube(T),
then

K1 = (5(212.

Determining xo is much more difficult. The curve ko makes —by rotations across
O(Tube(T')). We will determine s € Z such that v{ks is a multiple of 61, more
precisely equal to d; “*"' (because the projection of k2 on the first axis makes
—asgny rotations; in fact, —as rotations in coordinates of ®; but each such rotation
corresponds to nj rotations of the projection on the first axis in C?). Let’s analyze
one rotation around 9(Tube(T")) towards negative orientation (see Fig. 28).

Fig. 28.

After one rotation in the negative direction around d(Tube(T)) a point R goes
to a point R’ and the projection of the path made by the point R on the first

axis will make of course ni3> rotation (because the rotational speed of R is §2)

b2
towards negative orientation. Then the point P (its rotational speed is 7*) will
make rotation o = %"1% = %2“2. Then to get a curve which is a multiple of

01 it is not enough to make 1 rotation (for every single rotation of k2), but you
should also add an « rotation in the negative direction. Because ko makes by
rotations so s = by(1 — &) = by — myas. Hence vlf"’_mla? Ko = 67 ™, which gives
kg = Ay P22 5792 Consequently

Vo = K1Ko = 5;271_b2+7'“a251_a2"1.
Then we obtain

Theorem  4.6. For any sequence of pairs of natural numbers
((n1,m1), ..., (ng,mg)) such that GCD (n;,m;) =1,i=1,..., g, we have

(L ma)-(ngmg)) = F (70,015 0g) [ (Bas -, Ry),
where Ry, ..., Ry are relations given in (13) and (14).

We can now give the Aleksander polynomial of the knot 79 := T(y,, m,)-..(ng,m,)-
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Theorem 4.7.
(15) Ars (t) = Wnl)\l (tnzmng)an,)Q (tngmng) ce an,l,)\g,l (tng)W”gv)‘g (t)7

where the sequence A\q,---, Ay is defined recursively
A1 =my,
(16) A =Mk — Mpg_1Nk + Ap_1Nk_1ng, k> 2.

Proof. We proved it for g = 1 and g = 2. Proof of the general case can be found in
[Le]. O
Remark 4.8. In particular for the knot T := T (3 1)(2,1) we have Ar(t) = Wa3(t),
so it’s not trivial knot.

We will now show that, under additional assumptions, the Alexander polynomial
of the torus knots uniquely characterizes it. We will prove it under assumptions
(17) ng>1, k=1,...,9
(18) mE —mg_1ng >0, k=2,...,g,

This condition is always satisfied for torus knots associated with curves singulari-
ties. First, we will prove a lemma.

Lemma 4.9. If inequalities (17) and (18) holds, then
(19) Ag > Ain;...ng, i=1,...,9—1,
(20) )\gng>/\ini...ng, 1=1,...,9—1.
Proof. Because the second inequality follows from the first one, it is enough to
prove the first one. From inequalities (17) and (18) we get
Ag =My —Mg_1Ng + Ag_1Ng_1Mg > Ag_1Ng_1Nyg
= (mg—1 — mg—2ng-1 + Ag—2ng—2ng-1) Ng_1ng
> /\g_gng_2n2

g9

—1Mg 2 Ag—aMg—2Mg-17yg

O
Theorem 4.10. Let T := T(n, my).-(nym,) ond T" = T(n’l»mi)m(nﬁwm;) be two
torus knots such that
n;>1, i=1,...,9, n;>1, i=1,...,h,
(21) m; —mi—1n; >0, i=2,...,¢9,
m;—m;_n; >0, i=2,...,h.

Assume the Aleksander polynomials Ar(t) and Ag/(t) are equal. Then

g=nh,
Y
n,=n; 1=1,...,9,
— / =1
m;=m;, t=1,...,g.
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Proof. By assumption Ar(t) = Ar/(t). The polynomial Ar(t) is given by formulas
(15) and (16). Analogously
Ar(t) = Wni)\'l (tn2mnh)Wn/2,)\’2 (£ mh) W”Z LN 1( nh)Wﬂﬁzv)\ﬁl (t),
] =mi,

!/ / !/ !/ / !/
k=M~ MM + N gy, k> 2.

We will show first that
(22) (ng, Ag) = (1, Ap)-
From the form of factors of A (t) and A/ (t), namely
(t)\ Mg Mg 1) (tni+1~~»ng _ 1)
(P — 1) (e — 1)
(trama — 1) (t—1)
B =1t — 1)
and inequality (20) and analogous for T” it follows that
(23) Agng = Apnyp,.

Wi, o, (E7419) =

an)\g (t)

Indeed, otherwise e.g. if Agng, > A nj, then from the assumption n, > 1, nj, > 1
a primitive root of unity of degree A\;n, would be a root of the polynomial Ar(¢)
and would not be a root of Ag/(t), which is impossible. From the equality (23)
follows in a similar manner to the above that

(24) Ag = A
From (23) and (24) we get (22). Hence
an,)\g (t) = th AL (t)

Then dividing Ap(t) and A7/ () by this polynomial and substituting u = t"s we
get the equality of polynomials

Wiy g (@270 ) Wy g (w7070 ) Wiy xg s (u)
= Wig ag (@2 =)W g (@ =1) o W (w).
The polynomials on both sides of the equality are the Alexander polynomials of

torus knots of (g — 1)-order T(y, m,).. my_y) and T( Re-

A(Tlgfl,

peating the above reasoning, we will receive successively

U ’ U 7 .
"177”1)“'("}17177”}171)

(ngfl’)‘g%) = (n?hh ;171)

(nh)‘l) = (nllv)‘/l)

Hence ¢ = h and n; = nj} for ¢ = 1,...,g. Since A\; = my and \| = m], we
have m; = m/}. Further using the formulas for A\; we easily get tha m; = m/ for
i=2,...,9, too. This ends the proof. U
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5. THE KNOT OF AN IRREDUCIBLE CURVE

At this section we will recall the known basic properties of analytic curves in
the complex plane C2. Details can be found in many textbooks on complex curves
[KP], [W], [BK], [L].

For a given set V.C C™ by V or V we denote its germ at 0 € C™. A local analytic
curve (for short a curve) is any germ V at 0 € C? of the zero set of a holomorphic
function f € C{x,y} satisfying the conditions: f # const, f(0,0) = 0. Then
ord f > 0. The curve described by a holomorphic function f € C{z,y} we denote
by V(f). When f is defined in a certain neighbourhood U of point 0, we denote the
set of zeros of f in U by Viy(f). Because C{z, y} is the unique factorization domain,
we will always assume that the function f describing a curve V' is reduced, i.e. there
are no multiple factors in the factorization of f in C{z,y} into irreducible factors.
Each curve V' = V(f) has the unique decomposition into irreducible components

V=V,U...UVy,

called branches of V. The branches uniquely correspond to irreducible factors of f
in C{z,y}, ie. if f = f1...f; in C{z,y} and f; are irreducible and not associated
then k& = [ and after renumbering V; = V(f;) for i = 1,..., k. Because we are
interested in the properties of analytic curves, invariant with respect to biholo-
morphisms of neighbourhoods of the zero in C2, we can always assume that the
function f describing an analytic curve V satisfies the condition

(25) ord f = ord f(0,y)

(we get this condition by linear change of variables in C?). Moreover, by the Weier-
strass theorem we can additionally assume that f is a distinguished polynomial,
ie. f € C{z}[y] and has the form

(26) f(z,y) =y" +ar(z)y" '+ +ap(z), n>0, orda;>i, i=1,...,n.

Then each branch V; of the curve V(f) has the Puiseuz parameterization, i.e. there
is a holomorphic, one-to-one mapping ®;(t) = (", @;(t)), ord p; > n;, defined in
a neighbourhood of 0 € C such that V; = @ Moreover, if f is irreducible
in C{x}[y], then we may assume that in (26) orda; > ¢, ¢ = 1,...,n. Then for a
Puiseux parameterization ®(t) = (t", ¢(t)) of the unique branch of f the inequality

ord ¢ > n holds.

The basic theorem on which the study of the topological structure of Vi;(f) in
U is based is the theorem on the cone structure of isolated singularity. Before we
give this theorem we will define the concept of a cone with a given base. For any
A C C™\ {0} the cone with base A is the union of segments connecting point 0
with points A (see Fig. 29). We denote it cone(A). Therefore

cone(A):={ze€C":z=ta, t €0,1], a € A}
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Fig. 29. The cone with a base A.

Note that for any closed polycylinder P(e,n) := {(z,y) € C?: || < ¢, |y| <n} C
C? with center at zero and radii ¢, > 0 and its boundary

OP(e,n) ={(z,y) € C*: z| =¢, |y| <n}U{(z,y) €C*: |z| < e, |y| =n}

we have
cone(9P(e,n)) = P(e, n).

Theorem 5.1 (on the cone structure of irreducible curve singularity ). Let V' be an
irreducible curve and V := Vi (f) its representative. Suppose f is a distinguished
polynomial, i.e. f € C{x}[y] has the form (26) and in the Puiseux parameterization
D(t) = (t", p(t)) of the unique branch of f there is ord ¢ > n. Then there exists € >
0 such that P(g,8) C U and for every e, 0 < € < £, there exists a homeomorphism
of the pairs (see Fig. 30)

to

(P(e,e), VN Pee)) = (P(e,e),cone(V NOP(g,¢))

Fig. 30. The cone structure of a local curve.

and for any €,¢’, 0 < & < &’ < € there exists a homeomorphism of the pairs
(OP(g,e),VNOP(g,¢)) S (OP(e', "),V NaP(e,e)).

A proof can be found in [M], [P], [W]. This theorem says that the immersion
of V in P is determined, up to a homeomorphism of P, by the trace of V in the
boundary of this polycylinder.
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Remark 5.2. The theorem is usually proven for closed balls. Then assumptions
about the form of the function f are superfluous.

Remark 5.3. The theorem holds for any isolated singularity (of arbitrary dimen-
sion).

Let V. = V(f) be an irreducible curve, where f € C{z}[y] is a distin-
guished poynomial of degree n, n := ord f = ord f(0,y). Then V has a Puiseux
parametrization ®(t) = (", p(t)), t € K — a neighbourhood of the origin in C,
ord ¢ > n, in a neighbourhood U of zero in C2, i.e. f is defined in U and

(27) Vu(f)={®(t):te K} .

Denote V' := Vy(f). By the theorem on the cone structure there exists € > 0
such that P(g,€) C U and for every €, 0 < ¢ < € the traces of V' on boundaries
OP(e,e) of policylinders P(e,e) are topologically equivalent i.e. for every two
0 < g1 < &3 < ¢ there exists a homeomorphism H : 0P(e1,e1) — OP(e2,€2) such
that H(V NOP(e1,e1)) = V NOP(eg,e2). Moreover the form of ® implies that by
diminishing & we may assume that |p(t)| < |t| dla ¢t € K.

Hence and again from the form of Puiseux parameterization ®(t) = (t™, ¢(t))
it follows that for e, 0 < € < &, we have V N OP(e,e) = &(S(¢'/™)), where S(r)
is the circle in C with the center at 0 and radius r > 0. Thus, the trace of V'
in the boundary of each of these polycylinders is homeomorphic to S*. On the
other hand, the boundary 0P(g,7) is homeomorphic to a three-dimensional sphere
$3 =R3U {0} and so VN OP(g,¢) is a knot. It follows from the above that this
knot does not depend on the choice of the radius . We call it the knot of the curve
V and denote it by Ky . Then, by definition, the knot group n(Ky ) is equal to
m1(0OP(g,e) \ V, %), x € OP(e, ) \ V. By the theorem on the cone structure we may
calculate this group differently.

Lemma 5.4. n(Ky) 2 w1 (P(e,e) \ V).

Proof. Take the point * € OP(e,e) \ V as the base point for both groups m(Ky/)
and 71 (P(g,e) \ V). We have to show that

m1(OP(g,e) \ V, %) 2 m1(P(e,e) \ V, *).

This isomorphism follows from the theorem on cone structure of V in P(g,¢) be-
cause each loop in P(e,¢) \ V' with beginning and end at * is homotopic to a loop

lying in OP(g,e) \ V. d
Let  (Bo,B1,---,8n) be the characteristic of the curve V  and
((m1,m1),...,(mp,np)) be the sequence of characteristic pairs of V. Recall
that if p(t) = ap, 7' + ap,t?> + ..., ap, #0, ¢ > 1, then
BO =n,

ﬂi = mln{pk : GCD (ﬁ07ﬁ17 e aﬁi—hpk?) < GCD(BOaﬁl?' .. aﬁi—l)}a 1= 17 .. 'ah
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and
Br ™ oDy, ) = 1,
Bo 1
B mo
== = D =1
Bo  ming’ GOD(mz,n2) =1,
Bn mp
Pro_ M GOD(mp,np) = 1.
Bo my-oonp (ma, )
Since 8 5 5
1 o h
D= <2
Bo  Bo Bo
then
(28) m; < mi_1n; dlai= 2,..., h.

Theorem 5.5. Under the above assumptions on V' the knot Ky is the torus knot
of the h-order of the type (my,n1),...,(mp,np), i.e.

Ky ~ T(m17n1),~~~7(mh7nh)'

Proof. Fix the above assumptions and notations. Denote by pr; the projection
of C? onto the first axis: pri(z,y) = . We will define an auxiliary characteristic

sequence ((ny,m}),. .., (ng, ,mjy, ) of the curve V. Its construction is analogous to
the construction of the sequence ((mqy,m1),...,(mu,np)) with the difference that
we allow equality n = 1. If y(t) = ap, t"* + ap,tP> + ..., ap, # 0, we put
li
P my ror
— = —, GCD(mj,ny) =1
n n/l ) )
/
m
B / 2/ ’ GCD(mé’né) =1,
n  ninj
Ps '
- = be GCD(m.,_,n, )=1
¥ = e GODlm ) = 1
where pg = (. Note that the sequence of characteristic pairs
((m1,m1),...,(mp,mp)) is a subsequence of ((my,ny),...,(my,,n;,,)) and
(mp,np) = (m;ﬂ,n;ﬁ). More precisely, it suffices to omit from the sequence
((my,nh), ..., (my,,ny,)) the pairs for which nj = 1. We will show that
the knot of V is eqivalent to T, , , ..y Then by Proposition 4.1
(nl,ml)...(npﬂ 7'rnpﬁ)

T(n’1>m’1)~~(%ﬁ7m;3) = Ttmy,n1)...(mn,np)» Which will give the assertion.

We will show the equality Ky = T( by approximation of the

nfm4 ). (ng, mi, )
knot Ky by knots received by "truncation" of the parameterization ®. More specif-

ically, we will prove that for any i = 1,..., p the image of the mapping
Dy(t) == (t", ap, tP* + ... +ap,tP), te SEVn),
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is a knot of the type T(n,l m ) (

(nlom?)- In particular for i = pg the image ®,, of

Then we will notice that the

’ ’
i

the circle S(¢'/™) has the type T(n,1 m})

...(n;ﬂ ,mz/nﬁ)'
images by ®,, and ® of the circle S(e'/™) have the same type in dP(e, ), whence

we obtain T(n, mt)...(n! ~ Ky, which gives the assertion.
151 ).\

Let’s consider first the case i = 1, i.e.
By (t) = (t", ap, tP), t € S(e/™).

Decreasing ¢ we may assume |a,, tP*| < ¢ for t € S(¢!/"). The image of ®; is
obviously equal to the image of the mapping

DLed(t) i= (1", ap, t™), t € S(eV/™),
and this is the first order torus knot of type (m},n}). This knot lies in the torus
{(x,y) : |z| = ¢, |y| = |ap,e™/™1|}. Let’s denote this knot by Tj.
Consider now the case i = 2, i.e.
Do (t) = (t", ap, P + ap,tP?), t € S(/™).

Decreasing ¢ we may assume that |a,, tP* + a,,t"?| < ¢ for t € S(¢'/™). Notice the
image of mapping ® lies in the boundary of tubular neighbourhood of T} with the
radius |ap,£P2/"| . In fact, for every t € S(e'/™) we have ®5(t) = ®1(t) + (0, ap, tP?)
and if £ is sufficiently small, then discs with radius |a,, | e”?/™ and centers in points of
the set m; ' (z) N Ty, |z| = &, are contained in the disc K (0,¢) and they are pairwise
disjoined (the latter follows from the fact that the distance of any two different
points of Ty in m; '(z) is greater or equal to |a,, (1 — p)tPt| = |a,, (1 — p)|ePr/",
where p is a primitive root of unity of degree p; and the inequality p; < pa).
Moreover, the image of ®5 is of course equal to the image of the mapping

B (t) = (1772, ap, 17075 + 0y, t72), 1 € S(eH/M2),

and this is a torus knot of the second order of the type (n},m}) (n},m}). Let’s
denote this knot by T5. By repeating this reasoning (decreasing ¢ each time, if

necessary) we will finally get that the image of the circle S(e'/™) by ®,, is a torus

knot in P(e, ) which has the type (nj,m})...(n},,m; ). Moreover it lies in the

boundary of OP(e,¢). Let’s denote this knot by T,

It remains to compare the knot Tj,, with the knot Ky, i.e. the images of the
circle S(e'/™) by @,, and ® in OP(e,¢). Since pg = B, we have to compare the
images of ®5, and ®. We have

D, (1) = (1", ap, tP* + ... +ag, t7"), t € S(V/™),
D(t) = (1", ap, P + ...+ ap, tP" +...), te S(EV™).
For a fixed z, || = €, and every ¢ such that ¢" = = we have
prit (@) N T, = {(t" ap, (p)™ + ...+ ag, (o)) 1 p € U(n)},
@) 1 Ky = (%, apy (" + ...+ ag, ()7 +...) 1 p e Um)},
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where U(n) is the set of roots of unity of degree n. Because

GCD(nvph s 75/1) = 13
then for sufficiently small € each of this set has n elements. We show this for the
set pri ! (z) N Tp,, because the reasoning for the set pry*(x) N Ky is analogous. If
for some p,p € U(n), p# p, and t € S(¢*/™) it holds

Qp, (pt)pl +...+ag, (pt)ﬁh = Qp, (ﬁt)pl t...t+ag, (ﬁt)ﬂh )
then
ap, tPr (PP — pPr) + ...+ a[ghtﬁ’* (pﬂh — ﬁﬁ”') =0.

Then, if this equality hold for an infinite number of ¢ — 0, then

PP — PP :O’_..7p5h_b'ﬁh:0.

P1 Bhn
(f) :1,...,(@) —1.
p p

From properties of the roots of unity we conclude GCD(n,py,...,8r) > 1, which
is contrary to the assumption.

Hence

Denote these points as follows
pri (@) N Ts, = {F,:p€U(n)},
prit(x) N Ky = {]3/3 :peU(n)}.

The distance of each two different points P, and P, for p,p’ € U(n) and € small
enough satisfies the inequality

(29) HPp - Pp'” > CePr/n

for some constant C' > 0. In fact, since p # p’, the condition GCD(n,py,...,8,) =1
implies the existence of p; such that pPi — pPi # 0. Let p;, be the least such p;.
The for sufficiently small ¢ we have

1By = Pyl = lap, 7% (970 — 7750) + ...+ ag, t% (5% — ) |
> |api0tpi° (pPio — pPio) | — |apio+1tpm+l (pPio+t — pPio+1) 4 4 aﬁh’t,@h (pﬁh _ ﬁﬂh) |
Z 51|tpi0 _ 52|tpi0+1|

for some positive constants 51, 62. Since p;, < piy+1, for sufficiently small ¢

~ - c
Caltro] = Caftro| > SHero

In turn p;, < B, whence

ﬁ“pio > g|t6h| _ ﬁeﬁh,/n7
2 2 2

which gives (29). On the other hand, the distance of points P, and JSP for the same
p € U(n) and ¢ small enough satisfies the inequality
1P, — B,|| = lag, 1t T pPHl | < O [P+ = CleBrt/m,
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Since B, < Br+ 1, decreasing € we may assume that points ﬁp belong to discs with
centers at P, and these dics are contained in K(0,¢) and are pairwise disjoined
(see Fig. 31).

Fig. 31. Points P, and ]3[,.

Of course, points P, and 13,) depend continuously on the point z. It is not difficult
to prove for each x the existence of homeomorphism h,, of the disc K (0, €) on itself,
continuously depending on z, transforming points P, into points JSP and being the
identity on the boundary.

By extending these homeomorphisms by identity to the rest of the boundary
OP(e,¢e) we get that the knot T, is equivalent to the knot Ky .

Hence Ky is a torus knot of the type ((m1,n1),...,(mn,np)). O

6. TOPOLOGICAL EQUIVALENCE OF IRREDUCIBLE CURVES

We can now prove the basic characterization of topological types of irreducible
curves. First we will give the necessary definitions. Two curves V. = V(f) and
V= V(f) are topologically equivalent, if there exist neighbourhoods U, U of the
origin in C? such that pairs (U, Vi (f)) i ([7, Vﬁ(f)) are homeomorphic, i.e.

(U, Vu(£) % (T, Vg ().

It means, there exists a homeomorphism H : U — U leaving the point 0 fixed,
which sends Vi (f) on V5 (f). Of course, this relation is a relation of equivalence
in the set of curves. Abstract classes of this relation are called topological types of

CUTVES.
Theorem 6.1. Two irreducible curves have the same topological type if and only
if they have the same characteristics.

Proof. 1. <= . Let V and V be two irreducible curves with the same characteristic
(Bo,B1,--.,Pn). Using a linear change of variables in C?, we may assume that

V= V/(?) and V = Vf,(f), f.fe C{x}[y] are distinguished polynomials, ord f =
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ord f(0,y) = ord f = ord f(O,y). Denote V := Vi (f), Vo= Vﬁ(f). By assumption
on common characteristics, it follows that f and f have the same sequence of
characteristic pairs

((m1,n1),...,(mp,np)).

By Theorem 5.5 for their knots Ky and Ky we have

Kv ~ Ty ny),....(mn )
K‘7 ~ T(ml,nl),“

S(mp,mp)-

Hence Ky ~ Ky as knots in dP(g,¢) for sufficiently small e. Then the pairs
(0P(e,e), Ky) and (OP(e,¢), Ky7) are homeomorphic. Hence, by extending this
homeomorphism (along the segments connecting the points of OP(g,e) with 0)
we will get a homeomorphism of the pair (P(e,e),cone(Ky)) with the pair
(P(e,€),cone(Ky)). By the theorem on the conic structure these pairs are home-

omorphic to (P(e,e),V N P(e,e)) and (P(e,e),V N P(e,¢)), respectively. Then

(P(,e),V N P(e,e)) R (Ple,e), V N Pe,e)).
Hence, after restriction this homomorphism to the interior of P(e,¢) we get

(Int P(e,e),V NInt P(e,€)) Y (Int P(e, €), V N Int P(e,e)),

ie. ViV are topologically equivalent.

2. = . Suppose that irreducibles curves V' and V are topologically equivalent.
Using a linear change of variables in C2, we may assume that V = Vi (f), V =

=

Vﬁ(f) where f, f € C{x}[y] are distinguished polynomials and
O(t) = (t", (1), ordp >n, t € K,
B(t) = (t™, (1), ord@ >m, t € K,

are their parametrizations in neighbourhoods of U and U , respectively. Let

((mlvnl)v ceey (mgvng))a
((ﬁlhﬁl)? ) (mha ﬁh))

be characteristic pairs of V' and V "read off" from the parameterizations ® and
®. By Theorem 5.5

KV ~ T(ml,nl),...,(mg,ng)v

Ky ~ T iir) oo (i in)-

We will now show that the knot groups 7(Ky ) and m(Ky) are isomorphic. By
assumption V' and V are topologically equivalent. Then decreasing U and U, if

necessary, there exists a homeomorphism F': U — U which maps Vi (f) on V5 (f).
Take € > 0 such that P(e,e) C U. Assume ¢ < &, where £ is the radius of a
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policylinder, appearing in the theorem on the conic structure, "good" for both V
and V. Take rq,rs,r3, 74 such that

O<ra<ri<e, O0<rg<ryz<e
and
F(P(r4,r4)) C P(rg,r2) C F(P(rs,r3)) C P(ry,r1) C U.
Hence

F(P(r4,r4))\V C P(ra,72) \V C F(P(r5,r3))\ V C P(r1,71) \ V.

These inclusions induce a sequence of homomorphisms of the first homotopy groups
of these sets.

TU(F(P(ra,r))\\V) D 11 (P(ra, ra)\V) B 11 (F(P(rs,ra))\V) LB 700 (P(r1, 1)\ V).

Of course, the superposition f3 o fa, induced by the embedding P(ra,72) \ Ve
P(ry,71) \ 'V, is an isomorphism by Lemma 5.4. Since F is a homeomorphism of
U on U mapping V on V, then

m(F(P(ra,ra)) \ V) = w1 (P(ra,ra) \ V),
71 (F(P(r3,73)) \ V) = 11 (P(rs,r3) \ V).

Hence we get the sequence of homomorphisms

T (P, r) \ V) 33 11 (P(ra, 1) \ 7) 3 11 (P(r, 75) \ V) L 70 (P4, 71) \ V)

in which the superposition (induced by emeddings) f}, o fé and E ) ]71 are iso-

morphisms. From here we can easily check that the homomorphism f5 is also an
isomorphism. By Lemma 5.4

mi(P(r3,m3) \ V) = n(V),
m1(P(ra,m2) \ V) 2 7(V),

whence (V) 2 7(V). Hence their Aleksander polynomials A(Ky ) and A(Ky)
are equal. But by the Theorem 5.5 Kv = T, ny),... .(myn,) and Ky =
T, 1), (7n,7)» Which implies

ATy n),(mging)) = AT (G 700),eo (o i) )

Because for characteristic pairs ((mi,n1), ..., (mg,ng)), (M1,n1), ..., (Mp,np)) of
curves V and V, inequalities (28) are satisfied, then by Theorem 4.10 we get g = h
and (mq,n1),...,(mg,ng) = (M1,71),...,(Mn,np). Then the characterics of V/
and V' are identical. d



KNOTS OF IRREDUCIBLE CURVE SINGULARITIES 167

REFERENCES

[BK] Brieskorn E., Knérrer H., Plane Algebraic Curves, Birkhduser Verlag, Basel-Boston-

(Bl

Stuttgart, 1986.
Brauner K., Zur Geometrie der Funktionen zweier komlexer Veranderlicher II. Abh. Math.
Semin.Hamb. Univ. 6(1928), 1-55.

[Bul] Burau W., Kennzeichnung der Schlauchknotten. Abh. Math. Semin.Hamb. Univ. 9(1932),

125-133.

[Bu2] Burau W., Kennzeichnung der Schlauchverkettungen. Abh. Math. Semin.Hamb. Univ.

[CF]
[EN]

[GL]
(K]
[Le]
(L]
(M]
[P]
[Re]
[R]

(W]
2]

10(1934), 285-297.

Crowell R. H., Fox R. H., Introduction to knot theory. Dover 2008.

Eisenbud D., Neumann W., Three-dimensional Link Theory and Invariants of Plane Curve
Singularities, Princeton University Press, Princeton 1985.

Gordon C. McA, Luecke J., Knots are determined by their complements. Bull. AMS 20
(1989), 83-87.

Kahler E., Uber die Verzweigung einer algebraischen Funktion zweier Verdnderlichen in
der Umgebung einer singuldren Stelle. Math. Z. 30(1929), 188-204.

Lé Diing Trang, Sur les neds algébriques. Compos. Math. 25(1972), 281-321.

Lojasiewicz S., Introduction to Complex Analytic Geometry. Birkhauser 1991.

Milnor J., Singular Points of Complex Hypersurfaces, Princeton University Press, Princeton
1968.

Pham P., Singularities des Courbes Planes, Cours de 3e cycle, Faculte des Sciences de Paris,
Anne Universitaire 1969-1970.

Reeve J.E., A summary of results in the topological classification of plane algebroid singu-
larities, Universita e Politecnico di Torino, Rendiconti del Seminaro Matematico 1954 /55,
159-187.

Rolfsen D., Knots and Links. AMS Chelsea Publishing 2003.

Wall C. T. C., Singular Points of Plane Curves. Cambridge University Press 2004.
Zariski O., On the topology of algebroid singularities. Amer. J. Math. 54(1932), 453-465.

Facurry oFr MATHEMATICS AND COMPUTER SCIENCE, UNIVERSITY OF L6DZ, 90-238 LoODZ,
UL. BaNAcHA 22

E-mail address: tadeusz.krasinski@wmii.uni.lodz.pl





