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In this chapter we discuss topologies called y-density topologies. The defi-
nition of them is based on Taylor’s strengthening the Lebesgue Density Theo-
rem. All of y-density topologies are essentially weaker than the density topol-
ogy 7 but still essentially stronger than 7,,,,. The notion of y-density topology
was involved in the research work of many mathematicians. They concentrated
mostly on the differences between density topology and w-density topologies
on the real line. We would like to present the main results of that research but
we will focus on ordinary and strong y-density topologies on the plane.

22.1 The density topology on the real line

The classic Lebesgue Density Theorem [19] claims that for any Lebesgue mea-
surable set A C R the equality
lim A(AN[x—h,x+h))
h—0+ 2h

=1 (22.1)

holds for all points x € A except for the set of Lebesgue measure zero. Denoting
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B o AANx—hx+h])
@y (A) = {xeR. Jim o =1

we can equivalently say that A (AA®, (A)) =0 for any A € L. The operator P
is a lower density operator i.e. for any A, B € L it has the following properties:

(1) P4(0) =0, Dy(R) =R;

2)  D(ANB) = Dy(A) N Dy(B);

(3)  A(AAB) = 0= Dy(A) = Dy(B);
@) A(AAD,(A)) =0.

It is well known that a family
Ti={AceL:ACP;(A)}

forms a topology called the density topology and denoted by 7. Let us recall
its several properties.

Theorem 22.1. The density topology has the properties:

(a) IfA(N)=0then N is Ty—closed;
(b) 7;lat Q 7-d;
(c) (R,7y) is neither first countable, nor Lindeldf, nor separable;
(d) Ais T;—compact <= A is finite;
(e) A(N)=0<= NisT;—nowhere dense <= N is T;—meager;
(f)  (R,7y) is a Baire space;
(g) intr,(A) =AND,(B), where B is a measurable kernel of A;
(h) (R, Ty) is completely regular but not normal;
(i) Ais connected in (R, T;) <= A is connected in (R, Tpy);
(j)  Tais invariant under translations and multiplications by nonzero
numbers.
The proofs of these properties will be presented in the next chapter. Notice
that:

- properties (a)-(d) follow from properties (1)-(3) of the operator & ;

- properties (e)-(g) are true by the Lebesgue Density Theorem (compare
[19D);

- a proof of completely regularity is much more complicated and connected
with the Lusin-Menchoff Theorem (compare [11]); (R, 7;) is not normal,
because there is no possibility to separate Q from Q + v/2 by T;-open sets
(compare [11]);

- (i) was proved by Goffman and Waterman via properties of approximately
continuous functions (see [12]);

- (j) again follows straightforward from the properties of Lebesgue measure.
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22.2 Taylor’s strengthening the Lebesgue Density Theorem

In The Scottish Book one can find a problem formulated by Stanistaw Ulam
(1936) as follows: "It is known that in sets of positive measure there exist
points of density 1. Can one determine the speed of convergence of this ratio
for almost all points of the set?" (Problem 146, [20]). In other words it is the
question about possibility of strengthening the Lebesgue Density Theorem.
The answer to Ulam’s question was given by S. J. Taylor in 1959, [21]. Taylor
modified the condition (22.1) by introducing in denominator of the fraction
a new factor y, which is a nondecreasing continuous function from (0,0) to
(0,00) such that lim,_,+ y(x) = 0 (the family of such functions will be denoted
by CA). He proved two important theorems ([21], Th.3 and 4).

The First Taylor’s TlAleorem For any Lebesgue measurable set A C R there
exists a function Y € C such that
AA NI
lim 7( ) =

d(1)=0 A1)y (A (1))
for almost all x € A, where I is any interval containing x.

The Second Taylor’s Theorem For any function ¥ € C and a real number o,
0 < a < 1, there exists a perfect set E C [0, 1] such that A(E) = a and
-0 A W(A(I))
forallx € E.
In [22] S.J. Taylor formulated an alternative form of Egoroff’s theorem and,
by a consequence, he obtained the following theorem.

The Third Taylor’s Theorem Given any Lebesgue measurable set E in
m-dimensional Euclidean space, there exist W € C and S C E such that
An(E\S)=0andforxeS

1 (dUnE) )
d3}>“low<1>>( 2 (D) 1)‘0 (222

where I is any rectangle containing x with slides parallel to the coordinate
axes of R™ and d (I) stands for a diameter of I.
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22.3 y-density topology on the real line

Following Taylor, in [23] there was introduced a notion of y-density point
which involved only intervals / with center at x. Fix y € C.

Definition 22.2 ([23]). We say that x € R is a y-density point of a set A € L if

/ —
A= hx )

=0.
h—0-+ 2hy(2h)

In particular, if y = id we obtain superdensity introduced by Zajicek in [15].
For any set A € £ we denote

Dy (A) = {x € R:xis a y-density point of A}.

The operator @y, is not a lower density operator, in fact the properties (1)-(3)
are fulfilled but (4) fails by The Second Taylor’s Theorem. However, for any
measurable set A, @y (A) is measurable (in fact it is a F5 set) and a family

Ty={AcL:AC ®,A)}

constitutes a topology called y-density topology. Clearly, for any y € C, Tnar C
Ty C T4 and null sets are Ty, —closed. Therefore, the space (R, 7y ) is neither
first countable, nor second countable, nor Lindelof, nor separable; each set
compact in 7y, is finite; a set is measurable if it is Borel in Ty, ([7]).

Moreover, using the condition (i) from Theorem 22.1, we can easy conclude
that the family of connected sets in topology 7y coincides with the family of
connected sets in 7T, (and 7).

The set R\ Q € Ty \ Tna- Let E be the set constructed in The Second Tay-
lor’s Theorem. It is easy to see that @, (E) € T4\ Ty. Therefore,

Tnar & Ty & Ta-

Now we will look at the properties which distinguish topologies 7y and
Ta. The set constructed in The Second Taylor’s Theorem has positive measure
and is Ty —nowhere dense. In density topology nowhere dense sets must have
measure zero. E. Wagner-Bojakowska proved:

Theorem 22.3 (compare [24], Th.8). There exist Ty—closed and Ty, —nowhere
dense sets E, C R such that R =, E,.

Hence (R, 7y ) is not a Baire space while (R, 73) is.
To describe the interior operation in y-density topology let CP‘},(A) =
Dy (A).If o is an ordinal number, | <o < Q and =B+ 1, where | <8 < Q,
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then ®P(A) = CIJV,((I)f;(A)). If & is a limit number, @ < €, then Py (A) =

Ni<g<a @5 (A). E. Wagner-Bojakowska and W. Wilczynski proved in [25] the
following theorem.

Theorem 22.4. (a) For each y € CA, A € L and each countable ordinal o > 0
inty (A) CANDy(A).

(b) For each y € C and A € L there exists an ordinal B, 1< B < Q such that
int, (A) = AN ®L(A).

(c) Foreach y € C and each countable ordinal o > 0 there exists A € L. such
that
inty(A) #AN (PVO‘, (A).

The spaces (R,7;) and (R,Tw) satisfy different separate axioms. In [4]
it is proved that y—density topologies does not satisfy the Lusin-Menchoff
Theorem and (R, 7y) is not regular. Since Tyar C Ty, (R, Ty) is a Hausdorff
space.

Clearly, for y € a any translation of a set belonging to 7y belongs to Ty,
either. It seems interesting that the invariance under multiplication depends on
y. In fact, it is strictly connected with the condition which we call (A;), by
analogy with well known condition used in Orlicz spaces. We will say that
(/aS C fulfills (Az) condition (¥ € Ap) if

: v (2x)
limsu <
x—>0+p lll(x)

In [9] it is proved that:
Theorem 22.5. The topology Ty is invariant under multiplication if and only
if y €A

1
* forxe (0,1
Note that y(x) = xx forxe(0,1)
1 forx>1

y(x) = x? satisfy this condition for any o > 0.
It is obvious that

does not satisfies (A;), but functions

U{Ty: vel)cTa

In [27] it was proved that the inclusion is proper and topology generated by
this union is equal to density topology. Moreover, (compare [23]),
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({Ty: weCt={U\N: U € Tru AA(N) =0}.

It is evident that the same q/-density topologies can be obtained via differ-

ent functions from C. If lim SUPx—50+ yy(x E ; < oo and liminf,_,o E ; > 0 then

Ty, = Ty, ([23]). However, there exist functions yq,y, € C such that they

fulfill the conditions 0 < limsup, o, 41(3 < co and liminf, .o, ¥ = 0 and
Ty, = Ty,. The necessary and sufficient condition were given by E. Wagner-

Bojakowska and W. Wilczy1iski in [26]. For v, y, € Candk €N they put:
1
af ~{xeRam@) < 2o},

1
Bf = {x Ry (2r) < Wi (2X)} ;
Ac=A{ U(-A{), By=BjU(~B}).

and proved:

Theorem 22.6 ([26], Th. 8 ). Let w1, v, € C,

AN |— B.N[—
& = limsupw7 M = 1imsupw
x—0+ 2xy (2x) Y0t 2xy (2x)

for k € N. The topologies Ty,, Ty, are equal if and only if limy_,.. & =
limg e Nk = 0.

A brief survey of y-density topologies one can find in [2] and [3]. Some
other properties of y-density topologies were also examined. G. Horbaczewska
considered resolvability of y-density topologies and proved that for any func-
tion ¥ € C such topologies are maximally resolvable and, assuming Martin’s
Axiom, extraresolvable ([10]). A. GoZdziewicz-Smejda and E. Lazarow in-
troduced the notion of y-sparse sets and y-sparse topologies ([13], [14]). E.
Lazarow and A. Vizvary examined the category analogue of y-density topolo-
gies ([16]). In [17] E. Lazarow and K. Rychert introduced the notion of y-
porosity and y-superporosity and they compared them with the classical no-
tions of porosity and superporosity.

22.4 y-density topologies on the plane.

Defining density points and y—density points on the real line there are used
the closed intervals with the common center. On R™ there are two standard dif-
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ferentiation basis - we can use cubes or rectangles. To simplify considerations
we will present the definitions and results obtained for R?, but all of them can
be applied in the same manner for m > 2.

We will denote by 7,2, - the natural topology on R?. For any x = (x1,x;) €
R? and A,k > 0, let Sq(x, %) denote a square [x; — h,x; +h] X [xa — h,xp + A
and R(x,h,k) denote a rectangle [x; — h,x; + h] X [x2 — k,x2 + k]. Recall that
x € R? is an ordinary density point of a set A € £, if

/
lim AZ (A N SC](X, h))

=0.
h—0+ 44?2

Let @9(A) = {x € R?: x is an ordinary density point of a set A} for A € £, and
7T denotes the family of all sets A € £, such that A C ®9(A). The family 7 is
a topology called the ordinary density topology on the plane (see [28], section
4). Analogously, x € R? is a strong density point of a set A € L, if

/!
i A (A NR (k)

h—0+ 4hk
k—0+

=0.

In the same way for A € £, we define the set
@5(A) = {x € R?: xis a strong density point of a set A}.

The family 7] = {A € L,: A C ®}(A)} is a topology called the strong density
topology on the plane. Both operators @7 and ;) are lower density operators,
so topologies 7 and 7 satisfy properties analogous to (a)-(g) from Theorem
22.1.

We will study properties of ordinary and strong y—density on the plane. Be-
cause the results have never been published in English we will present proofs
of some theorems. More detailed information about this can be found in [5].

Suppose that y € C. We say that x € R? is an ordinary y-density point of a
setA € L, if

A (A'NSq(x,h))

a8 4h*y(4h?) =0

Analogously, we say that x € R? is a strong y—density point of A if

Ao (A" OR (x, 1K)

1
hsO Ak (4hk)
k—0+
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We say that x € R? is an ordinary (strong) w-dispersion point of a set A if x is
an ordinary (strong) y-density point of A’. We denote by @y, (A) (Py,(A)) the
set of all ordinary (strong) w-density points of a set A.

Using The Third Taylor’s Theorem we can easy obtain on the plane a result
analogous to The First Taylor’s Theorem for ordinary y—density.

Theorem 22.7. For any A € L, there exists a function Y € C such that
Ao (A\ @y (A)) =0.

Proof. By The Third Taylor’s Theorem, there exists y* € C such that

1 <12(Sq(x,h)ﬁA) _1> _0

lim 3
h—0+ v (\/Eh) 4h
for almost all x € A. Let y (1) = y* <\/§) fort > 0. Then y € C and , for any
h>0

A2 (A'NSq (x,h)) 1 (/12 (Sq (x,h)) — 2 (SQ(xah)ﬂA))

v (4n2)4n2 y(4h?) 4h?
_ 1 <1_7Lz(5q(x,h)ﬁA)>'
v+ (ﬁh) 4h?

O

We will prove that the analogues result for strong y—density is not valid. Ob-
serve, that The Third Taylor’s Theorem refers to rectangles, but in the denomi-
nator of the formula (22.2) we have a diameter of /. We will show that - roughly
speaking - we can not put A, (1) instead of d ().

Lemma 22.8. If B € L, satisfies the property
A(BN[—=h,h]) >0

for any h >0 then (0,0) is not a strong y—density point of a set A=B' xR
for any y € C.

Proof. Let y € C. We will show that for any € >0, 8 >0 and h € (0,8) there
is a number k € (0, ) such that
A (A'NR (x,h,k))
4hk - y (4hk)
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Fixe>0,0 >0andh € (0,8). Since A (BN [—h, h]) > 0, there exists a positive

number
A (BN [—h,h])

2h ’
A number £ is fixed and lim,,o04 Y (1) = 0, so there is k € (0,8) such that
v (4hk) < %. Therefore,

WA NR@AE)  ABO[-WA)2%k o«
Ank-y ARk 2h-2k-y(ahk)  w(ank) ©

O

Moreover, if A (BN [x; —h,x;+h]) > 0 for any h > 0, then (x;,x2) is not a
strong y—density point of a set A = B’ x R for any x, € R and any v € C.
Observe that this property of a strong y—density is rather unusual. It is easy
to check that

Proposition 22.9. [f x; is a density point of B € L then for any x; € R, (x1,x7)
is an ordinary and strong density point of B x R.

Proposition 22.10. If x| is a y—density point of B € L1, for some y € C then
for any x, € R, the point (x1,x2) is a y*—ordinary density point of B x R,
where y* (t) = y (t*) for t > 0. On the other hand, if for some Y € C and
B € L1, (x1,x2) is a w—ordinary point of B x R, then x; is a Y—density point
of B, for § (1) = y (V7).

For strong y—density we obtain a "strong strengthening" of the Second Tay-
lor’s Theorem.

Theorem 22.11. For any o € (0,1) there is a set E C [0,1] x [0,1] such that

A2 (E) = a and for any y € C no point of E is a strong y—density point of a
set E.

Indeed, we can take a nowhere dense set C C [0, 1] of measure & and put
A =Cx|[0,1] and use Lemma 22.8.

On the other hand, using Proposition 22.10, we can prove a theorem analo-
gous to The Second Taylor’s Theorem for ordinary y—density.

Theorem 22.12. For each function w € C and number o € (0,1) there is a
set E C [0,1] x [0,1] such that A» (E) = o and no point of E is its ordinary
W —density point.

Straightforward from the definitions of @, (A) and @y, (A) we obtain (com-
pare [23], Th.1.3):
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Theorem 22.13. For any A,B € L;

(1) ifAC B then & (A)cgbo (B);
(2) ifA~ B then cb”( ) = ( )~
(3) @y0)= (Z)and Py (R?) =

(4) <P\7,(AﬂB) ( )n w( )
(5) @y(A)C qbv(A).

The same properties are satisfied for the operator ®y,.

Put
={AeLy:AC (133,(A)}

and
={Aeclp,:AC dﬁfl,(A)}

Theorem 22.14. Let y € C. The families Tyj and Ty, form topologies on the

plane, stronger than the Euclidean topology 7:12“, and weaker then the ordinary
density topology Ty . Moreover Ty, & Ty N7

Proof. Inclusions 7,2, C Ty C Ty C 77 follow immediately from the defini-
tions. To prove that 7,7 (7y) is a topology, it is enough to observe that the union
of an arbitrary subfamily of 7, (7)) belongs to 7,7 (7). The only difficulty is
to show that it is a measurable set. It is true because Ty, C 7y C 77 and 7 is
closed under arbitrary unions, and 77 C L,.

Let (1) =y (Vi) and A= U (an,bn), 0 < byyy < ay <b,forn=1,2,...
n=1

be an interval set such that 0 is a right Y—density point of A (for example
ay = 2,1% + 4n1+1 -¥(5r) and b, = 5;) . Clearly, the set B= —AU{0} UA belongs
to Ty and 7. Therefore, the set B x R, by Proposition 22.9, belongs to 77, and
- by Proposition 22.10 - belongs to 7,;. However, from Lemma 22.8 it follows
that (0,0) is not a strong y—density of Bx R, so B xR ¢ Ty.

The set R?\ (Q x Q) € Ty \ 7,2, Finally, we will define a set D such that
D' € T{\ Ty There is ng € N such that V(55) < L Let

=1 1 1 1
D: - ll/(4n 1) 2]1:|><R

n=ng
For simplicity we write Sq(h) instead of Sq ((0,0),4). For each h € [

2 (DOSg(h) _ 72 (DNSa(3)) _ 3 (ai1) _41,,< ! >

4h? T Ay L 4]

o)
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Since n — oo when h — 0+, the point (0,0) is an ordinary density point of D
On the other hand, for any n > ny,

W(DNSq(3) _ Aollg =3 ¥(g) gl x5 5]) 1
2

45 )2y(4()) 43y (5r) 2
and (0,0) is not an ordinary y-density point of D'. The set D'\ {(0,0)} € 7.2,,
soD" € TP\ Ty 0

For any function y € C the spaces (R, 7y) and (R,7y;) are Hausdorff and
not separable. Any set of two-dimensional measure zero is closed. Each com-
pact subspace of (R, 7)) or (R,7y) is finite. Moreover

Theorem 22.15. Let y € C. Then

(WTo:welh=(|Ty: weC}={U\P: U € T2 Aa(P) =0}.

Proof. 1t is not difficult to check that a measurable set A belongs to the family
{U\P:U € T2 N (P) =0} if and only if

V(x€A)I(6 > O)V(h,ke (0,8:) Az (A'NR(x,h,k) =0).

Therefore, if A€ {U\P:U € 7;31, AX>(P) =0}, then A € T, forany y € C.
Hence {U\P:U € T2, AN (P O}Cﬂ{TS weC).
Suppose, that A ¢ {U\P: U € 7,2, Az (P) = 0}. Therefore, there is a

point x € A such that
1
A (A'ﬁSq (x,)) >0
n

for any n € N. The sequence {)Lg (A’ NSq (x, %))} is decreasing and tends to
0. There exists a function ¥ € C, such that

o(2)-s(rms (o)

As (A’ NSq (x, %)) n*

Ly(%) 4

Since

A ¢ Ty DT, Therefore,

(To:welhc({Tg: wel)Cc {U\P:UE T2 AL(P)=0}.
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Recall that operators @9 and @ are lower density operators, so (R?,77)
and (R?,77) are Baire spaces.

Theorem 22.16. The plane is a first category set in (Rz, 'T,f,) and in (Rz, Ty )
forany y € C.

Proof. Let (C,),cn be a sequence of Cantor-type sets on the real line of
positive one-dimensional Lebesgue measure, such that A (R\ U,—,C,) = 0.
Fix a function y € C. All sets C, x R are Ty—closed sets and, by Lemma
22.8, @y, (C, x R) = 0. Therefore, there are 7,,—nowhere dense sets. The set
(R\Up=1 Ca) x Ris Ty;—nowhere dense because it is a set of measure zero.

Note that, by The First Taylor’s Theorem, there are functions y € C such
that sets C, x R have a nonempty 7,/ —interior. In the next part of the proof we
will divide the plane differently for different y.

Let v € C and y* (t) = y (r*). There exist Ty+—closed and Ty —nowhere
dense sets E, C R such that R = (J,_;E, (Theorem 22.3). Therefore,
inty,. (E;) = 0. The sets E,, x R are 7,)—closed and intyy (E, xR) =0. O

Theorem 22.17. The space (Rz, ’Tl;) is not regular for any Y € C.

Proof. As in the first part of the proof of Theorem 22.16 we can show an
"universal" closed set and a point which can not be separated by 7,;—open sets
for any y € C. Fix a point (xo,yo) € R2. In [11], Th. 5 it is proved that the
set L = {(x0,y) : y € R} \ {(x0,y0)} can not be separated from this point by
77, —open sets.

For every y € C, the set L is TI;—closed, as a null set. Suppose that there are
disjoint sets U and V, open in (R?, 7'1;) such that (xo,y0) € U and L C V. Then
U and V belong to 7 and separate (xo, yo) from L, which gives a contradiction.

g

A proof of the analogous property for ordinary y—density is more compli-
cated.

Theorem 22.18. The space (Rz, T‘l(/)) is not regular for any y € C.

Proof. Let y € C and v (1) = l,l/(tz). There exists an increasing sequence
(Ep)en of closed, Ty-—nowhere dense subsets of [0, 1] such that

) ([0,1]\ OE) ~0
n=1
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(compare [4]). Let E =, E, and A = E x R. Observe that, for any n € N,
E, x R is Ty —closed and 7y —boundary set, and AN ((0,1) x R) € 7.

Suppose that (RZ,TI;) is regular. Fix z = (z1,22) € AN ((0,1) x R). Then
there exists a set U € Ty such that z € U and Cly (U) C AN((0,1) xR).
We will find a sequence (x(”))n oy of elements of the set U such that x =
limy,_y oo x™ ¢ A and

fim sup A (UNSq(x,h))

> 0.
n—yoo 4h?

Since int7y (E; X R) = 0 and int7y (U) # 0, the set U \ (E; x R) has positive
measure, so we can choose a point x(!) = (xgl),x(zl)) € U\ (E| xR). The se-

quence (E,),y is increasing and xgl) € E\ E, so there is k; > 1 such that

xgl) € E, \ Ex,—1. Therefore, xgl) belongs to some component J of R \ E}, and
J is open. Denote it by (ay,b;). Let

£ = min (xil) —ay,b; —xi”) .

The set U belongs to 7,7 and x() € U. Therefore, x(!) € @y, (U) C @7 (U) and

there exists a number r; € (0, ;) such that

Ao (U NSq (x(l),rl))
4r%

3
> —.
4

It is not difficult to check, that for any y € Sq (x(l), %rl)

Ao (U NSq (y7 %rl))
2
4(3n)
Moreover, for any y € Sg (x(l), %r]) the distance between y and Ey, 1 X R (and

between y and E; X R for i < k; — 1) is greater then %rl.
The set

n 1 n 1 n 1 n 1
Uy=UnN <(x§ )—Zrl,xg )+4r1> X (xg)—4r1,x§ )+4r1>)

belongs to 7. Since int7y (Ey, X R) = 0, there is a point x?) = (xgz),xf)) €

>

ST

U\ (E; x R). Therefore, there is ky > k; such that x&z) € E;, \ Ex,—1. Denote
by (a2,b2) the component of R\ Ey, such that x§2) € (az,by) and by & the
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minimum of numbers xgz) —ay, b _xgz) and %rl. Let r, € (0,€&) be such a

number that
A (U NSq (x(z),rz))

2
4r;

3
> —.
=4

We now proceed by induction and find a sequence (x("))n oy Of elements of
U, a sequence (k,),cy of natural numbers and a decreasing sequence (7,),c
tending to zero such that

1
X" e UNE, NSq (x(”l), 4rn>, (22.3)
A (UﬂSq (x(”),r,,)) S 3
4r2 — 4
forany n > 1 and
3
dist (x(">,E,~ x R) > (22.4)

for any i < k.

From (22.3) we know that the sequence (x(”)) is convergent. By (22.4),

neN
x = 1im, 0 x") ¢ A. Finally, for any n € N, x € Sq (x), 1r,,) and consequently

22 (UNSq(x,3r,)) 1
3.1\2 =4
4(3r4)

It follows that

. L (UNSq(x,h) _ 1

T v
and x € Cl7y (U). Since Clyy (U) C Clzy (U), the set Clrg (U) is not a subset
of AN((0,1) x R). This contradiction proves that the space (]RZ,TV‘,’) is not
regular. 0

From the definitions of operators and topologies 7,7 and 7y; it follows that,
for any function y € C,if A € Tyandx € Rthenx+A={x+a:acA} Ty
(if A €Ty, thenx+A € Ty).

As it would be expected, invariance under multiplications is connected with
(A) condition. Observe first that:

Lemma 22.19. Let y € C. If there is o > 1 such that limsup, %‘;};) =oo
then limsup, (., %ﬂg) = oo for any a > 1.

Theorem 22.20. Let y be a function from the family C.
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L IfA€ Ty, o> 0andlimsup, o, JYds < oo then 0A ={oa:a €A} € Ty

2. If a > 0 and limsup,_,, % = oo then there is such a set B that B ¢
7'().
L4

Proof. Suppose that A € 7). To prove the first condition of the theorem it is
enough to show that for any x € A, ax is an ordinary y-density point of QtA.
Let x € A. The point (0,0) is an ordinary y-density point of a set A —x =
{a—x:a€A}. Forany h >0

(a(A—x))'NSq(h) = (a(A—x)")NSq(h) = a ((A—x)'ﬂSq (Z)) )
Therefore,
s 2((@4 =) 0 Sq(1)
o Ay )
I A2 ((A—x) NSq(1)) i v(t)

< — lim su =
o a(BPyah))  hes” ylod)

what means that (0,0) is an ordinary y-density point of a set €A — ox.
In the second part of the proof we will use a construction from the real line.
Let y*(t) = w(¢?) for t > 0. Hence
v w(r)

limsup = limsup =
t—0+ V/* (at) t—0+ IV(OCZt)

Repeating the proof of Theorem 2.8 from [23] we can construct an interval set
A=U,_[an,by] with 0 < b1 < a, < b, forn € N and r}gl(}obn =0 such that 0
is a y*-dispersion point of A and is not a y*-dispersion point of a set @A. It is
easy to check that A" € Ty~ and (atA)" & Ty~ Therefore, the set A’ x R is open
in topology 7y but the set (A)’ x R = & (A" x R) is not. 0

Corollary 22.21. An ordinary W—density topology is invariant under multipli-
cation by positive numbers if and only if y € A,.

One of the clearest differences between 7 and 7 is connected with rota-
tions. It is well known that the ordinary density topology on the plane is invari-
ant under rotations and the strong density topology is not. It can be surprising,
that invariance 7,7 under rotations again depends on the (A;) condition.

Theorem 22.22. Suppose that y € C. If W € A; then, for any set A € Ty, the
set B received from A by turning around a fixed point, belongs to topology Ty,
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Proof. We will show that if the point (0,0) is an ordinary y-dispersion point of
a set A then (0,0) is an ordinary y-dispersion point of the set A® received from
A by turning around (0,0) of an angle 6 € (0,27).

Let Sq°(h) denotes a square Sq(h) turned around (0,0) of 6. Because
(A% NSq(h) = 22(ANSqg~ 9 (h)) < A2 (ANSq(hv/2), we obtain

22(A% N Sq(h)) _ 22 (ANSq(hv/2) M(ANSq(hv2)  y(2-4h?)

APER) S AR a2y v

A2
From the assumption we know that limsup, % < oo, Therefore,

o Aa(A0NSa(h)
os ARZy(aR?)

Fix a point s = (s1,5,) € R? and an angle 6 € (0,27). We will show that if x is
an ordinary y-dispersion point of a set A then the point y, received from x by

rotating x around the point s of 0, is an ordinary y-dispersion point of the set
B received from A by the same rotate. Suppose that

A (A'NSq(x,h))
im
h—0+  4h2y(4h?)

Denote by Sq*(y,h) a square received from Sq(y, 1) by rotating of an angle —0
around s. Thus, like in previous case, A2(B' NSq(y,h)) = (A’ NSq*(y,h)) <
A2 (A'NSq(x,+/2)) and

- Aa(B 01Sq(h)
h0+ A2y (4h?)

=0.

O

Theorem 22.23. Suppose that v € C. If y ¢ A then, for any angle 6 € (0, 7],
there exists a set A € Ly such that (0,0) is not an ordinary y-dispersion point
of a set A, but is an ordinary y-dispersion point of a set A rotated of an angle
—0 around the point (0,0).

Proof. Fix anangle 6 € (0, Z]. Since cos(§ —6) > %, anumber 2cos*(§ — 6)

is greater then one. Let o € (1,2 cos®(§ —)). We know that limsup,_,, ":IEZ? =
oo, Therefore, there is a sequence (7, ),en N\ 0 such that
ot
fim Y0) _ (22.5)

n—eo Y(ty,)
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We will construct a sequence (d,),en N\, 0 such that y(4d;) < } and

w(a-4dy) > n-y(4dy), (22.6)
Jw(dd?) < ﬁ-cos(g —9)-Va, 22.7)

for any n € N. Let b, = ‘/25 From (22.5) it follows that

- y(a-4by)
WRTyER)

Thus, we can choose a subsequence (c,),cn of a sequence (by)qen, such that
(cn)nen satisfies (22.6). Since lim,, ¢, = 0, almost all ¢, satisfy (22.7). We
can choose a subsequence (dy)nen such that (22.8) is true and y(4d;) < 1. Let

hi =d; -/ w(4d?) (22.9)
and denote by A; a triangle with vertices (d;,d;), (d;,d; — h;) and (d; — h;, d;).

We define .

A=A
i=1
Observe that from (22.8) and (22.9) it follows
LA =2 (A) + X U Ad) < 2(A) +A(0,da]?) = (22.10)
k=i k=i+1

= h(A) +di < a(A)+hF =34 (A),
for any i € N. It is obvious that (0,0) is not an ordinary y-dispersion point of
a set A because, for each i,
Mo(ANSq(d) _ — Sh 1
Adiy(dd?) " Adiy(dd?) 8

We will prove that (0,0) is an ordinary y-dispersion point of a set B, re-
ceived from A by turning by —6 around (0, 0). Notice, that A, (BNSq(v/2d;)) =
A2(ANSq(d;)) forany i € Nand 6 € (0, 7]. Let  be an arbitrary point of (0,d].
There is i € N such that 7 € (ﬂdi+1 , \ﬁdi]. We will consider two cases:

10, Ift € [\/ad;, v/2d;] then from (22.10) and (22.9) it follows
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M(BNSq(1)) _ M(BNSq(V2dy)) _ M(ANSq(d) _  3Ma(A))
42y (42) T dad>y(4od?) dad?y(4ad?) ~ 4ad>y(4ad?)
3.3dPy(4d?) 3

S dod?iy(4d?)  8ai’
20, Lett € (v2d;,1,/ad;). Note that
{(di,d;)}° = { (\de,-cos (g + 9) ,V/2d; cos <§ — 0)) } .

By (22.7) we have
T T
ﬁd,-‘cos(z —0)—h;=d; (\/Ecos <Z — 6) - l//(4di2)> >div/a > d;,

s0 A? N ([0,d;] x [0,d;]) = 0. Therefore, BN Sq(t) = BN Sq(v/2d;;1). Re-
minding that @ < 2, we obtain from (22.9) and (22.6)

M(BNSq(1) _ M (BNSq(V2di1)) _ Ma(ANSq(dis1))
Ay (42) T 4-2dP y(4-2d,)  8-d w(4-2d,)
(i) _ 3

T 8-dr y(a-4d? ) T 16(i41)

Since i — e when ¢t — 0+, it follows that (0,0) is an ordinary y-dispersion
point of a set B.
g

As we can expect, a strong Y-density topology is not invariant under ro-
tation, either. Firstly, we construct a set C € £, such that (0,0) is a strong
y-dispersion point of this set and A, (CN Sq(r)) > 0 for any r > 0.

Example 22.24. Suppose that y € C. (bn)nen is a decreasing sequence tending
to 0 and (a,),en is a sequence of positive numbers with

1
—=ay
V2

ap+-1 S
for n € N. Let, forany n € N,

Cp = Gny1-by- l[l(4di+1>,

C,= [an _Cnaan} X [an _cnaan]
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and

Obviously, 4> (CNSq(r)) > 0 for any r > 0 and 4> (Cy11) < 345 (C,) for any
n € N. Moreover, there is ng € N such that y (4ai +1) <land b, < v2—1 for
n > ng. Therefore, for n > ng,

an—Cp 2 \@an+1 —apy1by W(4ai+1) > \fzarwl —api1by > any1,

so squares C, and C,,;| are disjoint.

We will check that (0,0) is a strong y-dispersion point of C. Fix arbitrary
k,h € (0,ay,]. There is n > ng such that min (k,h) € (a,+1,a,]. From the con-
struction of the set C it follows that

CNAR((0,0),h,k) © CO([0,an] % [0,a,]).

Hence
22 (CNR((0,0),h,K)) _ & _b
4hk-y (4hk) T 4al, -y (4d,) 27
Now we will use a lemma which is, in fact, the strengthening of Lemma
22.8.

Lemma 22.25. Suppose that A € L,. If there exists a sequence (ay),cy 0

such that all points (ay,,0) belong to an interior of A (in the natural topology
on the plane) then (0,0) is not a strong y-dispersion point of A for any y € C.

Proof. Fix a function y € C and n € N. There exists a positive number 6, <
min{ay,, 1}, such that S¢ ((a,,0),6,) C A. Hence, for any k € (0, 5,),

A2 (ANR((0,0),an,k)) > 2k8,.
Since “{{;Wf) =0, there is &, € (0,9,) such that y (4a,k) < g—” for any k €
t— n
(0, &]. Therefore,
A (ANR((0,0),a,,k)) S 2k, 1

dank -y (4a,k) ~ dayk -y (4ayk) ~ o

Let k; = € and k,, = min {8,,, %k,,,l} for n > 2. Then

A (ANR((0,0) a0, ky)) _ 1
)

lims
1,,_>:olp danky - v (4anky)

and, consequently, (0,0) is not a strong y-dispersion point of A. O
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From the latter example and lemma it follows that (0,0) it is not a strong
y-dispersion point of the set C rotated of Z. Therefore, R?\ C € 7, and
R2\C3 ¢ Ty.

Modifying a bit the construction in Example 22.24 we can construct, for
any angle 6 € (07 %), the set D € £, such that (0,0) it is a strong y-dispersion
point of D and (0,0) it is not a strong y-dispersion point of the set D rotated
of —0 (compare [5], Example 2.12).

Corollary 22.26. For any y € C the strong Y-density topology on the plane is
not invariant under rotation.
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