ACTA UNIT7ERSITATIS LODZIENSIS

FOLIA OECOHOMICA 68, 1987

Andrzej Stefan Tomaszewioz*
SOME RESULTS CONCERNING EFPICIENCY
OF LINEAR TREND ESTIMATION UNDER HETEROSCEDASTICITY

1. Introduotion

Consider a singla - eguation eoonomatrio modal of the form

y » + E,

where X ia a fixed nz(k + 1) matriz of rank k + 1 < n, ang EE -OO.
One of the alternatiyes for the olassioal aaaumption DC » 6 1
about spherioal vrandom oomponant is the assumption of laok of
autooorrelation allowing heterosoedastioity:

@ D2£ - 62A ,

where a Is a dlagonal matrix with positlve diagonal elements.

If A is a known matriz one oan use the best linear unbiased
estimator of the vector ot whioh ia A i t k e n"s [1] GLS-eati-
mator

(%) a* - (ITA 2 rliTA 7y
with the variance-covar=zance matriz
3) D2a* - eR(IT ft*1X) “1,

The OLS-estimator

) a -
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is generally ineffioient. Moreover tha estimator

s2 (XTxr1l

of the OLSE varianoe-oovarianoe matriz
®) D2a - BZ(xTH)"LTFIX(iTi)"1

is biased in generat.
We oan take into acoount tha olaes of estimators of the form

(6) aCWw) » (XTWX)~IXTWy
where W 1ia a symmetrical and positive definite matriz to whioh
the estimators (2) and (4) belongj

(6a) a@“d » a* and a(l) » a.

The estimator (6) will be named as WLSE (weighted LS) with weight
matriz W. If the matriz W ia non-stoohastlo (at least not oor-
related with y) it is easy to derive a formuta

D2a(W) - & (XTWX)™IXTuixj, WX (XTWI)"1

which may be reduced to (3) for W - n. and to (5) if W ml.
Por praoticat applioations, generally, ao-called two-step
estimator

Q) a(A*1>,

is suggested, where fi is the estimate of matriz expressed
as a function of OLS-residuals

e«y -la

(see f.e. Park [13], Glejser [7] and genaralization
for three-stop estimator - Proehlioh [5],and J armut
[81p- 47-54 as well). The weight matriz is, in this oase, a sto-
chaatio matriz and it 1is diffioutt to ezamine estimator** (7)
properties for email c ,plaa.



We oan, however, prove that thia eatimator is asymptotioally
egually efficient as a*. The Il&test results for models with
heteroscedasticity of random coitponent conoerning maximum like-
lihood method optimal method for largo samples, can be found for
instanoe in Fuller, Rao|[6], Jobson, Puli er [9],
Carroll, Ruppert [3]*

It seems to U3 that the most generat results referring to
OLSE effioiency are Watson inegualities (see W at s on [I7],
Bloomfield and Watson [2], Knott [10], M i-
1 o [12]) whioh deflne its lower limit in dependenoe on the matriz
eigon values - but independentty on matrix X, similarly aa
3atha™*V inod [15] inegualities for biae of variancea
estimator of OLSE. The inegualities of Watson and Sathe - Vinod,
oan be generalized to WLSE with fixed (independent on y weight
matrix). Theae results, extremely Important from theoretical
point of view, don X have great praotioal meaning, because in a
ooncrete problem the matrix X is known and Information about .a
is poor. Therefore, methods allowing to evaluate estimation ef-
ficiency when the matrix X ia known (or belongs to the defined,
relatively narrow class) are more useful for direct applioations,

2. Problem formulation

Concepta oonneoted with a typical autooorrelation struoture
for the linear trend modol

® -oot" ver

that is, for the model (1) in whioh k m1 and

were the topio of many works, aee i,e. Tomaszewicz [16j,
Park, Mitohell [14], Chipman [4.Kramer [il]
In this work we undertake the topio of WLSE-eXficienoy for the
model with heteroscedasticity.



As in the oase of autooorrelatlon we consider tbe models in
which "non-spherlcity” - in our case heteroscedasticity - 1is
defined by one pararaeter denoted by p «

When we £ix the heteroscedasticity model as

(10) ““6o /N t-1, 2, n

(that is when the funotion & is given), where sz are the dlago-
nal elements of A, thls matrix is also a funotion of (3, so we
will use the symbol A ((3)- Let ™ aasume that we use the estimator
a(A ()*) where T is a fixed number (whioh should ba interpreted
as an estimate of 13). A measure of YJLSE-effioiency oan be defined
(sece Tomaszewioz [16]» Chipman [4]) as a ratio
of varianoes of slope al estimators of model (8). Thls ratio
depends on the aample size, so it is a funotion of three para-
meters i

an (n((3)~1D)

11 ,@,2r) - -
@) BOEM -3

where a.j(A (®%)’1) is the eecond diagonal element of the matrix
D2a(A("y)" 1), so (see (6a))

D2a"(A ()’1) *

(12) - oT(XT (DX r LiTA(~Mrla(]3)a(™)"li(ita (*rx)"1o0 ~

for OT - [O l}«

At this Btuge of work we limlted our interest to investlgating
soae heteroscedasticity models inoluding a proposition of
heteroscedasticity measure (Section 3) &nd numerical analysis
of efficiency (12) (seei 3eotlon 4). Some problems conneoted with
generalization and a seriea of detailed problems which appeared
during the work we hope to solve later.



3. Heteroscedasticity measure

We limit our oonsideration to the most often, up to now, used
heterosoedastioity modele (see, for ezampte J ar mu + 18]
p- 40, 43). These are the following exemplifioations of (10)«

- linear heterosoedastioity

(13) of - 60 " 60 (L +Bnk
- parabolic heteroscedasticity
(@) - 6Mcpp((B, ) -CR (1 - 1)2),

- exponential heterosoedastioity

group heteroscedasticity

"I m t §n/2

t > n/2.

16)

- single-obserration heteroscedasticity

The parameter @ must be chosen so that 62 >0 for t * 1, 2,
3,---,n. To make possible a coraparlson of different modela we need
common heteroscedasticity measure. The most natural measure seems
to be the coefficient of variation, which expresses standard
deviation of a set 6", e2, in mean value wunits. This
measure is independent of soale coefficient 0Q and is of the
following formi

(18) vV =



where

Por heterosoedastioities (13), (14), (16) and (17) we oan obtaln
expliclt formulaa of (18). TheBo are as foliowat

1+ =

v i 4
where k < integer (- -J--) and

Tha range of the funotiona (18)-(21) and analogous funotlon
vg (f3,n) for ezponentlal heteroaoedaatioity (15), were illuatra-
ted on the Plgures 1-5.

We do not |Introduoe here analysls of these funotiona. We
cali only one™ attentlon to upper llmlts of yariationa ooef-
ficient conneoted with restrained valuea of funotiona (18)-(21)
rhen @—r»wm



Pig. 1. Function vL Pig. 2, Punotion

1 for even n,

/i Jor odd n.

G (co, n) - -1

wj (09 n) « /n -T.
4. Cor.titional effioienoy of the estimator of slope ooefficient

Derivation of explioite forraulaa for the effioienoy (11)
seems to be diffioult in generat oase. However in guite siraple
way we can oalculate these numerical guantitieo for chosen values
of B and ~ for -aome levela of aample aize. Under the notations

L. D o (* a (“rix)‘ 1.
a0V

K> @ ko XxT A(tF)-1 a((da (31X f
= k11

and simple transformationa we obtain from (12)
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(&Qy D a, U(tF) } - W __01_“72k01100101 + k11100_

The efficienciea (11) were calculated on the base of preaented
formulas for five distinot raodel3 (13)- (i7) for n = 3, 10, 30,
100 and (3,# chosen In suoh way that yariation ooeffioient (18)
took the values

(20) v- 0, 0.01, 0.05, 0.1, 0.2, 0.3* 0.4.

The resulta are collected in Tables 1-5. Inaide the tablea (row h,
coluran j) are efficienciea (11) cnloulated for @m g(vb, T m
mgWj), where g denoteo an inverse funotion in Vv oorreaponding
to one of the functions (18a)-(18d), and vn(v® la reapeotively
h-th (J-th) ralue from the Hat (20). On the baae of obtained
reaulta we oan foimilate some, aa it aeems, guite intereating
oonoluaiona.

1= The numbera 1in the tablea above the main diagonal are
olightly smaller then oorreaponding onea below thia diagonal. It
meana that overeatimation of our heteroacedaaticity measure v
causea greater efficiency loaaes than underentimation.

2= Undereatimation or overeatimation of hateroacedasticity
meaaure cauaea the greatect loaaes in the caoe of amooth linear
hoteroacedaaticity, then exponential and parabollc. Reapective
loaaes for group and single-obaervationa heteroacedaaticity are
much smaller.

3°With the 1inoreaae of sample size n, the loaaes in ef-
ficiency caused by miaestimation of hoteroBcedaaticity meaaure
are generally growing up, exeluding the case of alngle-obaerva-
tion heteroscedasticity, when we obsertre falling down of ef-
ficiency.

Oonoluaiona formulated above, espeoially third, seema to ua
to be not tri7ial. They point out some ways in chooaing an eatima-
tion method Tfor a given heteroacedaaticity model. Thia problem
needs more detailed, further inveatigations.
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Audrzej S. Tomaszewicz

PEWNE W/NUCI HA TEUAT EFEKTYWNOSCI ESTYLLICJI LINIOWEGO TRENDU
W PRZYPADKU KETEROSKEDASTYCZNOSCI

W pracy rozwaza ai® model trendu postaci:

7t ““0 + “1* + £t t«l, ..., 0

przy zatozeniu heteroakedaatyoznoscl rozk%adu sktadnikéw losowych,
okreslonej jakoi

<0 t* 1, ..., n,

gdzie y oznacza dang funkcje, (3- parametr nieznany, °_ diago-
nalne elementy macierzy kowariancji a wektora sktadnikéw losowyoh
A mn((3

égégazane Jest pie¢ modeli heteroakedaatyoznosol zwigzanyoh
3 funkojami ip.

Jako miare hetergskedaatycznoBC| przyjmuje flif wapdétozynnik
zmiennosSci zbioru ©j, 62, e**» On» Bada ale efektywnos¢ eetyraa-



torow wspotczynnika kierunkowego o™« Wykorzystywana miara  efek-

tywnosci bedaca stosunkiem warianoji badanych  estymatorow .-Jest
funKoja trzech parametrow! wielkosci prébK_n, parametru @oraz
i

Jego oceny TF. _Przedstawiono_numeryczne wyniki dla wybranych G, ¢
oraz kilku poziomow wielkosci proby.



