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4. Introduotion

The subject of consideration is the model (see [3], [5] for
details) NK, ~ (R”~, S, Y -xp+2, kQ - k, nQ-n, Py -
mQOCy (x/3, fi)), where the random yeotor Y has prohability dis-
tribution Py being n dimensional normal distribution Ny with mean
LY mx (3, dispersion ?Y *.a, R , *e RIF*, fRk. The purpose
of this paper is a comparatiye analysis of statiatioal properties
of the following three estimators deriyed from the funotionals

G, - In~1(Y - xp)l2
<" + *P3 <<Vl + PTP
B, - (Xx3°1x)"IXfn <Iy*

u

Bb - (xTt“1 x + tfirl xrn“?Y,
BO — + r)“IXT jn 1Y,

and some funotions of B+I' B'O’ BO' It would be proved,among others,
that (see 9 2)i

,) the estimators Ba,Bb, the prediotors YR, $b,the residuals
Ea> Eb are oonsistent and are having normal distributions”

..) the random guadratio forms BaBa,BbB”, YaYft Yb $b.Ea
Eq, E®» Ef do not have \2 - distribution,

..) oov (Ba, S22 ) - 07, ooy (Bb, s|®) + 0~, where -

.EaEa/(n - k), -E"Eb /(n - K.

_ *Leoturer, Institute of Eoonometrios and Statistios, Uniyer-
sity of tddz.



In 83 there would be proved for BQ somo analogous of theorema
from 82.

2. Properties of estimator

Prom the works [6], [7] it foliowa that if
Py » XI¥ (m, xi), C, a, cAAe R®*0, L, m, d e R*“1, then

1) B(YZY) tr (CAfY) + mcA ra,
1) var (Y TAY) - 2 tr(cAfl,)2 + 4 ra“flcAm,
1) coy (LY, Y ZAY) « 2LiicAm,
1IV) M3E (Y) - tr A(Y) + tr ob (Y) ob”~CY), ob (Y) - «Y - m,
V) if Y - d + CU, Py - efy (m, f1,), then
Py *Ny (Cra + d, CiftC¥),
V) ifQ - YCY + 2a¥ +5, cAe RI¥3l, ae RIt*1, 5 e R, then
Pg - X (a, A) iff acAutAa - acAja,
\Na(a +<Am) »SiAO0,(a +cAn), X ea+ ZeFm + ra"cAm,
s mtr<Aft mrz(aeAA).

The relations (1) and (1V) also hotd for Py jc*y (e==) with fe(Y)«
mn,2Y)» n .

Uslng the-definition of model NV,,, the relations (1)-(Vl) and the
definitions of symbols %, A, P, MSE, var, oov (eipeotation, diB-
persion, probabillty dlIstrlbution, mean square error, yarianoe,
coyarlance) it is easy to see thati

Oa) Bft — (Xx*A“Ix)“Ix’ a”1Y — Kfty, Ka — (x»A”IxrVn,"1,
(2a) « Ka»(3 » p, ob (Ba) » £(Ba) ~P * 0 (unbiaBedness of
V *

(3a) J6(Ba) - Kaftka - (xfl"1*) 71,

(4a) P« » (fi, xCI~"x (normality of B )
aa aa a



(5a) MSE (By4) » tr (x FTI*r1,

(6a) B#Bft- Y X;V,

(72) EBBg - tr (KR XD+ BB~ tr (x*a”11)"1+ @73,
(8a) var (BBy) » 2tr (x\a"1x)"2 + 4@t Ix r 1 G,

(%92) PBéBa i *2(.,.) du« to nKaKft' Kaka " KaKan

(I0a) Ya - xB& - xKay,

(Ha) EC$a) - T&ePfi * sf3* **3 - x@- 0,

(12a) <§F,) mX KgA K&X  « XA %) “1x, t

(133) P$A - cX"& (x(3,xK K x5,

(14a) MSE (Yf) - tr (xKaAK~"™ x>,

<15a) Y;%a - Y*K;x kKay,

Cl6a) - tr (K;x*xKaa) + p"x*K;x *Kax p ,

(17a) vyar (Y"a) - 2tr (K™x»x Kaa)2 + 4pX © X"xRaip,

(18a) Py«y /g2 1 X2(.,.) due to fi,K"x Kftfi K"x" xKan K
A ¥ AK "G xVK, §1 ,

(19a) Ea - (I - xKa)Y - May, M. 1 - xKfe
(20a) £(Ba) - x(3- xKka xp =m0, ob (Ea) -0-0-0,

(21a) <5§(EQ) - ManU'B,

(22a) PB -c~ (0, Maax;),

61 A

(23a) MSE (Ea) - tr (11~M D),



(24a)
(25a)
(262)
c27a)

(28a)

BaEft« Y M Wa Y,

E(E;Ea) - tr (M~a U (3ViTMaxp - tr (M™a) + 0,
var (ErEj - 2tr (MAFt) 2+ 4p A MAA MMAxQ ,
PEAEa/02 1 X2(...), ainoe AMjNiIMAFI, +ANAMTA

cor (Ba, s| ) - oov (KftY, i- E~) -g-K~ M~ ip . O,

na - trM;Ma$, a - 628, tr (m;mg . tr[$-x"x @>»"1*T 1J.

Uaing (I)-(VI)f the aasumptlona of model NM and the deflInl-

tionB
(1b>
(2b)
(3p)
(4b)
(5b)
(6b)
C7b)
(8b)
(9b)
(10b)
(11b)

Cl2b)

of &, var, MSE, P, oov It ia eaay to find out that
Bb - KbY, Kb - (xTtIx + firVFfl-\

E(Bb) > Kbxp, ob (Bb) - K&p -p« (Kbx - I)p,
~(Bb) - KbAKb,

PBD «cABb (KbxP, K "),

MSE (Bb) - tr (KbAK~") + X =1 ) * x - D3,
B;Bb - Y"K;Kby,

E(B;Bb) . tr (K~a) + T3VK;Kbx@,

var (B”~) . 2tr (K XbA)2 + 4@X"K(Xbn 3,
PBABb/<?2 * X2(...) due toAK " A i AKAA
\ - xBb - xKby,

2("b) - xKhXp, ob ("b) - @D - 1) xp,

thgb) - ~ K 1"



(13b) P -k
b Yb

(14b) MSB CMb) » tr (4KMaK™i?) + pX*(xKb - )" (xKb - 1) xp,

(15b)

(16b) t(~Yb) - tr (K"x %X K*a) + pX RE x"xKbxp,

(17b) var (Y~b) - 2tr (KMx X Kb)2 + 4@K*{X ,rilbfl K*x XKbxp ,

(18b) PAHA 2 ~ X2(.,.) sinoe KAX*X KbA +A K~ =
YbYb/S

(19) Eb - (I - téb)Y - UbY, Mb e I - xKb,

(20b) «(Eb) - Mbx(3 1 0, ob (Eb) - Mbxp i O,

(21b) o) «

(22b) pbb-*'BbA xp, V»H;),

(23b) MSB (Bb) - tr + @X"M{Mb xp ,

C24b) E;Eb - YT;V™*

(25b) *fcCBM) - iriUASi) + pAMAp,

(26b) Tar (E”~) - 2tr 2 + 48X T{MbA Xp ,
(27) P 2/ R (G« «inok WIIy0. + Altyyi ,
EbV <=
(28b) oov (Bb, ng - COT (Kby, 0 E;E B - f- i 0,

Under the assuraptioaa
(29) Pu» ~cx;ao0((G51,.,)-1-0;1%* 0.

(or plim mQa by nonaingularity of Q°“1),
VS



a>>3cifl, () 17 Mwitlh((n)l<c0* vicl»n e H *{I»»»*»}
Gt pu . XNV \> *ri)'1-aj1* <
(31) InenN-".q"1 1o,

(G2) pii-~(x"(®1-~SM)) . o,

by the samo arguments as In Anderson, Taylor work
;11, U 11 0% worke [4) the estlmatora Bft, are conslstent,
that is, plim Bfi» plim B® - P

The relationa (13) - (28a) prove.

Theorem 1, Let the assuraptions of model NM1 and (29), (32)
hotd. Then

a) Bfi is unbiased, consistent, efficient and normally distri-
tedj the guadratic form Ba B ft does not have X2 - distributioni

b) Ya is unbiased, consistent, normally diatributed prediotorj
.he guadratio foxm does not have X2 - distributioni

0) E& 1is unbiased, oonaistent, normally diatributed residual
vectorj the guadratic form E”Ea does not have X2 - distributioni

d) cov (B ,sH)» 0.

a a

[ftote: oonsistenoy of $a foliowa from oonaistenoy of Bq and
Y mxBa5 oon3istency of Eft follows from oonsistency of Bft and
the fact that Eq » "aY| effioienoy of Bft foliowa from the faot

that for each K*t K* - K& + 0 it iaA(K*) >J&(K Y ), where
C e R*TM]’

The relationa (1b)-(28b) prove.

Theorem 2. Let the asaumptiona of model HMg (29), (30),

(32) be fulfilled* Then
a) the eBtiroator Bb is biased, oonaistent and it has multi-

variate normal distribution but ¥BMI2 doea not have X2 - dis-
tributionj

b) the ez-poot predictor Yb is biased, oonaistent, and it haa
n-variate normal distribution but % I2 does not have X2 - dia-
tribution}

c) the ez-poat residual vector E® is biased, consistent, and
it has multivariate singular normal distribution but IEM2 doea
not have X2 - distribution;
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ooYarianoe of Bb an?j Sb is different from the zero

d) the
vector. ¢
Denoting
Al » , Ag m +yl)’1,

it is easily seen that Al - A®, Ag-Ag, and ANg are poaitiYe
definite matrioes. Henoe det (A") > 0, det (Ag) > 0, AMAN - AgA-j.
an orthogonal matrix T diagonalizes simultanously

Therefore,
matrioes Al and Ag, i»e.

(33) TAT - A, - diag (-~ £-),

where i1, k are given eigen values of the matrix

x' n 71x, and

T"A2T - Ag - diag eeee XK 1 2)-

- AMFL."1, Kb - AgX» x#°1, J&(Ba) mA,, &(Bb) -

Reoall that
KAX mmAgA-] «

* mAJAj Ag » AgA™N Ag,
Henoe
«(Bb) § t(Ba) " K bxf < p<-* AgA™1 pSp Jt$

p*(AgA~1) pE{3 D «=+¢ det (AgA™l) § det (1) «=>
(34a) det (AgA™l) « t.

Similarly,
(34h) ~(Bh) > E(Ba)<=*det “"gA "1) > 1 under @&>0.

By definition of &(Ba), «6(Bb) we haYe

(340) <6(Bb)>JS(Ba)"~AgA"IAg $>Al<=»det (AgAn1)2 >1,



(34d) ~(Bb)< &(Ba)e<=*AgA~IAg < A, -t= det (AgA”1)2 < 1,

By definition of MSE (Ba), MSE (Bb) we get MSE (Bb) -
- tr (AgA”Ag) + (3°CAgA”1 - 1) TAgA“1 - Dp, MSE (Bf) - tr (A,).
Hence the oondition MSE (Bb) ~(MSE (Bft) hotda iff

(34C)  tr (AgA™Ag - A,) 0 - @(AgA™ - 1)"(AgA™1 - 1)p.

The oollected conditiona (34a)~(340) give
Theorem 3« Let the aaaumptiona ot theoreme 1 and 2 be aatia-

fied. Then
a) t(B") $ £(Ba) det (AgA“1) ~ 1 under @G>0,

b) ~(®b" > ANAgA”) > 1 under p >0,
0) i(Bb)<A(Ba) in a aense that i(Bb) -Z(Ba) la negatlye
definite matrix det (AgA~1)2 < 1,

d) <S(Bb) > i (Ba), i.e. A(Bb) -~(B”) 1ia non-negative deflnite
matrix 4=" det (AgA™*)2 2 1,
€) MSE (Bb) | MSE (Bft)<=>tr (AgA”Ag - A,) f -pKAgA~L - )"

(AgA™1- Dp. o
Due to the faot A,, Ag e R*3, by Cauochy’O theorem, it
foliowa

det (AgAn1) - det (Ag)det (A"V

and by (33)
k
det (Ag)- det (TAQT) mdet Ag m] jJ~ ~ — -
-1 1 T

det (A,) - det (TAT) - det » - |T *
i-1 1



Henee the necessary and sufflclent conditiona (a)-(d) from
the theorem 3 oan be replaced aa foliowa
I:
det (A1) s 1 "to [[ 2 (X1 + T)1~*1,

1-1
k
det (AgA™l) >1 to + r)i> 1,
1-1
k
de* <VT 2SS 1 t. Fl(r~)! 8"
-1 1

[Notei for praotloal purpo3ea one oan uae Instead of an
orthogonal matrlx T an orthonormal matrlx T calculated by the use
of Jacobl algorithm],

3. Propertlea of oatimator

Uelng the relationa (i)-(n) from 5 2, tho aaaumptlons of
model HMg and the definitlonn of aymbolai t%A, yhjt, MSE, P,
oov, one oan find that
(10) Bo - KcY, Ko . Cx"A“Ix +r)-11~"1,

(20) £(Bo)-Kex(3, ob (BQ) . (kax - 1) p + 0,
(Bo) & (Bp) mK A K7
(4°) PB »c*B U cx(itKoa”),
0 0
(50) MSE (BO) - tr (KOAK;) + p TKox - I) (KO* - Dp ,

(60) BCBO - Y ™KCY,

(70)  *CCBMBO) - tr(KjXO0A)+ P 3 K" Koxpt



(80)

(%)

(10c)
Cl10)
(120)
(130)
(140)
(150)
(160)
17¢)

(18¢)

(190)
(200)
(210)
(220)
(23c)
(240)

(250)

var (B'CBC ) - 2tr(K'CI§O n)2 + 4R % KOKO n K(':K8< P+

PBC’BC/CZ * x2(,,,) Sin== AKOKoftK;Koft® KcEKo<=»

Yt » )éB © XK Y,
5(Y0) - JKoxp, ob (YO) - (xKq - D)xp,< O,
«S(Y0) - xKon,JICXk =,

PA = < CxKOxp, xKOAK %),
C

MSB (£0) - tr (rfOnkK~") + p*x"(xKo - 1)*(JKO - 1)*P,
Y3l - YTKX XK,Y,

S(Y ¥o) - 2tr (K~x %Kon) + ,

var ($70) - 2tr (KIx"xKca) 2 + 4pVK»x»*K0A K % XKOX @,

PEOE je2 i X2(..0 sinoe xiK"x XKOft KAx*"xKOA f
¢
t aK*x X Kqa ,
EC— ¢ —J&OYI mUOY* Uoml —JK0
t(B0) - MOx p 7/ O, ob (EQ) - MOx p ™ O,
&(EqQ) = MOAM~,
PB -*> (Moxp, uOflu;),
c 0

MSE CEO) - tr (MoAM*) + @BX"MAMoxp,

e;ec . Y"»;uOy,

*(EE) - tr (7 ljl) * pii1 Lii).



(260) Tar (E;Ec) = + 4p X M;Mc

(270 0 1 X2(..™, sinoea M®™ MY o K a,

p

Ek /6

(28¢) oov (B ,S2) » f- Kenlt;y(3 7/ 0, nQ - tr (m;U09%),
c c

a, - 02<%$.

The relations (10)-(280) prove the following.

Theorem 4. Let the aasumptions of model NMg and the ao3ump-
tiono (29), (BL), (32) be satisfied. Then

a) the estimator Bc is biased, conaistant.it has multivariato
normal distribution but ilBjl2 doea not have X - distribution}

b) the prediotor YQ iB biased, consistent, it has n~variate
normal diatribution, but the sguare of lenght of it does not have
X2 diBtributiont

0) the reeidual vector Eq is biased, consistent, it has
n-variate normal distribution with HEOIR set X2 * dictributedj

d) the ooyarianoe of BQ and s| is different frotnh the aaro
yector. ¢

Sinoe the matrix ky A3 - @* (@ x + r)<“, is symaietric and
positive definite, therefore det (A*) > 0. Simultaneous diagona-
lization ia poasible only in the case of diagonality of matrix r.
Por non-diagonal matrioes r it holds A-jJA* / A3A1* ~bere, howeyer,
exists (see th, 6 in ch* 4 of B e 1l 1man boak [2]) a non~
Bingular matrix T such that, due to symmetry and positive defini-
teness of A®, AN,

(35) T*AMT -1, T A3 - A, ¥o diag Ctj, ..., Ajj)-

Noticing that KQ - AA1 "KjFIK* e« AMAMNAN mJ1(BO), KK «
- ANANL, det (A-jAM) > 0, det (AMAML) > O it is seen that

S€3>0 m{ e
(36a) X(BO) S S(BM) *=* A/Y (5@ «=* det (A~ )£ 1,

(36b) t(Be) > <£(B&) det (AN1) >1,



(360) J8(BO)$ £(Ba) ANA-j ~A, <==> det (A.71)2 g 1

in the senae that the matriz J6(BC) -J6(Ba) is non-positi-
ye (poeitive) definite,

(36d) MSE (B#) | MSE (BfY)<=*> tr (ARA~1A3 - A.,) ~ - A(AjA,1 - )"
(A™1 - DE.

In the oase of diagonal matriz r» diag tho
conditiona of th. 4 can be rewritten ag.

at(A)81 1 Hs'+f 8

det (A21D2 ] 1 to n (x.2 )2 $ 1.
i-1 1 1

where

i - 1, k denote elgon values of AN

It is conyenient to put

Al b n
. - T AM -1, A3 -TRA3T - A

=2

The matrlx T oan be obtained as, f.e., ¥ - S-JjSgS*, where S$" ia an
oi“thogonal matriz that diagonalizes A* (but does not dlagonalise
A3 ezcept In the oase of diagonal matriz r), S2 is a diagonal

matriz, i.e« 3g * diag(e” ,eee*» y'r-)« i ml» k» are eigen
values, of A~, S3 is an orthogonal matriz that diagonalizes the
matriz S*A~Sg. By (35 and Cauchy 3 theorem it follows
k
det (AJ - det (T A3T) mdet A) » L det (A - 1*

Thua 11
k

(36%)  (det (Ay~1) g 1)*( fj \ % 1)
i-1



(36£)  (det (Ay~1)2 | iMTTAj | 1),

where 3~, i m1l, k, are eigen valuea of the matriz Sg.S" A"NS"Sg.
It Waa proved.

Theorem 3« Let the aseumptions of th. 1 and 4 be aatiafied.
Then

k

a) t(B0) | t(Ba) «=* [ %=*x] 1, under @> 0,
i-1
k

b) ~(Bg) " rT~i $ 0.

i-i
c) MSE (BO) SMSE (Ba)4=>tr (Ayi*A-j - A) 8- "(A~1-1)~

(Ayirl - 1) B. ¢
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Whadystaw Milo

0 OBCIAZONYCH ESTYMATORACH REGULARYZUJACYCH. CZeSC 11

Celem pracy jesti
- analiza niektérych whasnosci statystycznych regularyzujag~

cych estymatoréw postaci B. o (x» a"1x + yI)“Dxxv**1lY oraz B -

- (xVa-Ix * r r W 1y, i

_ - opis zmodyfikowanych planow_eksperymentow, ktorych celem bi-

dzie rozszerzona analiza wkasnoSci numeryozno-statystycznyoh pew-
nej rodziny regularyzujacych estymatorow. ; ) i
Samodzielnie udowodniono 5 nowych twierdzen. Orzekaja onei

. a) 0 obcigzonosci SnleobC|qzono$o+), zgodnosci_ wielowymiaro-

wej normalno$ci rozkkadéw estymatoréw Bfe, Bq 1 Ba, predyktorow

ex post wg Ba, B®, BO, wektorow reazt ex post wg Bfi, BA, BO;
a b) o rozk%adach kwa?ratow d+ugOSO|_we%torow Ba”Bb* BO =a* b
YO» EO. ktore nie sg rozktadami X |

¢) o kowariancjach par (B , s| >»(B%; s|] ), (BO, s| ), ktér*
a 0

sg odpowiednio wektorem zerowym i wektorami rdéznymi od zera;

~d) o warunkach koniecznych i dostatecznych nierownosci lub
réwnosci miedzy "£(B")a E(Ba), .zZ(B”) a <&(Ba), MSE a

I£E (By ). gdzie j mb, o.



