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NOTES ON SENSITIYITY OP LEAST SQUARES ESTIMATES
AND THEIR CHOSEN PUNCTIONS

1. Introduction

In this paper we will analyze possibllitles of measurlng
a sensitivity of sample values of least sguarea estimatorB -
» of the model JM. parameter veotor Ge on smali
ohanges in ralues of obserration results referring to the elements
of a raatrlz x and a veotor jr, where

JCM* (R**, S, Y - x|3+ 3, Py - <N*(xp, 621))t
and
- « flet of real nxk matrioes,
5* W, ?,?)e» probability spaoe with measure P deflned on
6 - field T of Borel subsets of 11 with P(U) - 1,
Y,S. (U,")-KR\?*Rn)jy,5e Ra.y- (J,----- ya)\

x e Rnxk, x - [xtp] t - p - T7k, £(Y) - xp, IBM« t2l,

Py mcPy (x(}, 621 ) - to be readi "a probability dlstrlbution
of Y ia n-dimenslonal nortnal dIstrlbution with a mean £(Y) m=mx(3
and dIBpersion .0(Y) = S21".

We  propose some numerioal oharacterlstios (indioators,
measures) of oomponents of the veotor b or of the whole veotor b
sensitiTity on smali changes In the matrioes x, y. Proposed Indl-
oators enable to deteot those elements of the matrioes X, y whioh
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strongly pertrub numericaily the solution b m(**x)"V,y.Xt seems
that Indicators proposed in this paper oan be easily uaed as a
bose for aome respeoifioatione of the elementa of statistioal

modele.
We will accept the following notationsi

X - [xtl] t«1,n, 1-1,k, y«=Xyl# yn)~

XX - [xi3] i, jmil, k (x%)'1 - i, Im
- T7~k

XV - (zit ..., zk)* X+ o (x»x)-1x = i-1,Kk,
i - i7-n

b - X)X § « X+y.

In 82 we remind aome statemente, partly known from literatu-
ro (see Dwyer[2], Wrob leski [71, Baleetra
[1], Theil[6],.Belsley, Kuh, Welsoh [3], P o-
l asek [5]), referring to matrix derivatives oaloulua. These
statementa are wused in defining measurea useful in detecting the
most influential obsenrations on model Yariables (In a sense of
their influence on LS estimatea numerioal senaitlYity). In 5 3 we
deriYe a formuta for a deriYative of a Yeotor of LS eatimatea
with regard to a fixed element of the matrix x. Thia formuta was
used in formulating a meaaure of LS estimatea senaitlYity on
smali changes In a fixed value of observatlon as well as in for-
mulating meaaurea of sensitivity of choaen funotiona of these
estlmates (aee 84). As it was examined In llterature (see e.qg.
one of the most recent formulations In Belaley, Kuh,
Welach [3]), the exiatenoe of multlcollinearity oaujseB
numerical instability of the elements of inverae matrix to the
matrix x X. Conseguently, this can induce instability of a solu-
tion of x Xb - x ¥ ayatem of norma! eguatlona, toat ia, aensitiYlty
of estimatea b on smali changes in data. On the other aide the
estimator values depend -on Yalues of elements of Yeotor x*y.
Therefore without detailed numerioal analysis one oannot state
that in indlYidual case obtained estimatea are really oontamina-



ted by multioollinearity. The problem concerns the eatimation of
LS estimator variance-oovariance matrix aa well.
It 1ia obvious that the proposed aensitivity meaeures reguire

further studies oonoerningt
- the interpretation of results obtainable by their usage,
- analytical behaviour for data sets generated aooording to

different modela,
- their applioability in deteoting influential observatione,

model apeoifioation searohes.
2. Choaen propertles of matrix derivatlves

The following properties of derivatives of different funo-
tiona of the matrioea x and y will be usedt
Property 2.3>

*X

X*X _ 0
3IXN S(t,D»

whera S(t( x) - Q(tfF X) + Q(tf a).

Ict, 1) " ocl, ®¥%- . Q (tt
Xtl *t2 *tk

0 0 eoce 0

and 0, is a nuli kxn matrix besidea the element (I, t) whioh
N

is equal to one. v
(A. proof results immediately from the matrix x"x definition).
We oan introduoe Prop. 2.1 in a different form aa followsi

eProperty 2.1.a>

&rs

o oxgl, (r* 1) ACk e 1)e



Property 2.2 (see I hall [6]i

"X*1 FE8.r. s. i. 1 - i7k.

»

Property 2.3 (see Dwyer [2]:

aC|Srl . .(«el)=" 3(Lil)(1-x)-\ t . 1TS. i - 2Tk. ¢

We oan aleo present Prop. 2.3 in the following wayi
Property 2.3.ai

' axra Ay
3N M 2xC *ts* * * T r, a, 1 mI, Kk, ¢
Proofi
y, dxra a”, t-
3iti LiTig- Mt Al + 72 + 43*
if]

Conaidering Prop. 2.1.a we deoompose the first aum in the above
expression into three suma, where

X,® € m 1 »
| v G<iAn

Kigm z G-DAQ«D) iJ "+

Henoe, by virtue of Prop. 2.l1.a. we have

- 0 %

e L« L)

_((ii_/lﬁgjj—ll!g iJ 11



Due to symmetry of the matrlx x X
aboye expression as foliowat

- - 23crl
J-1
whloh ends the proof.
Property 2.4«

Hg-*t*A

where ~ CXie ..., Jx

2?2, ?_as}ieitA.

By senaltiTlty of leaat
a reaotion of these
of elements
measures using deriyatiyes
yeotor may haye
giyen in Milo,
another form.

Property 3.1«

of D

2
- ¢* xrl[atdl--

where

xN - the t row of the matrix x,

squares
estimates yalues on smali ohanges in values
of the matrix % and yeotor y. We dofine sensitivity

- S (t.

and Prop. 2.2 we oan write the

£ *x x * N 1 _
3-1
fo 1 < 1 e
ti-le 1" 1%Kk* o

least sguares estimates* sensitivity

*
estimates we underatand

with respeot to x or y.. The

different analytioal forms. One of them is

Wasilewski [ 4] Here we introduoe its

X)1»]

Lt 7oA, i - T7 K,



ilb%ggxﬂj—y}— t-4

Proofi

- C*»*rv [Jtdi - s(t,I>*"*r1*,y3

- (X’x)*1 [ytjx - S(tH) ]

Conaidering

3(L ) " QD + QLD

we oan write nerfc

- QCtfl)b “<Q(t.Db]

» (X,*rl[ytdl - *t * 3x - *t.bI»

- - ~h.]

whioh concludea the proof. m
Ualng Prop. 3.1 ona oan conatruot different aample aenaitiyi-
ty meaaurea of the eatimator B. We propoae here the following

onesi

-U-1tSfr
t=1

Wii _ mean aample aenaitivity 0f Bxwith reapeot to reaulta
of ob3eryationa on a yariablej

k

"t -F Z, k - -
1»1



wit " a”@ragod aample sensitiylty of Bz with reapeot to
results of observations for the period t on all yariablea

Al » , (tor modela in whioh ezplanatory yariablea are in the
same aoale or standarized)» - 1§9F where U. O
ULy ;= ) and lid Bls euolldean norm of dj

Ua - indioator of aample sensitiylty of B with respeot to
reaulta of obaeryationa on 2¢ yariable;

N
wt mllwt Ib> where « (wn , Wy g k>
wt - an indioator of aample aenaitiyity of B with reapeot to
resulta of obaeryationa on all ezplanatory yarlables from the
period t (for modela in which ezplanatory yariablea are in the
same aoale or standardized)}

X 3bi

1

itx 1 Z ..
1-1 F*ti

““welghted mean senaltivlty of bt on reaulta of obaerya-
tions for ezplanatory yariables from the period tj

st - ||St i Where *t - («u , «2t..... an)

wt - an indioator of welghted aenaitiyity of b on reaults of
obaeryationa for all ezplanatory yariables from the period t.

In Belsley,Kuh,W el 1ioh [3] we can find an al-
tematiye to wit measure. It Is based also on matriz deriyatiyea.
We Introduoe shortly its oonstruotlon.

Let DeR ™ be a matriz whioh ia defined as foliowat

dj. e R.

il
that 1a D is a unit matriz ezoept element dt aa a t-element on

main diagonal. We define eatimate b (dt) as a welghted L3 eatima-
te with D aa a weight matriz, that ia



b(dt> « (x Dx)“1x Dy.

It is proyed by the authore that

3t "~ ) [ - @ -dv) ht]2"

where
et - t-th LS reaidual,
hl]. - t-th diagonal element of a hat matri* H
Evaluating this derivative in a point d, « 1 we obtaln

ab(dt)
_TA-~ X)) “Ixthet - < > t.
\ a-T mi, -1
The elements of a veotor e are measures of Influenoe

that the obseryations on ezplanatory Yariables from the period t
can have on LS estlmates. Prom this reason the elements *it of
the veotor 8" serve the same purpose as Without detailed
analysls it is not obylous what 1Is the relation between
wit (or wit) and 8.~ for a oonorete oase of data. It oan be
proyed that

.
wit - 5it 4t} - xlt b*
where
- the mean value of elements in 1i-th row of
matrix
b - the mean value of LS estlmates.

SImilarly we oan investlgate the sample sensitlvity of B on
results of observations for the ezplained yariable Y.
Property 3«2i

Byt - xt§»
where

zty, - the t-th coluran of the matrix x+, t - 1, n.
The proof of Prop. 3.2 results imtnedlately from the definition

of b.



A meaaure of the mean aample sensitivity of on the reaulta
of obserYationa on Y we deflne as foliowa*

wi,y "a I  3yt» 1 " 1»k
y o1 y
or in the case when Yariables are in different eoales,for abillty
to ocmpare

N
%\Lfﬂ Ay,LL, i -1, k.
™l L

ui*y

Mean aample sensitiYity of B on smali changes iny is following

Uy- BWwll . ... uk,y)

or
Wy ““]0y I Uy mCH7 Yt eee» ttjhy)*

It was not poesible to construot similar sensitiYity measures of
b with respeot to ohanges of the model oorrelation struoture in

3b. ab,

the Bense of i, r, a« 1, k and i, r « 1, k beoauae of
°*'TB r

non unique evaluation of the elements of X by x"x and X ¥.

4. Measurea”of BenBitiYity of ohosen funotiong
of LS estimates

We will find ezpressions defining a sensitiYity on amall
ohanges in mutriz x of such funotiona of LS estimatea aa

y  *h, e»*, R2-1- —
(n-k)Sy
where
N
sy - sample Yarianoe of Y, S§/ -jlj v
i-1

hil - 7 e



Property 4.1»
- bl (jt - u+)

mbit + v4d.»
where

X£ - 1-th row of xte R~ 1
hj - t-th row of H mxx+,

nxl1

o *
6 R , ( eney 3N* eeey «h§>)> " Il ]I' t

S %

iml, n. «

The proof comes Immediately from deflnitlon of y and propertles

2.3 and 3.1.
Property 4.2i

Proof i

a(y -y) rr_y)” _2 «
dxtl 3xtl dxtl axtl dxt+

- g — - *
2Y T35 T2 axti ”

- 2 - Py - 2 «Th X@E - %) + ot i

-2V»{jt-*>*_] -2Vv If

The last eguality oomes from the faot that e X+* - O.
Property 4«3»

an2 2b,
If- » ————- e Jt. ¢
axtl (n - &) S* t

Proof»



We defino R2 - sample estimate of a sguare multlple oorrela-
tlon coeffioient aai

Heaoe

3R .. 1 3 N D e
3xtl (n - k)S2 9xtl (n - k)s|

what ends the proof.
5. PInal remarke

In thie paper we have introduced some propositione of measur-
ing the sensitiYity of LS estlmates and their choaen funotionB on
smali changea in data (these changes oan be underatood aa meaaure-
ment errors of model Yariables or rounding errors). The desoribed
meaaures can be uaed in detecting the most influential obserYa-
tions (in the aenae of their influence on aolutlcn of a eet of
normal eguations) and in Yariable seleotion teohnique«. It aeema
that the meaaurea can be uaeful eapecially for models with multi-
oollinearlty. More detailed analysiB of their behaYiour and
derlYation of cut off leYele for theae measures is planned by the
authors.
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Iwona Konarzewska, Wkadystaw Milo

UWAGI O WRAZLIWOSCI OCEN WEDLUG METODY NAJMNIEJSZYCH KWADRATOW
I ICH WYBRANYCH FUNKCJI

W artykule analizujemy mozliwo$¢ pomiaru wrazliwosci prébko-

wyoh wartosci ocen wedtug m.n.k. t - (xX)“Ix § na mate zmiany
wartosci wynikow obserwacji, tzn. mate zmiany elementow macierzy
X 1 wektora y. Proponowane wskazniki, oparte na poohodnyoh macie-
rzy i wektorow, pozwalajg na W%kryc!e tych elementéw macierzy X,
y, ktore silnie numerycznie zaburzajg rozwigzanie uktadu rownan
normalnych. Wydaje sie, ze mogg one stanowiC punkt wyjSoia do
pewnych reapecyfikacji elementow modelu statystycznego.



