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OH A GENERALIZATION OP THE PRINCIPAL COMPONENTS ANALYSIS
1. Introduotion

Principal oomponents analysis is one of the most freguently
used methods of multivariate statistioal analysis. Thanks to
its simplioity and intuitiveness it is very useful in practioal
researoh.

In the course of reoearoh of oomplex phenomena (i.e. the
ones desoribed by a multivariate vyariable) it happens very
often that the set of variables deaoribing theae phenomena
Is Tery numerous, and that these variables deaorlbe different,
often very loosely conneoted. fragments of a giyen phenomenon.
In such oases there oan be many diffioultioa in the interpreta-
tion of the prinoipal oomponents whioh are determihed in auoh
a way as to explain in the beat way the variance of the variablee
oomposlIng the set under consideration.

An interesting prooedure conoerning the a”oidanoe of theae
interpretational diffioulties has been proposed in [5]. It ia
realized in two stagesi in the first stage the set (X1,
Xg, -.., I } of yariables is divided into olasses of similar
yariables Tin the sense of their oorrelatlon)t C~.0g, ...» CL,

where 1 < L <m, in such a way that
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wherei

1+ - the nuraber of vyariables belonging to the olass C/.
In order to divide this set any claeaifloation method (with
regard to variables) oan be used.

In the seoond stage of the conaidered procedura we have to
deterinine a oertgin vyariable for eaoh olasa, and this yariable
ia a linear oombination of the yariablea belonging to this olass,
whioh raeana that for the j-th olass the yariable is

CD Sj - anZ”™ + a2jXi2 + *e* +

In determining this yariable the prinoipal oomponents
analysis is used. Thus the vyariable Sj is the first prinoipal
component for the set of yariables belonging to the olass <} #
this sense it is the optimal yariable representing this olass of
similar yariables.

What 1is most important 1in this method is the determining
of the olasses of similar yariables by means of olassification
methods. Very often, howeyer, the olassifioation methods haye
serious weaknesses. The main weakness is the faot that the varla-
blea belonging to the same olass can be less similar (oorrelated)
to ona another than yariables from different olasses.

Here a method will be proposed that has two featurest firatlje
it eliminates the defeots on the olassifioation in the usual
senee by means of introduoing its generalization, i.e. the fuzzy
olassification. Secondly, it introducea an optlmality of seleo-
tion of the linear oombination representing the olass of similar
yariablea, by means of the seleotion of suoh linear oombination
thst will satisfy the oondition of the maximum oarrelation with
the yariables belonging to the initial set.

The fuzzy aet (oomp. [6]) is a generalization of the set in
the usual sense.lt is aasumed that a setX(so oalled "uniyeraum")
is given and fuzzy subsets are defined on the elements of X,
A fuzzy subsot A of the uniyeraum X is defined by means of the
membershlp functioni

wA » PC—+ [0, 1].



The theory of fuzzy sets replaees the notion of "belonging”
used with reference to sets in the usual sense and eipressed
by a zero-one yariable, by the notion of "memberahip", expre-
aaed by a oontinuoua yariable taking values from the interval
[0, 11,

Similarly, the fuzty class of similar Yariables is a genera-
lization of the class of similar variables. The degree of
memberahip of vyariables to Tfuzzy olasBes Is a number from the
interyal [O, i],

The problem of the fuzzy olassifioation of yariables can
be deflned es foliowa (comp. [2], [41]).

Given the set , X2, ..., Xm} on whose elements (i.e.
yariables) obsenrations have been raade for n studied objects, we
hove to determine a famlly of fuzzy subaetsi C.,, Cg, CL

(1 < L <m) in suoh a way that the following oonditions holdt

(2) i -1, ..«, @ j m1, L]

where w”j denotes the degree of memberahip of a Yariable
X~ to a fuzzy clagce C~.

The yariables whose degrees of memberahip to the same
olass are high - are the most similar, and the yariables
whose degrees of memberahip to different olasaea are high
- are the Ieasg similar.

As one oan aee, In the fuzzy olassifioation problem, the si-
milarity of yariables is deflned by the correlation between them.
ObYiously, the slgn of the oorrelation ooeffioient Is not taken
into account, that 1is, the positiye and negatlye correlation
have got the same treatraent, and we are Interested only in the
strength of the correlation.

It may occur, that the yariables are highly oorrelated be-
oauae they are slmultaheously affeoted by another yariable. Then
the proper meaaure of similarity (.oorrelation) for such yariables
is partial oorrelation coefficient. In such a case, instead of



oorrelatlon matrix (or covarlanoe matrilx), whloh Is used In the
considerationa belo:/, the matrix of partlal oorrelatlon ooef-
ficienta (or partlal ooyariances) should be used*

2. The problem of fuzzy prilnolpal oomponents analysla

Let X m(X1tX2, Xn) be an m-dImenslonal vyeotor of
varlables(by way of slmplifloation we assume that these yarlables
are standarized). Let E be a oorrelatlon matrlx, belng also
a oovarlanoe matrix of these yarlables; and let L (A <L "u) be
a number of fuzzy olasses of vyarlables. Moreover, let IT m
= (wl, Wg* eee* *jrhe the degree of membership matrix, where

W2J» eeen wmjr* A L* wij denotin8 the degree
of membership of a yariable X* to the J-th fuzzy olass of yarla-
bles.

Our task |Is to deflne a oertaln varlable for the j-th fuzzy
class of yarlables. The yariable to be determlned Is suoh linear

combinatlon Sj ma”X, where a2j* eeee amj” that the
weighted sum of the saguares of the oorrelatlon ooefflolents
between thls yarlable and the yarlables X, (1 m1____. m) la
maximura, and the sguares of the degrees of membership of the
varlables X~t (1 » 1, m) to the j-th fuzzy olasa of yarla-
bles are the welghts. The determining of the vyarlable. Sj,
g -1, . L) oan also be viewed as a tranaformationr

#
@4 XxX- 3
where

a* X
(5) X3

is an (m+l)-dimensional veotor.
Hence the transformatlon matrix (Its dlmenslons belng (m + 1)x m)
for the j-th olasa (j-1, ...» L) 1is

ad
) X



la light of this the oorrelation matrilx of tha veotor I oal-
oulated for the j-th olasa (i.e. by using the transformation
matrii corresponding to the j-th olass) is

aj R*j aj R
) Rj R fij R
for j«l1, L.

Sinoe the weighted sum of the squares of the oorrelation ooef-
fioients should have a maximum, the oriterion funotion for the

j-th olass is

m
22 /i= e
E “0»v -y «
i-1
wherei
r(lit S.) - a oorrelation ooefficient between and S.,

Wj - a diagonal m x m matrix with the main diagonal elements
le’w%- wmj* i o i
Evidently, in order to solve this maximization problem, we
have to normalize the Teotor a jjotherwise the maxImum is reaohed
when the components of the veotor approaoh 1ioflnity. As
a normalizing oondition we assume

(3) aj Raj = 1

This oondition is deriYed from the faot that the maln diagonal
elements of the oorrelation matrilx are equal to 1.

Thus for the j-th fuzzy olass of Yariables (J - 1, <>., L) we
search for the solutlon to the following mathematloal programmlng
probierni

) aj RWj Wj R - > max

under the oondition
(10) aj R aj -1

Uaing the Lagrangian uultlpliers method we oan formulate the
following unconditlonal extremo probierni



(11) X1 m a”BYjl#jRaj - X(ajRaj - 1).

Differentiating (11) with respeot to and setting it to zero
we obtain

(12) Wefljtoij - ARaj - O.

what meana
(13) R1/2 (R1/"MJW;R 1/2 -0
where

14) W -R1/2%j

and

(15) R1/2 - TAL/NV

wherei

All2 - diagonal m x m matrix in whioh the main diagonal

elementa are the aguare roots of the eigenvalues of R arranged in
the deoreasing order,

r - an orthogonal m x m matrix whoae oolumna are the eigen-
veotors oorresponding to the eigenvalues of R arranged in the
deoreasing order.

Then

ri/2 r1/2 ,,rAl/2r « N1/2p» ,, rAr» _ R

and
(16) R~1/2 - (R1/2)"1.

In order for a non-zero aolution to the matrix eguation (13) to
exiat, the following condition muat be aatisfiedt

(17) |R1/2W2R1/2 -X1 |- O.

30 X is the eigenvalue of the matrix R172 RIN2.
By virtue of (12)



VAN
(18) v j*‘3-XR ar.

Premultiplying (17) by aj we obtain
(19) ajRWjWjRaj - Aa”Ra™ - A.

So A is at the Bame time equal to the weighted sum of the aquares
of the oorrelation coeffioients between the Yariablea i- 1,
2,...,m, and the Yariable Sj. In order to mazimize thie value we
have to chooae the greateat eigenvalue ot the matriz R1"%+jRI1N2.

Let bj be the eigenveotor oorreaponding to that greateat
eigenvalue. Obvioualy,

(20) bj bj m 1.
Prom (14) it foliowa that

(21) ar « R~1/2 by

So in order to determine the Yariable Sj one haa toi

1) determine the eigenyaluea of the matriz R aa well aa their
oorreaponding eigenveotorf». They will form the matrioeB A1M2
and Tj

2) determine the matriz R“1"2 m(rAl1M2r)*1]|

3) determine the greateat eigenYalue of the matriz RN AR 102
and the oorreaponding eigenveotor, b";

4) determine the Yeotor a* » R-1/2n.

The ooordinatea of this Yeotor are the ooeffioienta of the
linear combination 8j - a™X.

The Yariablea S, Sg, ...» oan be interpreted as Yariablea
repreBenting partioular fuzzy claaaea of Yariablea whioh are oom-
ponenta of the Yeotor X. They will be oalled the fuzzy prinoipal
oomponents.

3. On propertiea of fuzzy prinoipal oomponents

Note that the determining of the Yarlables S~ Sg, ..., §
oan be Yiewed as a transfornation



QL) X -*5

where S » (8%, Sg, - SJ,)*
In thia case the transformation matrix (its dimensions being

Lxm) 1is

*1
°2
(22)
Therefore r(S*, S.), the oorrelation ooeffioient between and

S”, is egual to a”Ra”* hence
r(Sit Sj) - bj.

Now we shal; show that the problem of the fuzzy prinoipal
oomponents analysis ia a generaliaation of the olassioal prinoi-
pal oomponents analysis*

The olassioal problem of the prinoipal oomponents analysis
for standardized yariables, i.e. when the oovarianoe matrix is at
the same time the oorrelation matrix, 1is (of, [1]D» find the
linear oombination S mfr, where « is the aolution to the mathe-
matical programming problem

(23) ct’Ro - »mai

under the condition

(24)  <ec - 1.

In light of (24)t

(25) 'R“1/2RR“1/2«— 1=>a"Ra « 1,

where a mR’ 1/2 e

Appylying (25) to (23) and (24) we obtain an alternative form
of the raathematical programming problem«



(26) aR1/2 RR1/2 a - aRRa -vmax
under the oondition
27 *fea« 1

Therefore.in order to solve this probiera acoording to the prinoi-
pal oomponents analysls method one hao to determine the elgen-
values of the matrix R, and then determine a mR“1"2 «, where «
is the eigenveotor oorresponding to the greatest eigenvalue of
the matrlx R. ,

Now let wus conalder the problem of the fuzzy prinoipal oom-
ponenta analysls, when we have only one fuzzy olass of varlableo*
Then L - 1 and - 1, and the problem is

(28) r2(lit S) m&Ra-+-max
1-1

under the oondition
(29) aRa- 1.

Using the same methods that were used in the generat t-olass oase
(see 2) we oonolude that |In order to determine the veotor a we
have to determine the elgenvalues and elgenveotors of the matrix
R and then to determine

where o is the eigenveotor corresponding to the greatest eigen-
value of the matrlx R.

This shows that the fuzzy prinoipal oomponents analysls for
the oase when L < 1 is a problem analogous to the olassloal
prinoipal oomponents analysls* Therefore the fuzzy prinoipal oom-
ponents analysls oan be treated aa a logioal generalization of
the principal oomponents analysls.

Suoh a generalization of prinoipal oomponents analysls may
be uaeful in oertain problems solved by multlvariate statistioal



methoda (for example, by ordering methods), partioularly, when
the yariables describing studled phenomenon oan be, on the merita
of the oase, divided into Beyeral olasses, whioh describe dif-
ferent aspeots of the phenomenon.

In addition, different classes may oontain the yariables
highly oorrelated, for whioh the assumption of orthogonallty of
oomponents is not necessary.

4. An Iterative jatgorithm
of determining fuzzy prinoipal oomponents

In praotical problems the degrees of membership of yariables
to partioular olasses are unknown. In such oases two alternatiye
prooedures oan be proposedj firstly, we can determine the degrees
of membership by means of the fuzzy olassifioation methods (of.
[2], [3])- As it has been mentloned these methods enable us to
determine a fuzzy olassifioation of objeots oharaoterlzed by the
yalues of a yeotor of yariables. Also dual approaoh oan be oon-
sidered, i.e. the olassifioation of yariables oharaoterlzed by
their values obseryed in a set of objects (units of Investiga-
tion). By applying the fuzzy olassifioation method within the
dual approach we obtaln the degrees of membership of the yaria-
bles to partioular fuzzy olasses.

An alternatiye method will be proposed here.In this algorithm
the degrees of membership and the fuzzy prinoipal oomponents
are determined simultaneously. The algorithm prooeeds as followsi
Let R be the oorrelation matriz of the yector of standardized
yariables X>(X*( o --es X“)$ and let L be the number of the
fuzzy olasses* The inltial yalues of the degrees of membership
raatri* will be WS mWw”j), 1 m1l, ee», mj J ml, ..., LJ where

L
0 < <1, JdM wWe -1,1»1, ..., m and w"j denoting the

inltial vyalue of the degree of membership of the yariable to
the j-th fuzzy olass.

Pirat of all one has to determine eigenyalues and eigenyectors
of the metrix R.and then determine the matrir R“1/2 - (r/il™2r")”1.



Then the following iteration prooeaa ia applied. la the i-th
iteration we determine for the j-th claae (j-1, L)i
1) the greateat eigenvalue of the matrix R ~2wj”1 R1M2,

the oorreaponding eigenyeotor bj. where W*“1 ia a diagonal o x m

matrix, the main diagonal elements being w«71, w}t\ ...t
*j *] mj

Ctheae are diagonal entries of the matrixW i"");
2) yeotors a* - R“1/2 toj;

3) oorrelation ooeffioients between the yariables sj m aj*,
j m1l, eee» | and yariables (r -1, m), aooording to the
formulat r(X*, Sj) < rij» *bere r”j ia the 1-th ooordinate of

the yeotor aj Ej
4) new yalues of the degrees of memberahip (they will form
the matrix W1) aooording to the formulai

(ri)z

(£

for 1 * 1] ttif m,

The iterative prooedure is oontinued until the yaluea of the
degreea of memberahip cease to ohange in a aignifioant degree,
e.g. in the r-th atage, when

(30) wo*

3D max |wH1 - wf. I<C
1,J 13 13

where £ Is a smali poatiye number.

Then the  fuzzy prinoipal oomponents are the vyariables
S1* ... ®L* *n our examples the algorithm was oon-
yergent, and it was resistant to the assumed initial yalues of
the degrees of memberahip inoluded in the matrix W<.

5. Biamples

In the examples preaented below we giye the determined yaluea
of the fuzzy prinoipal oomponents depending on different forma of
the rnatrlz R.



- L - 2, and the matrix R 1ia

Il a

la 1
a»0

X1
X2

+ 0.1
. 099Xt + 0.05X2
sp + 0.05Xt + 0.99X2
a +0.2
¢ 0.98X1 + 0.10X2
sp * 0.10X1 + 0.98X2

a + 0.3

51 0.94X~ + 0.16X2
o 7 0.16X1 + 0.94X2
a + ,P»4

s1 0.88X1 + 0.23X2
s T 0.23X1 + 0.08X2

a t %5

g1 0.75X1 + 0.39X2
s+ 0.39X1+ 0,75X2
a + 0.6

0.56X1 + 0.55X2

s1

g, 1 0.55X1 + 0.56X2
a  j oox7

57 0.54X1 + 0.54Xg

30 + 0.54X1 + 0.54Xg
+0.8
S1 - 0.53X1 + 0.53Xg
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S2 » + 0.531, + 0.53*2

a <+ 0.9

S, - 0.51X, + <*51X2

S2 - + 0.511, + 0.51*2
- the matriz R is

1 0.5 0.5"
0.5 1 0.5
0.5 0.5 1
L -2
S, « S2 - 0.411, + 0.4112 + 0.41X3

L -3
S, mS2 - S3 - 0.41X, + 0.41X2 + 0.41X3

- the matriz R 1is
1 0.1 0.2
0.1 1 0.1
0.2 0.1 1

So the form of the matriz suggests the ooourenee of three fuzzy
olasses of yariables.

L -2
37 M 0.64X, ¢ 0.06X2 + 0.64X3

S2 m 0.D5X, + 0.99%X2 + 0.05X3
L m3

s1 0.97*, +o0 o * 0.10X3
gp M 0.05*, + 0.99X2 + 0.05X3
m 0.1Q0X, + U.05X2 + 0.97X3

3

E

S3
- the matriz R is

1 0.9 0.1
0.9 1 0.2
0.1 0.2 1

So the form of the matriz suggests the ooourenee of two fuzzy
olasses of yariables



L m?2

51 » 0.03X1 + 0.10X2 + 0.97X3

52 - 0.52X1 + 0.5aXx2 + 0.05X3

L -3

Si mSg mO«51XN + 0.50X2 + 0.05X3
s2- 0.0 + o.iox2 + 0.97X3

- the matrix R is
1 0.9 0.8

0.9 1 0.9
0.8 0.9 1 J

in this oase the form of the raatrir suggests the ooourenoce of one

olass.
L -2
S, - S2 - 0.35X1 + 0.36X2 + 0.35X3
L =3

- S2 - S3 - 0.341! + 0.36X2 + 0.34x3
- the matrix R is
1 0.9 0.1 0.1

0.9 1 0.1 0.1
0.1 0.1 1 0.9
0.1 0.1 0.9 1

The form of the matrix suggests the ooourenoe of two fuzzy
olasses.

L -2
31 " 0.03X., 0.03X2 + 0.51X3 + 0.51X4

s2 « 0.51X1 + 0.51X2 + 0.03X3 + 0.03£4

L m3
s1 .»0.05X1 + 0.05X2 + 0.05X3 + 0.98X4
s2 - 0.51X1 + 0.51X2 + 0.03X3 + 0.04X4

53 0.05X1 + 0.05X2 + 0.98X3 + 0.05X4

- the matrIx R is
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1 0.9 0.9 0.9

0.9 1 0.9 0.9
0.9 0.9 1 0.9
0.9 0.9 0.9 1 -

Here the form of the matrix suggests the ooourenoce of
olass.

L -2
S1- s2 m0.26X» + 0.26X2 + 0.26X3 + 0.26X4

L -3

sl - 82 . 0.26X1 + 0.26%X2 + 0.26X3 + 0.261.
L m4

sl - 82 _ g3 S4- 0.26X1 + 0.26X2 + 0.26X3 * 0.26X"

- the matrix R s

-1 0.9 0.1 0.1 0.2 °
0.9 .1 0.1 0.1 0.2
0.1 0.1 1 0.9 0.1
0.1 0.1 0.9 1 0.1

. 0.2 0.2 0.1 0.1 1

£t -2

S, - 0.49X + 0.4912 + 0.031" + 0.0314 + 0.1515
52 - 0.031 0.03X2 + 0.51X3 + 0.SII™ + 0.03X5

1 m3
3, - 0.50X + 0.50X2 + 0.03X3 + 0.03X4 + 0.07X5

32 - 0.081 + 0.0ax2 + 0.04X3 + 0.04X4 + 0.94X5
53 - 0.03X + 0.03%X2 + 0.51X3 + 0.51X4 + 0.03X5

L m4
S§ * 0091 + 0.09%2 + 0.04X3 + 0.04X4 + 0.94X5

SL - 0.50X + 0.50x2 + 0.03x3 + 0.0314 + 0.06X5

+

S3 " S4 m°‘°3X1 + 0.03X2 + 0.5U3 + 0.51X4 + 0.03X5

1-5
S1 » S2 - 0.50X1 + 0.50X2 + 0.03E3 + 0.03X4 + 0.06Xe

s3 ms4 m(0.03X1 + 0.03X2 + 0.51X3 + 0.51X4 ¢ 0.03X5
S5 - 0.08X1 + 0.08X2 + 0.04X3 + 0.04X4 + 0.94X5



in thia oaae the form of the matriz suggests tho ooourenoe of
three fuzzy olassea.

Aa we oan see, in the majority of oases the algorithm allows
us to find out the proper number of fuzzy claaaea,and thio number
is egual to the number of wvarious fuzzy prinoipal oomponents,
regardless of the number L asaumed in the algorithm.

In the above ezamples we oan notice quite good "adjustment
of the coeffioients in the linear combinations to the simila-
ritieB between the yariables represented by the elements of the
oorrelatlon matriz.
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Krzysztof Jajuga

0 UOGOLNIENIU ANALIZY GLOWNYCH SKEADOWYCH

Artykut przedstawia pewne uogélnienia analizy gtéwnych sktado
wych. ldea polega na tym, ze zbior zmiennych j«st zastapiony prata
rodzinf podzbiorow_ rozmytych okreslonych ze wzgledu na _te zmienne,
z roznymi stopniami przynaleznosci poszczegélnych zmiennych do
tych klas. Wyznaczone rozmyte gtdwne sktadowe sa optymalnymi re-
prezentami szczegdlnych klas rozmytych. i

Jest rowniez ﬁrezentowany iteracyjny algorytm otrzymywania
rozmytych gtownych sktadowych. Rozwazania sg rlustrowano prostymi

przyktadami.



