
A C T A  U H H E E S I I A I I S  L O D Z I E N S I S  

POLIA OECONOMICA 68, 1987

Czesława Jackiewicz*, Elżbieta Żółtowska

THE DISCONTIHUOUS PRODUOTION PUNCTION 

WITH CONSTANT ELASTICITY OP SUBSTITUTION * *

1. Introduotion

One of the basio but oontroversial assumptions in the theory 

of produotion and the eoonometrio modela of produotion is the 

assumption of oontinuity of an analytio form of the relation 

between produotion and inputs. The laok of oontinuity of the 

produotion function (in given input levels and in given moments 

-of time) will be manifested by adding the zero-one yarlable (or 

▼ariables) to the technical relation between produotion and 

inputs. This laok oauses a need for oonsidering a way of determi- 

ning the estimates of its parametera on the basis of the availa- 

fcle statistical infomation. Our analysis is limited'to the oase 

when the dependence between produotion and employment as well as 

fiaced assets is a function of the CES type.

2. Diaoontuity of the Produotion Function

The classical theory of the produotion function aasuraes that 

the input-output relation is desoribed by a function belonging to 

the olass C^« If we take Y for produotion and Xg, •••» ^k *or 

the productlon faotors, then the gradient of the function

(1) Y * f(Xlt •••»
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is a yector with poaitive componenta, and the heasian of this 

function ia a poaitive definite matrix.Thia meana that at a fiied 

lev«l of arbitrary (k-1) produotion factora, Y treated aa a func- 

tion of a non-fixed (variable) faotor is an inoreasing curve 

whose ratę of inoreaae ia constantly diminishing. It ia alao 

assumed that if any of Xi (.i * 1, 2, ..., k) ia aero, then Y ia 

alao zero*

The cortinuity aasumption oausea a lot of dóubta .and dia- 

cuasions among the eoonomiats. These doubta oome mainly from the 

fact that the produotion factora are not infinitely diviaible, 

and the level of produotion determinea not only the level of pro­

duotion factora, but also the effioiency of their utilization.

Pig. 1. The oonstant produot ourvea

Limiting the considerationa to two baaio produotion-oreating 

faotorsi fixed asseta K and employment L, the relation between Y 

and K and L usually takea the form of a aeotion of the surface

Y ® f(K, L) by the planea Y ■ Y Q, Y ■ Y^ eto* which are the oon­

stant product ourvea.

The pointa (K, L) lying on the aame ourve correapond to dif- 

ferent produotion- techniąuea, and the poaaaga from the point 

(Lq , K q) to (L.j, K^) correspohda to the appearanoe of-independent 

technological and organizational progreas. Thia paasage oan be of 

almost contlnuous oharaoter, or it oan be markedly diaoreto. In



the latter oaae the function surfaoe Y - f(K, L) will oeasa to be 

a continuous aurfnce, whioh is easy to observe on the L • L q or 

K - K yertical planes sectiona of the produotion ourface 

(Pig. 2). We oan asaume that the dlsorete ohange of produotion 

from Y to Y., oocurs after passing oertain threahold value3 K* 

and and that the latter levels are the funetions (not ne-

ce3sarily continuoua funotiona, of K and L respeotiyoly. Let us 

aasume that we make a yertioal aection of the surfaoe Y - f(K, L) 

with the piane L ■ LQ .

a) b) 

Y f

Pig 2. The eection of the surfaoe Y « f(K, L)with the piane
L - Lq

Two situationa are poasible heret in the first one, doscribed 

in Pig. 2a, for K > K* a translation of the curve Y » fvK, LQ ) =0 

oocurs, and in the seoond one, deacribed in Pig. 2b, a change 

of the rate of inorearte of the ourve takes place for K > K , 

apart from the translation. Bo# if we assume that we deterraine 

the seotions of the surface Y « f(K, L) with the horizontal planes

Y «* Y in such a way that tha eucooaive planos Y « Y-,, Y » Y2,
O . . .  Ł — . _ A- S £ _.Ł-----

AY

Y differ from one another by a conatant diatance 
P

Y„ - Y« «•*Y^ - Y0 , ..., - Yn - Yp-1, we will obtaln a ayatem
2 “ *1 “ *3 ” *2’ *'*’ ~ ~P 

of oonotant produot ourreo preaented łn Pig. 3.



‘
Pig. 3. The oonatant product ourves of the funotion Y ■ f(K, L) 
dependent on the relation between L and L and between K and n

These ouryea oan be divided into three groupai two terminal 

groups of oontinuous ourrea and the middle group of diaoontinuoua 

ones. In the latter olaaa for oertain Y » Y# we will obtaln also 

empty aets. In a partioular oaae it oould turn out that the oon- 

stant produot ourrea are repreaented by the two terminal groupa 

exoluaively (for Yfl < Y* and Y0 > Y *  respeotlrely).

The aimpleat posaible way on aooountlng for the ooourenoe of 

diacontinuity interrala in the produotion funotion ia to aaaume 

that the produotion Y oan be deaoribed by meana on two oomponents, 

the firat determinlng the direot influenoe of the ąuantitiea K 

and L, the aeoond determining the dependenoe of the ohangea of Y 

on other, meaaurable or non-meaaurable, factora (Z^, Zg, ..., Z#). 

In a partioular oaae, the aeoond oomponent oan be a trend. (In 

different, ao far oonaidered typea of produotion funotion, the 

multplioative auperpoaition of the trend on "pure" (dependent 

only on K and L) form of the funotion haa been aaaumed). So we 

aaaume that

(2) Y - f(K, L) + g(Zv  ..., Zfl).



The present paper will oonsider a oase where the yariables

Z , ..... Z from (2) are artificial variables, morę preoisely
1 9 8

zero-one yariables, and the funotion G is a llnear function.

3. The CES Produotion Punotion with a Zero-one Yarlable

We shall consider the estimation problem for the CES produc­

tion funotion, assuming that in the obsenred time interral

<t . t«> there is a translation of the funotion surfaoe for 
o' 1

t > t . Then we oan assume that

(3) Yt - a[5K'tfi + (1 - + (3Zt + et

wherei

0 for t < t M
Zt

- a random variable expreBsing the influence of these 

faotors that are not explioitly included in (3)»

Following the criterion of the method of least sąuares, on 

the basis of the available Information KtLt^» t » 1, 2,

3....T, T+1, ...,h}, we shall be searching for suoh yalues of tho 

estimators A, b, o, t, (3 of the parametera for which the function

(4 ) b, o, r, (3) -

. £ [ * , -  k u c ; '  * d  -  - p z t ]2

t»1

will reaoh the minimum ralue. As far as the parameters are con- 

oerned, it ls assumed that

A 6 (O, + oo), 

b e (0, 1),

o 6 (0, + oo), 

r e (-1, 0) u (0, +oo),
(5) (3 € (-a* + oo).



Let ua then asaume that T < t* and that T + 1 S t*. whioh 

means that for the first T obseryationa the yariable Zt is eąual 

to 0, and for the last N - T obsei^ations it is eąual to 1. 

Tranafoming (4) the function Q, oan be written as

(6) grad Q 1(A, b, o, r, (3) - 0.

Thus the funotion Q.,(A, b, o, r, (3 ) is a non-linear function 

of five variables. We shall be aearohing for ita atationary 

pointa where tha hesoian of the function Q 1 ia a positive defini-

te matrix. A
The searoh for the atationary pointa (AQf b0, oQ , rQ, (30 ;

oorreaponda to the solution of the aąuationi

grad C ^ U ,  b, o, r, (ł) - 0.

The auccesaive components of the gradient are;

N

(7) ff1 - -2 Ź * 2P E «t
t=1 t-T+1

( 8)
tn 1

(« S 1 - ^  e  - “ t10*1” «* - ę  v  «*• 
t«i t»i+i

h  . .  2*0 f  ( v . i0 ln Kt + m  J2 c v AV° »

r t-1

3Q.
ar

N * H fe*

• 2AG(3 Y ’ G ln Ł. — — ^  V  0+ TT* »(10) + — y ~  /L t1 ®t r Z-i t gt
* t-T+1 t-T+1

(11)
aQ 11

-J  m -2 E  Yt + ^  E  Gt + 2 p (N * *T ) *
t-T+1 t-T+1

where



«t * bK t r + “ b L̂ t r 

0t  - (et )-<,/r

(12) g£ * — (b ln + (1 - b)ln L^L^r ).

0 Q 1
Aasuming that - O a n d ^  - 0, and by virtua of (7) and

(11), w e  shall obtaln

N N

N I  'i E  '«
T+1

(13) A

V  Y C  t-T+1 t«‘
L .  Y tG t --------- r  - t
t-1________ _______________

» ( T  °«)2
y  ol - *■*»’ —

* * - *

N H

E *t E s
£ t-T+1 i t-T+1 __ _

(14) (3 - -  f----* - t f f f —

dQ 3Q, 3Q-
Whereas, if we aaaurae that — jfę ■ 0, — * 0, —g- - 0 and due

to (8), (9) and (10), we obtain a aystem of eąuationa with the 

unknown b, o, r, of the formi

H K7r - L7r N K-r- L7r

t-1 t-T+1

II N

Y. - *s)Gtin ®t - p E °tln «t -0
t-1 t-T+1

JS * JS *■

d5) E <*t & E at £- • »•
t-1 t-T+1



where A and (3 are determlned by (13) and (14) and are also func- 

tJLons of the yariablea b, o, r.

The syatera (15) is a non-linear system of eąuationa and ita 

solution oan be determlned by apprortmate - iterative methods . 

The determlned ąuantities bQ, oo, rQ, kQ ■ A(b0, cQ, rQ ) and 

$ * °0» r0  ̂ de:Cine °«ly the Btationary point of the funo­

tion Q(A, b, o, r, (3) • The suffioient oondition of the ejdstenoe 

of the minimum of the function Q 1 in the stationary point needs 

checking whether the heasian of Q 1 in this point is positively 

determlned. The determining of the matrix of the seoond partlal 

derivatiyea of the funotion will be presented in another paper.

4. The CES Produotion Function 

with Quarterly Fluotuatlon Included

In the praotioe of estimation of eoonometrio modela we often 

face a situation where the sample slze ia smali. In many oases 

the only possibility of inoreasing the sample size ls using 

the data for shorter perlods, e.g. ąuarterly. It ąuadruples the 

number of observations, but is usually oauses the need to allow 

for the ooourenoe. of seasonal fluotuations in the erplained 

▼ariable. These fluotuations oan be oonatant or yarying. We shall 

at first conaider the CES produotion funotion with the assumption 

that the yariable Y is subjeot to oonatant ąuarterly ohanges.

Then

Yt - a[SK“£ + (1 - S)h~& V/|?] + ct^Z, - ZĄ) + ag(Z2 ♦

(16) - Z4) + a 3(Z3 - Z4) + Ct

where

"1 for the i-th ąuarter (i.e. three month period),
Z. - -

L 0 for all other ąuarters

1 Similar to those uaed in the research whoae results are 
presented in  the work [3] and [4].



°*1' a 2* ^3 ~ determine the aeasonal effects for tha firat 

three ąuarters, whereas the effeot for the fourth ąuarter ia

•  -  ( d . j  + Olg +  Ol-j)* r
Let us assume that we have a statistioal sample \C . K^, L^) 

t - 1 ,  oonsiating of N ąuarterly obaervations for n «

• N/4 year8. Determining the estimators A, b, o, r, a^, a2, a^ 

of the parametera a, S, v, £, a.,, a 2, ^3 of model (16) ac~ 

oording to the idea of the method of least sąuares we are looking 

for the minimum of the funotion

wheret f(K^, L^) - A [bK^r + (1 - b) J ,

- Z^ for 1-1, 2, 3

under the oondition that A e (0, + oo), b e (0, 1), o e (0,oo), 

r e (-1, 0) u (0, +oo), e (-®t +<x>) *or 2* 3*

Notiolng that

1 when t » i (mod 4)

0^ ■ - 0 when t t 1 (mod 4) for i-1, 2, 3 

(^8) -1 when t * 0 (mod 4)

and transforming (17) we obtain

N

(17)

N 2
Qg(A, b, o, r, a^, a2 , a^) +

t-1

H

-2a1 £  (Yt “ f(Kt* V )U1 “ 2a:- 2a2 £  < V f K̂ t' V U 2 +

t-1 t-1

♦ 2*3 £  (It - " Kf  Lt))u3
t-1



u ' n j&

+ *3 L  u 3 + 2a1a2 Ż uiu2 + 2a1a 3 E U 1U 3 +
t»1 t-1 t«1

II

(19) + 2 6 ^ 2  Z  U2U 3*
t*>1

L̂, f n/2 for 1 - j(i»1* 2, 3)
Sino a £

to 1

hence

„n/4 for i t j(i, 3 ■ 1f 2, 3)

Q (A, b, c, r, av  a2 , a?) - (Yt - f(Kt , Łt>) +
t-1

N *
- 2a1 £  (Yt -  fCKt , I»t ))U1 - 2a2 £  ( * t - f(Kt ,L t » 0 2 + 

t-1 t"1

+  2a3 E Yt - tlKf  V )u3 ł i * ? ł a i ł 
t»1

(20) + a^ + a-jBg + a-ja^ + a2a^).

In order to determlne the eatlmators of the parametera of the 

function (16) we are searching for the atationary pointa of the 

funalion Q 2(A, b, o, r, a1t ag, «3), i.e. the set (A, b, o, r, av

a a )« x
2 The oomponenta of the vector grad Q 2 are the followingi



(22)

(23)

(24)

(25)

(2 6)

(27)

«her«

• f E 0. C -  <*,“1 ♦ V t  * *3“3> 
t-1 ^

a*2 " 7r  E (Yt " AGt)Gt ln «t " 
t-1

H

E  ̂ Gtla«t ,(B1U1 + ®2U2 + 
t-1

JJ

_ 2  . _ 2AG £  (Yt - AQt)Gtln gt + 

r t-1

+ m  E (Yt -AGt)Gtl7 + 
t-1 *

M

+ ---g ^  G^la (®1U 1 + a2u2 + a3u 3^ ” 
r t-1

- E Gt £  (a1U1 + a2u2 + a3U 3 } 
t-1

aQ »

— 2- - -2 V 1 (Y . ag,)u. + Na. + Ka„ + §a, 
da, c L-> v *t t 1 1 2 2 2^3

1 t-1

3Q Z,
e4 - -2 E (Yt " AGt)u2 + f a! + N a 2 + | a 3

2 t-1

ji w

ail * “2 E (Yt - AGt 3 + 2 B1 + ? a2 + Sa3
3 t-1

* b K^r ł (1 - b)L^r ,



Ą  - -(b ln Kt K“r + (1 - b) ln Lt L^r ).

Solving the vectorial eąuation grad Q2 ■ 0 we will obtaln an 

equivalent ayatem of normal eąuations for the funotion Q2

(28)

N N K N

A E °t - E Vt + si E °tui+ a2 E °tu2+ 
t«*i t»i t»i t»i

+ a 3 E °tu3 “ °* 
t-1

N ^-r _ ^-r

E Qt g. ^Yt " AGt " a1u1 “ a2u2 " a3u3  ̂
t-1 ^

N

Qtl“ g* (*t - AGt - a.,Uj - a2u2 - ayi-j) - 0,
t-1

N g

Z  Gt gf ^Yt “ AOt “ a1u 1 " ^**2 “ a3u 3^ “ °» 
t-1 ^

O.

N

A E V l  + l a 1 + f a 2 ♦ 4a 3 • E Y tu 1 - °»
t-1

N

N

z
t-1

A E °tu2 + 4a 1 + 2a2 + 4a 3 " E Ytu2 " °» 
t-1 t-1

N

A E °tu3 + 4a1 + ^ 2  + l a 3 “ E Ytu 3 " °» 
t-1

N

E
t-i

Taking into account the flrst, fifth, alzth, and aeventh 

eąuation of thia ayatem we obtain the following ayatem of equa- 

tlona, equivalent to (28)



(29)

whera

r n
N E GtYt - "p+ 4u 

t-i
A - ----Y ~ ------- -

N E Gt - p2 + 
t-i

U H

•, - i (♦ E Vi - *) - 4(« E Vi - “) 
t-1 t-1

N N

a2 -g{* £  V 2 - ’ ) - lff(‘  £  0,“2 - “) 
t-1 t-1

H M

*3 ■ s(< Z yt“3 - *) - 4(* E °t“3 - “) 
t-1 t-1

N K-r M

E Gt — (Yt “ AGt - a1u1 “ a2u2 " a3U3) * °
t*1

N

E Qt ln «t (Yt " AOt - a1u 1 - a2“2 - a3u3) 0

t*1

» »*

E Gt I r  ̂ Yt - AGt - a1u1 - a2u2 - a 3U3 } "  °  
t-1

Vw

N

p * E Gt (tt1 + u2 '+ u 3^» 
t-1

* • ( E  v 0 2 + ( E  Gtua) 2 + ( E  Gtu 3) 2 * 
t-i t-i t-i



N

Z Yt(u.1 + u2 + u3),
t-1

N N N N

Z V l Z v ,  * Z Va Z
t-1 cł* U ff U ■i t-1

N

Z
t-1

Ytu3 E Gtu3* 
t-1 '

In order to determine the stationary pointa of the funotion 

Qg(A, b, o, r, a1, a2, a^) we have to find out the ooordinates

b°, c°, r° of the atationary point. Then the reet of the ooordi­

nates, i.e. A°, a°, a2 , a® are immedlately determined by the

flrat four eąuations of (29). The eatimator of the aeaaonal

effect for the fourth ąuarter oan be oaloulated from the oon- 
dition

a4 * “*-a1 + a2 + a3^ 

which giyes

( 3 0 )  a 4  *  'n  “  w

The problem to be solyed is determining the b°, o°, r° that 

will satisfy the last three oonditions of the system (29) and 
checking the suffioient oondition of the eiiatence of the minimum 

of the function Q2 in the determined stationary point.
While detenninlng the estimatea of the parametera Sp v,g of 

the model (16) we have to use iterative methods of aolvlng the 

system of non-linear eąuations in which there are realizations 

of the random yariable Y. Henoe, the obtained estimatea of the 

parameters 5, v, £> as well aa of the parameters a, a 2 ,

(the functlons of the estimates b, o, r, and the realization 

of the varlable Y ) will depend both on the numerloal properties 

of the computing procees and on the distributlon of the yariable 

Y.



Prom the point of view of applioation of the model in ąuestion 

to the description of the production process it ia important 

to know at least tha simpleat properties of the eetimatow 

of its parameters. The basia for getting this Information will 

be the results of suitable escperimenta of Monte Garlo type. 

Purther, investigations on this problem will oonoern the numeri- 

cal and atatistioal properties of the estimators of the para­

meters of this model.
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Czesława Jackiewioz, Elżbieta Żółtowska

NIECIĄGŁA FUNKCJA PRODUKCJI
0 STAŁEJ ELASTYCZNOŚCI SUBSTYTUCJI

Artykuł nawiązuje do kontrowersyjnego, w teorii funkoji pro­
dukcji i ekonometrycznych modeli produkcji, założenia o ciągłości 
analitycznej postaci relacji mifdzy produkcją a nakładami. Poka­
zano, że w pewnych sytuacjach utrata oiągłosoi relacji nakłady - 
produkcja może być opisana poprzez uwzględnienie zmiennyoh sztuoa- 
nych, przy specyfikaoji analityoznej postaoi funkoji produkcji. 
Przyjmująo zmodyfikowaną funkoję produkcji typu CES wyprowadzono 
wzory na estymatory parametrów występującyoh przy zmiennyoh 
sztucznyoh oraz podano równania (nieliniowe;, których iteraoyjne 
rozwiązanie pozwala wyznaczyć oceny pozostałyoh parametrów struk­
turalnych.


