ACTA UNIVERSITATIS LODZIENSIS
FOLIA OECONOMICA 194, 2005

Janusz Wywiat*

ON ESTIMATION OF DOMINANT
OF MULTIDIMENSIONAL RANDOM VARIABLE

Abstract

The problem of estimation of the mode of a continuous distribution function of multi-
dimensional random variable is considered. The estimator of the mode is the vector of means
from appropriately truncated sample. The truncation sample is obtained through rejecting the
observation in such a way that the measure of skewnees of multidimensional variable takes
value as close zero as possible. We can expect that through successful truncation of the sample
the vector of sample means approach to vector of modes of multidimensional variable. The
estimator constructed in such a way is usually biased estimators of the mode. Moreover, the
biased estimators of values of modal regressions are proposed. The well known “jackknife”
procedure is proposed to evaluate the mean square errors of the estimators.
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I. ESTIMATION OF MODE IN ONE DIMENSIONAL CASE

Let Xuw ~ X(2)™ =~ -Nn) be the sequence of the order statistics from
a simple sample drawn from one-dimensional distribution. The third central
moment from the right hand truncated simple sample is defined by the
expression:
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Let us assume that M 3)(X[{) = M3>0. The sample quasi-mode Dq is
defined as follows:

Ge—Xe if MH(XE) ™0 and M3(XiK)>0 for k = e+ 1, n.

The statistic Dq will be usually a biased estimator of the mode V.

Theorem 1 (Johnson and Rogers, 1951). Let the density function of
a random variable X be one-modal end it is concave from the left side of
the dominant y and it is convex from the right side of the dominant v.
Moreover, let D2(X)>0. There exists one dimensional probability distribution
if and only if (E(A) - y)2< 3 D2X).

Hence, the well known Pearson coefficient of skewnees is bounded.

Let us assume that probability distribution of X is right side truncated
in the point a and E(X|a) = y{a), D2(X\a) and t}2(X\a) be the expected
value, the variance and the third central moment of the truncated distribution,
respectively. The theorem 1 lead to the following. If tj~X”") —%0 and
D (A|fl) do not increases then the (E(X|a) —y)2 do not increase. Hence,
the appropriate truncation of the probability distribution can lead to
decreasing the distance between mode and the expected value of the truncated
probability distribution. This lead to the conclusion that the estimator Ge
is closer to the mode than the common mean Y from non-truncated simple
sample. That is why the mean from the truncated sample can be used to
estimation the mode.

Il. ESTIMATION OF MODE IN MULTIDIMENSIONAL CASE

Let f(xt, ..., xk) = f(x) where x = [x”.-xj, be a density function of an
lc-dimensional random variable defined in R\ The vectors of expected values
and variances are denoted by uy = I/*im*] and a2 —[cr2...a*]. The mode of
the fc-dimensional random variable is denoted by vy = [yi---yk] and
f(y) = maximum. The central moments of the order 3 of the r-dimensional
variable are denoted by:
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Let us consider the truncated multidimensional variable of the following
density function:



where A is a convex region and AeR*. Hence, f(xIt..., x*|A) is density
function of truncated distribution. The vectors of expected values and
variances of the truncated distributions arc as follows: y(A) = [/Xj(A).../*A)],

<I2(A) = [ct?(A)...ct?(A)], where:

A= J - 1 xJ(xu...,xkK\A)dxI...dxk,
o —@

%): Ofo TJ (xi-n I(A))zf(x1,...,xk\A)dxI...dxk,
- ~®

rjuz( Xi, X j, X g\A) =

= j L x, —*(A) P —Hj(A))vxg—m(*) ¥ 11X 15—»xK\A) dxv ..dxk.

-ao

Let us introduce the following notation:

0 =[O 02 R3] is of dimensions 1x (k2+ k(k - 1)(k —2)/6),

where
0 = t]3(Zj) ... /13(XK)] of dimensions 1x Kk,
Qr —\finr(xu X2) f21(X1,X2) ... f2l(Xk-1,Xk) r21(Xk Xk- )]
of dimensions 1x k(k— 1),

03 = [TtnAXt, X 2, X 3) rjiii(Xi, X2 X4) ... L (XK 3, Xk~1t XK)

il (Xk™2, X k-1, XK] of dimensions 1x -k(k-1)(k-2),

The vector can be estimated by the vector L = [L1L2L 3], where:

L1= [C30(X1 X2) CO3(X2 X, .. Co3r-xANl,

L2= ICIAXuX2) C2UXLXD .. C2UXKM, X K C21(Xk Xk-i)I

L3=[Cin(XuX2X3) Ciy(XLX2X4d .. Cu(Xk=-3, Xk IrXK

CML(XK- 2, XK. t,XK)].



Similarly, wc define the vectors of moments of truncated distribution:

0(A) = [0,(A) 02(A) 03(A)],
where

0,(A) = Ne ,|A )], 02(A) = [|/12(T,,XylA)]
and

B3(A) = [7T1 (M,apglA)].

It is well known that if a distribution function is symmetric, then all
central moments of the order 3 of the marginal one or two dimensional
distributions are equal to zero and 0= 0. In the case when 0”0 wc can
find such set A = {A:A¢R* and 0(A) = 0}. The vector of mean values
KA) = I/<i(A).../it(A)] from truncated distribution wc define as the A-mode
of this distribution and it will be denoted by J{A). It is obvious that the
A-mode can not necessary be equal to the mode of the entire distribution.
The conditions of such equality can be stated quite simple only in the case
of one-dimensional distribution, see Wywiat (2000a-2000b). That is why the
parameter y(A) can be called a quasi-mode as in one-dimensional case.

The simple sample of size n is denoted by X = [X*b where:

Xu
X* = ... ,i=1,..,,n. The sample moments are as follows:
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Let X,.@ (h

n,.., 1) be such vector that

d(X*w, X*@) = maximum{6i,A

where:
Fw = {i:t=1,...,n and X~"**X*~ for p>h]
0id)= (X*1-X *@)r(X*i-X * @A),

X *w = Z x* nw = Card{Fw}
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A truncated sample is identified by the set F{).
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The vector parameter y can be estimated bz means of the statistic
G,(u) determined bz the following procedure:.

Let
£(*) —[Li(h) L2hy..Lwh]

L*0) = maximum {Lfw}
1=1, W

Giw= X*W): w=max{/i: h=n,.,1 and L*A< e}

where e > 0. It seems that e should be assigned in such a way that the
size nM of the truncated sample is sufficiently large.

The next estimator is based on measure of multivariate skewness defined
by Mardia (1970). Let aj(A) be an (i,j) element of the matrix £ -1(A)
where LLA) = [oy(A)], Oy(A) = tiu(X,, Xy|A), is the variance-covariance matrix
of the truncated distribution. In the case of truncated distribution the skewness
coefficient can be written in the following way.

B(A) = £ £ MNMHAW'HAW 'HVr ririX " Xt XtNA)tH
{ii.ij.b} ih.h.h)

(XjitX h,X h1A)

where {iA i2, i3} and {ju j2, ;3} are variations with replications. Each
variation is determined on the basis of sequence: 1, 2, ..., k.



The coefficient of skewness from the truncated sample Fw is as follows:

BM®=I1F 1 ((X*Ii—=X*@TSAUX*i—X*()))3
"(A ijBFm
where:

St = [CUACX], X))l CUA(X,, Xj) = v Z (Xu—X nh)(XJt- X m).
inf,,,

The second estimator of quasi-mode is as follows:
G2()= X*u): v=max{/j:h=n,.., 1 and Bw < e}

The statistics Gi() and GIU) can be biased estimators of the mode vy.
Their variances can be estimated using the well known method of jackknife.

Let us assume that 0, = [*(.Y]) r3(AJ .. 73(Art)]>0 for the values
xgBcR* of a multidimensional random variable X. Let A#<=B be such
the sup-set that OO0A#) = 0. If D2(X,)» DA"X"*AJ for each i= 1, ..., Kk and
D2(Xj) >D2(~|A # for at least one index j where j = 1 then

l(e(*ilar-y*""bep-y,.)2
i=i i=i

It means that the appropriate truncation of the multivariate probability
distribution can lead to decreasing the distance between mode and the
expected value of the truncated probability distribution. This leads to the
conclusion that in special cases the expected values of the above introduced
estimators can be closer to the mode than the vector of means from
non-truncated simple sample.

Some simulation methods should be used to analysis of the accuracy of
the proposed estimators. The similar estimators can be constructed on the
basis of other coefficients of multivariate skewness e.g. like those proposed
by Wywiat (1983, 1985).

I1l. MODAL RKGRESSION

Let us consider the following regression model:
Y=XB + U
where Y7 =[Yt .. Yn] is the vector of independent random variables. The

matrix of non-random values of explanatory variables is denoted by X and
it is of dimension n x r. The vector of parameters B has dimensions rx 1



Moreover, E(U) = 0 and variancc-covariariancc matrix of U is diagonal and
D2([/.) = 02 and 73(")>0 for each i= 1 The modal values of the
variables = [y,...yj will be denoted by yT= and the modal
values of the variables U7 = [U..Un] arc the same and equal to k. The
modal regression is defined in the following way:

y = XB + kJ,

where J,, is the vector of dimensions nx 1
Under these assumption E(Y) = XB can be estimated by means of the
statistic:

Y = XB

where B is unbiased estimator of B obtained by the well known method
of least squares and

B=(XI' XTIl XrY

It is obvious that E(Y) = E(Y)
The vector of residual is as follows:

U=Y-Y = MY
where

M = In—X(X7 X)“1 X', Inis unit matrix of degree n.

The problem is determining the vector y of modal values. Firslty, as
suggested Pawtowski (1973), the mode k should be estimated by means of
a statistic G which is a function of the residuals U. This leads to the
following estimator of the regression

Y=Y+ GJ, = XB+ GJ,

where J,, is the vector of dimensions nxl. In order to simplify the
consideration let us assume that k > 0. The statistic G can take form of
the estimator of mode proposed in the first. Let Ua i7" ... < I/ be
the sequence of the order statistics section. The third central moment from
the right hand truncated sample is defined by the expression:



M3(tf>))=! 10 2«-##*)3 K kén

where:

vk = t Z 0»
i=i
When we assume that M3(i7(n) = M 3(i?) > 0, the sample quasi-mode
G is defined as follows:

0 = t/#, if M3(tf#)<0 and M3([/#)>0 for k=c + 1

The statistic Y is biased estimator of y because G is usually biased
estimator of k as it was discussed in the previous paragraph.

The idea of construction of the next estimator is based on the truncated
least-square method proposed by Ruppcrt and Carrolla (1980). Let Y(@ is
consisted of those variables of the vector Y which indexes arc equal to
appropriate indexes of residuals in the set {I?,: i= i7Q} where
evaluation of U@ was showed above. In the same way the submatrix X(@ of
the observations matrix X is determined. Next, we again evaluate the
parameters of the linear regression:

BO —(XD)x @) IXE)YO
If e>r, the next estimator of the modal regression is as follows:
Y = XE@B(.

In general case the statistic Y(© is not unbiased estimator of the modal
regression.

Let us note that estimators Y and Y( can be easy adopted to evaluation
conditional prognosis of the variable under study for some fixed values of
auxiliary variables. Let x be row vector (of dimensions r x 1) of values of
auxiliary variables. The two predictors of the value y(x) of modal regression
tor given vector x are as follows:

Y(X)=xB+G or Y(@X) = xB@E

The mean square error of the estimators or predictors of the modal
regression values and the parameters can be evaluated on the basis of the
jackknife method. The accuracy of the both estimators or predictors of the
modal regression can be analysed on the basis of appropriate simulation
studies.
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Janusz Wywiat

O ESTYMACJI DOMINANTY WIELOWYMIAROWEJ ZMIENNEJ LOSOWE]J

Streszczenie

Praca dotyczy problemu estymacji dominanty rozktadu prawdopodobienistwa wielowymiarowej
zmiennej losowej. Zajmowano sie problemem estymacji dominanty zmiennej losowej ciagtej.
Analizowano jednomodaine rozktady prawdopodobienistwa.

W niniejszej pracy analizowano gtdwnie klase rozktadéw prawdopodobieAstwa zmiennych
losowych charakteryzujgca sie tym, ze zachodzg dla nich pewne nieréwnos$ci miedzy warto$ciami
oczekiwanymi i dominantg rozktadu funkcja jego trzecich momentéw centralnych. Dla takiej
klasy rozktadéw sa wprowadzone dwa estymatory dominanty, ktérych wyznaczanie w praktyce
ma charakter iteracyjny. Z grubsza rzecz biorgc, wyliczenie warto$ci estymatora dominanty
wigze sie z sukcesywnym obcinaniem obserwacji préby do chwili, gdy zostang spetnione pewne
warunki, a w szczeg6lnosci, ze pewna funkcja trzech mieszanych momentéw centralnych rozktadu
ucietego osiggnie warto$¢ zero. Woéwczas oceng punktu bedacego dominanta rozktadu wielo-
wymiarowego sa wtiasnie $rednie z ucietych rozktadéw brzegowych z préby. Proponowane
estymatory moga by¢ obcigzone. W niektérych przypadkach dato sie oszacowaé maksymalny
poziom takiego obcigzenia. Proponowane sg rowniez dwa estymatory regresji modalnej.



