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ON THE PROBABILISTIC PROPERTIES OF THE SOLUTION
OF RANDOM INTEGRAL EQUATIONS

In this work, rancu.-variables gN, £H (X) on the probability
space generated by trajsstories of the Markov chain are defined; it
is shown that expected values EgN, ESN(X) are asymptotically un-
biased estimators of the product (f, E£) and of the solution f(X) of
a random integral equation of the form: “f(X)= g(x)+rl_£f(x,y)f(x—y y(dy)
in space Lp(0,«) (pil) respectively. Unbiased estimators and some
related problems are also investigated.

1. Introduction

Let |(x) = [(x; w); D& = DK v, y(x>y) =T"X1y; u) bB
random real processes on a probability space (U, E, M with xe
e (0,«») and y 6 (0,a>). Suppose that:

(A) for each (p, q) satisfying 1S p, g 500 and —+~ = 1,
(1.0 EIT) <°) |l,l]J In(“Juwl P(u) e Lp(0,00)
(1.2) E11 (™)1 *s 1J( u)l P(du) e Lg(0,00)

(B) The applications t and r defined by the formulas:

(1.3) izt]M .1 E* (x>» f(x - y>Mdy>

1.7 A1) =3 EIT (&, y) I f(x -y) y<dy)



are integral operators in Lp(0, @), where j - the lebesgue mea-
sure on R1.

00
(©) For each f = Ip(0,00), the Neumann series £ 1) T converges

n=0
in Lp(0,00) .
In the work, we shall solve the ioiiowing integral equation:
X
(1.5) fX) =B)) +J Ey (x, y) f (x - y)(idy),
0

Vx 6 (0,00) (mod ")

and compute the value of the scalar product

X
(1.6) (F,E£) *J FOOEg ()i (dx)
0

where T is the solution of equation (1.5) in Lp(Q,co).

It is well known that if for each (x, y) e (0.00)" * (0.00)
» R*. The mathematical means Ei)(x), Ey(x, y) and Eg (X) are
given, these problems have been solved in the very general forms
see [3], [4], [10], [11]. However, in fact (for example, in
m3ny problems of the renewal theory) the above mentioned mathema-
tical means are not known in general because the probability dis-
triDuticn P is not known. On the other hand, we can only observe
the independent samples of. random variables r)(x), y(x, y) and
g (X). We shall use these samples to estimate the solution Tf(X)
and the value of functional” (1.6) and it 1is just the basic dif-
ference between the results in this work and the published results
for example in [3],[4], [10], [11], [12].

In numeral analysis, we usually consider the integral equa-
tion oi tfiener-Hopf form (see [12], pp- 249-273)

X
(1.5%) OO = g()+J k(x, y) f(x - y)fx(tiy),. Vx e (0, 00)
0 *
wr.ere g(x), Kk(x, y) are given. However, in many cases, we

know only the approximate values D(x) and y (x, y) of functions
g(x) and k(x, y) and do not know errors



") =g - DX
zy(x, ¥) = kX, y) -y(x, y)

that can be considered as-unsystematic errors, i.e. EEN = EE® = 0.
Then, equation (1.5*%) has the form (1.5). Hence, the results in
the paper can be used to solve problems of numeral analysis, in
which initial data have unsystematic random errors.

In fBet, we also need estimate values x 6 (0, oo ) optimal in
the following sense

1.7 f(x* +6) - f(x ) = max [f(x +6) - T(X)]
0<x<00
or

X# X
(1.8) T EE (x, y) f(y)u(dy) =max T Eg (x, y) f(y)y(dy)
g o0

where f is the solution of equation (1.5).
The probability models are also constructed to solve these
problems in the work.

2. Probability models for the solution n
of integral equation (1.5)
and for the evaluation of function (1.6)

Suppose that {v0»<p}*s a homoOeneous Markov chain in the phase
space R*, in which fQ(x) 1is the initial probability density,
<p(X, y) 1is the transition probability density, such that

2.1) fQ (x) >0, vx e [0.00), szfo Mji (@x) = 1
0

(2.2) cp(x, ¥) >0, VX, y) e [0,00) * [o.co),



0
F<fx, y) li(dy) * 1,

vx e [0, 00)

Let JS++1. pM+J) Dbe the probability space generated by
the first segments with fixed length N of all trajectories of the
Markov chain, 1.e. B is a ff-Borel field on R™* and for
each Ae , then
(2.3) PN+1 <*) 5

:i vo (x0)<P (xo" x1) m e <F(xM-1* XN) Ili(dxo) lE(dxN) *

=J 9 ©x0) i%0- XI) ee= N Q-1 XV N+ (FQ dxi)
. . A

Pot

2.9 aN = rJ+l x un+2,, cn *bJ*1 *en*2,

*N = PN+1 x pN

where (UN, EU, PN) is the product of n initial probability spaces
(U,E,P) and we define a random value d* on the probability space
(Rj+", bJ+1l, Pn+l) as follows:

ifif »001 *jS e £XA (0S i< N) and xi < xitl
(2.5) dN =
N, it *Q2 Ky J ... J kn

Suppose that.

(0)) For each trajectory of the Markov chain j*0 ¢ Xj -*...
for each i =1, 2, ... d-, 8§ (x0; uQ), {r (xk, Xk - xk+1j
uki  } k*0° UH*P are indOPendent samples of random values

5(XO)’ {r(*ks \ - Hk,X)} Ci‘-]’ 1)<X4>'
We define the following random variables on (ftN, <N, XN)i



(2.6) £n “ Xj, XN Up, uh, ..., uN+j)«

i*0 FO(x0) * (x0* X|) ese <Hxi-i* Xi)
A | “nti”
(2.7 *5n™~e V. xI” XN” U0’ ULl eeey» UN+1/*

dNTA. Voouo> Y<x0>V  ul),...,=y(XI_I»XiT uh)

ME — 5= mmmm mmmm s R mm o X

i*C PCX0) (x0> XI> eee ¥ (Xi-I™ Xi)

with xe [{,00),
where

-f(x, x-t; u), if 08 tSx,
2K, t; u) * o«

0, if 0 S xgt
(2.8)
«pi**. X0) =T(xd & ”"x0!1 %) m 1
Theorem 2.1. If conditions (A)-(0) are satisfied, we have
1* IN€1 CHj, €L I X*) for each x€ [0,®flid
(2.9) Urn Ex gN * (f, Eg)

N*oo

N*>A AN(X) = f<x); Vx * 1000)



where f is the unique solution of equation (1.5) and

. s 3 T (w\(du), 6n(x) * (X)) +gMx)
2. There exists a natural number nQ and a positive number 6Q,
such that
(2.11) lHonl £ 6g < 1, Vn £ nQ
(2.12) I(f, Eg) - Ex gNIs
aN n
SN+1
S-S— Kil 1Egi
1-90
W £ ng
(2.13) If(x) - E. 8w() 14
N N
6N+1
< - 9-- IEHU lIEg x 1
1 - 6q Lp Lq
«here
(2.14) = N x>t

Proof. Let Po and Pﬂx) be the probability measures on R+
and R+ defined by the formulas:

(2.15)
>0<> - J VX VA € B+

PnX] (8) = X&x* xI) V(*i> x2),.. 9(xn_v X) iin( n i,xi)*

B6



It is easy to see that PQ « -, Pn*r<< ~A°" First consider
i =0. From (A), (2.15) and by Fubini’s theorem, we have
(N dxgk*NJL ¢, ) =
n n

(2.16) J n

ft. 1.0

S(*o> uo) .M) J (X
' (Po<X0) R>N n

A dv rx
=0

L] 1 -
R xU”

xp ch di X
1=t 1

P (dx0 x du0 x duN+1)

j2/
J 1.I<V uo)V V. UN+D) 1" x P (dxo x duo x duN*I> 3
R+xd

=] E 18 (x0) IEI] (xQ) | x (dx0) < o0
Consider now the case 15 1. Since,j* is theo"-finite measure,

from (A), (8) and by Tonelli®s theorem (see [2], pp.- 341-342) we
obtain

i
(2.17) j Elg(x0)I TI E IY<*j_ y

IEIY (x* 1p i+l (pi dxj) =
y-0

~cil ENijI. Elg1)< @

From (2.3), (2.4), (2.15), (2.17) and (0) we have

£(xo* xIb» Uj) ... r Cxx_ 1, X.; Uj)

Vo (X0) 9;tea> xl) eee M



H N+
X gCxj; uN+1l) I \N ( dxy x JJ duj) =

>0 j=0

S(x0; % )f(X0, KjJ Uj) XA} 1Y

XT)N; uNM) I X
[ i
X Pitz ¢cn duj x dv i )i pi>i (n dxj> *
J*0 J*G
f E1S (X0)IEIT(V Elf(«w , xt)IElIr)(xi)l

it W V (x0* *1? P(xi-1* xi}

- pri<ndi>3
i-0

] j EIJ(XO)IEly(x0, XP!... Eiy(xi_1, x) [Eh) (xi)Itﬁ+1(I;]de)<oo
rJ+l j-o

Thus |N € 11(fN, XN). Applying Fubinl®s theorem we obtain

(2.19) EX *N *

y l Es(x0)Ey (xo=>xi)'" Ef(xt-i» V X

i*0 *o<xo>*(V x1>...~™xi_1,xi) X
i
* et, (Xi)plal(n dxj> *
J*0
N 1

"E j Ffino’ et<x0. «i> wmm EK*Jj.i. *I>w W ‘h iw>

1-0 «i*1 1-0



. B (TiE EQ) s,( £5)
130 1=0

From (C) it follows that equation (1.5)"has the unique solution

f = _Ylo ) e Lp(©O, w). So (2.19) implies (2.9).

I« ,

From (C) we also deduce thet (see [8], p. 153-154)there exists
a natural number*nQ such that, for each n £ n , we have

iyiP"JSSo b W/]| <1, k < nQ

it is (2.11). Hence, for each n£ nQ, HNTttSr6™ and by (2.19) we “

have L] )
00 . ,?
n Eg) - £Xn8&nl *|( £ ZEr), E5)] S -
H iNHL
00 N+1
gj 11! 1Etjl IEKI s -9 IEijl I1E|H
i»N*1 | L 1 -Bo Lp Ei|

for all N sin; it is (2.12).
Notice that, from (2.14), (1.4) and condiction (0), we have
(see [I], p- 380).

(2.20) Egx(t) e LM(Q,®) for each xe[0, ao)(mod(i)
and equation (1.5) can be written in the form
(2.21} ) » B * (F(-)- Egx(+))

It is clear that #N(xX) e L1”, XN). Moreover

(2.22) E~,hMm mEyix) | mE, <> o £ N |



(2.23) liin E, 8w(x) - En(x) + lim E,.
N *

5t.(x)
N-co \ n-w» ~ N

~NEDE) ¢ (FG)- EXCT)) * T

i.e. we obtain (2.10) and

if() - EA8n0) = 1C*(*), EIX(-)) - Exn 5ENXI

Applying (2.12), we complete the proof.

We now present unbiased estimators of the solution®™ of random
integral equation (1.5) and of the value of scalar product (1.6).

Denote by (R* B®, P~) the probability space generated by all
the trajectories of the Markov chain {{Q,<p}i.e. if

2 24) B(n+1) ={* = (V XxI* eee> £ D (xo'xl--xn)e

e B(n+1)’ 0(n+l) e Br+1}

then

(2.25) (A (+1)) = f gD(L0) <p(t0, tj) ... (p(tn.1ftn) x
B B(n*1*

x i(n+l) ([idt") « Pn+1(B(n+l1))
J=0
We define the following functions on the space (R* B®, PM):

n, if xoa-.. 2i*n and xn < xn+l

2.26 d(x
( ) 0 00, if xn Zxn+l, n * 0, 1,

0, if xQ> x
(2.27) nx (X) n, iIf «jSx, 1 *0,1,...,n-1 and xR>x
o, iIFXJSx, 1"0 1, 2,

Lemma 2.1 Suppose that Q. satisfy (2.1), (2.2) and

X

n<tv .6



Then, for each x > 0, we have

(2.29) P {x e R® : <\(C0 -« } =0
i.e. nx(*) 1is a random variable defined on (R™ B®, R,)-
Moreover

(2.30) Ecoi”')} * i nxi® R° (dx) < 0
) ROO

Proof. Denote by $x the integral operator defined by the

formula:
X

(2.31) [$xo] (V) = gcpr, D9(y) y-(dy), ge L1 (0, 0

From (2.28) and $2.2) it follows that $ iIs the integral ope-
rator in the space I~ (0, X) and (see [4])

X

(2.32) 88 XB * Vrai sup (V~">y)y(dy) < 1
0Jtix 0

so the Neumann series of the equation

(2.33) g « 90 ¢ $xg

%
converges in L~ (0, x) and we obtain the unique solution of equa-
tion (2.33)
®

(2-5») 9 m Y."4X2C
n=0

For each n >2, from (2.24) and (2.25) we have
peffe C o nx(X) = *R{XER? 1 x05 x” " e*xn-1 *
S X, xR > x} Pr? e R” :xQ S X, ..., xn-1 < x} =

X X

= f eee K <V» (to- V e~ {tn-2> tn-1
| | &

= 1 0=>1
($)p_ >1)



Therefore, foe each N < 2,

po {* £ R* : >N}=V e R® : nx(x) *n} £
00 n*N ~
S I X " 1lum » m@<f«,n"1lv »e
n=N n=N
Co
By (2.33) we have [lim @O>D * 80
N~°° n*N
(2.35) 11« RA"Jh"AS) £ N} * 0
N—e0
On the other hand, since

{x € R® : nx(X) *0}C {xe R®

:nx(X) £ n},

N =2, 3

(2.35) we deduce (2.29). Moreover,

EJ nx(*>} - 1 nPA\<*> *n) *
n*l

*E < 1v B3XZ"Cluo° *

n=1 k=n-X
00

because 1$ jik1 and Z $x~19e
proof. n=1

<

X" This ooroP letes

Lemma 2.2. Under the assumptions of Lemma 2.1, we have

(2.36) d(Jd) .»«}«0

i.e. d(-) is a random variable defined on (R®, B®, PM).
Ptoo f. From (2.29) we have

Po{5e R® : nk(3D =@}>0, k=1, 2,

Denote

(2.37) 0«= y{Sf € R® : nk(?) =oo0}

k-1
(2.3B) ad - Rr*"oo

the



It is easy to 3ee that

(2.39) PA (a™ » 0
(2 40) ; _ B(@Qd) =1

Suppose that S = (x , x* ..Jiefl., If d(x) =00, then x £
£X 1 n*0, 1, and it follows that x0&xn, n = 0,1,
On the other hand, there exists a positive number Kk such
that xQ < kQ. Since so nk (x)<oo, and from (2.27) we

0
have xnk (3 > kQ. Thus xQ 2 xnk (? > kQ. It is imposible. It

shows that d(x) < mand therefore, aOdC{xeR® 2 d@0)<«>J. From (2.40)
we obtain (2.36). This completes the proof.

For the solution of equation (1.5) and the evaluation of
functional (1.6), we denote

(2.41) R“ x U@ C \* X P®

where (U®, E®, P®) is the infinite product of the space (U, E, P).
By (2.20) we can define the follpwing random variables on the
space (il, C,\):

(2.42) Sdo = d(Pf.)_AZ(E’E__________’(E___ D),
) i=0  9Q(x0) cp(x0, Xj) ... V<x1tl, Xj)

X D(Xi; ui+l)

(2.43) () V' 'u)?(xoV V -"i-|
1=0 VO(x0) Cp(x0, ,xD)...«(p(xt.i; Kj) =

X D(xii ui+l)
vx e [0,0>)
(2.44) 8(X) s*)(X) * . Vxe[0,<»)

Suppose that:
(0*) For each 1 =1, 2, ..., d(x>, 1(*0; uQ) (orf(x, xo; uQ),
{ " xk-1> xk> uk™M)k°0” J<xi- uuP are independent samples of



random variables 5(xQ) (or f(x, x0)), xk)}k*o  Ond
tjiXj)-

Theorem 2.2. Under the assumptions of Lemma 2.1 and supposing
that conditions (A), (B), (©), <0*> are satisfied, we have
(2.45) Ex*OaO/’\(u)’:('<M.’s (f, Eg)

(2.46) EN8(x) * f(x), Vxe [0,2) (mod y)

where T is the unique solution of equation (1.5).
Proof. We first notice that

(2.47) EAS*Xq(X0, Xp ... xn; WOI . .-.UA)*
a
xxe® o x 8 auj) =
i=0 i*0
=Jg(x0> Xj, --.- Xn; u0> ..., un+l)x
“n
<A em ;oL ™
zZn n+t , v
X An <>
i= i=0

Vg e LA(On,Xn)

and, for each N * 2, 3, ..., from (Q*) we deduce (0).
From (2.6) it can be deduced that

Q. . 5N°-<_\_/ U()e lj)’:(l;% V)mxl\!.*o <fXi-1, Xj) U}I X
* iH(xii “i+1~ 3 8N

By (2.8) and Lemma 2.2 it follows that there exist finite li-
mits.

(2.49) NERE I



V fy v u} X

ixO W MV OV e Xi>
X Ar=<x.ii 3 8§ » <mua
(2.5Q) lim Jw »
N-oo N
y X*o- »I> ee Y (*I-1- V» ul)
i*0 vV Vv XJ) --. gpCxitl, iff)

x J)(xi; ui+l) e EXOMOd X)

Since Pi+l <c pi+1, the terms of ~ are non-negative, from
(2.47), (0), by Fubinie theorem and by the argument used in the
proof of Theorafe 2.1. we have

_ = 1C<*05 u0>T(*0 . x1;uj) xA1 UD)]
i= Xi> -
. . .
= ¢J F EI™0"™ETixo» XDE|<xi)IV
*=0 ixl i 00 00
R+ V( [ | dxk) = F m T TiE|i]l,E|8D)
tro .

From (A), (C) it is deduced that
(2.51) I me LA(n,X)
and by (2.48), (2.49), (2.50), (2,51) it follows that
I~e I*@LA)
Applying Lebesgue®s Theorem, we have

HmANEXxgN = Ex Oim”~8N) 3 £X50



(i> E5)

and deduce that E-"g”ix) 1 (f(*), EJ(X,*))..ihen,

ENe(x) = EAQ(x) +E~gOx) = Er) (x) & (f(«), Ey(x,0) *

X
=E4 (x) +JEx(x, y)f(x - y)ji(dy)

o

Since T is the unique solution of equation (1.5) In°"L*i0,0), so
from this it implies (2.46) and the proof is completed.

3. The probability models solving problems (1.7)
and (1.8)

To solve problems (1.8), (1.7), besides equation (1.5) we also
consider the following equation:

G- a(y) = y(dy), 0Sy <@

Suppo%e that
() N 1*(0,cx>) and equation (3.1) has the unique solu-

tion in L (0,00)

Theorem 3.1. Suppose that conditions (A), (B), (©), (0*) and
(E) are satisfied for p = 1. In addition, suppose that

1. The unique solution of equation (1.5) is continuous on the
interval (0,«0).

2. The random Hilbert variable £(x, y) (see [7] is differen-
tiable with respect to x and g(x, Y), 1] are continuous
with respect to (X, y) in the sense of square mean and

(3.2) y) =0 O0SxSycoo
(3.3) i Eg (x, yi S Kx>0, where K, D are constants,

0 y»»Xx <



3. The function

(CRD V-(x) = JFEE(x, y) T(y)y(dy), x Ji

has the unique stationary point x* 6 (0,00), moreover x*>a>0 and
x* 13 the maximum point of V(X).

Then

(3.5) lim E~lbk - x*12 = 0
3.6 limb =x*} =1
-0 5" =]
where
@G-7 >+1 = bk +V g(bk). 00 is an arbitrary number,
(3.-8) *k>07 X>k 1% £*k <@

k*0 k=0

8g"(x), if x> a

(3.9) 2E() \

1, if xS a

0.10) s (xX) -"e IniL--91wp2 J i 12uiA "4 j-1°X1; U1}
E 1*0 «PoNoNfXo’ V okl . Xi>
x d( + x>0

cmf(x, y), if 0SySx<D
(3.11) * =
9C- M= 5 if osx<y
Proof, Clearly that Vg(x) is finite for each xe[0,a>). Mo-
reover, since g(x, y) is differentiable with respect to x in the
sense of square mean, therefore (see[7])

(3.12) aXEE(*. t) - E{"g(x, O}



* | ®
G.13) VI O - J B g (x, ) H()p(dt) «J E | (x, ©)F(t)prdt)
0 0
It is easy to see that Vj(x) is continuous. Moreover, since
x*> a>0 and x* is the unique stationary point of the function
Vg(x) on (0,00), we have

(3.14) inf (x - x*) VI5(x)<0, VE> 0
E< Ix-x*I<i
where
Vg(x), if x>a
(3.15) **
1, it xaj|

Applying theorem 2.1 we have

(3.16) EX9g (X) ? V6ix)

By (3.13), (3.3), (3.12) and (C) it is deduced that
X
(G.17) IV*C) 1% j* IE{"-8(x, ©)} f(D)ly(dt) S (Kx * 0) If?1(0,«)

0
It is known that (see [4], p- 173).

(3-18) EX0M(x) & (g(=), EI(X,0 [29* (°) - E8(x,*)])
where g is the unique solution of equation (3.1) and g~ is the
unique solution of the following equation:

(3.19) cp*() = Eg (X, ) ¢fr=**1 (v

where r* is the conjugate operator of the operator T. We have

@
(3-20) Hep*» *8VE?(x, -)B
L (Qoe)

where

i= 1-5



and 5. N, are chosen by an argument similar to that used in the
proof of Theorem 2.1.
By (3.20), (3.18) it iollows that

(3.21) E.8%(x) S ilgll IEfCx.0I T2l +
XS L (0, mo.co)l r -08¢0,®)
= BEl (x,0il . \S
LOO(U ,m)
Bell L’ (0, m) (Kx + O)II_ZA (Kx +0) + (Kx + D)%I S

S d(l t x2), VX so

where d is a sufficiently large positive constant.
It is easy to see that

(3.22) E*Q (X) * V15(X)

By (3.17), (3.22), (3.21), (3.14), applying theorem 5.7 (see
[3], p- 243), we have (3.5) and (3.6). This completes the proof.
Put

(3.23) A(x.6) = F(x 15) - f(X), XE£0

where 6 is a positive constant and f is the solution of equation
(1.5).

Theorem 3.2 Suppose that, when g(x, y) =y(x, y), the as-
sumptions of Theorem 3.1 (except assumption 3) are satisfied. In
addition, suppose that there exists (in the sense of square
mean) being continuous and satisfying

(3>24) E|-Or 1 SB, Vx £ 0, B = const

and the function A(x,5), for each fixedS, has the unique stationa-
ry point x*e[0,00); moreover, x*> 0 and A(X,5) reaches its ma-
ximum at x*.

Then



where

O .IT: ck.i = ck ¢ Tk*<Ck>"

CQ is an arbitrary number, {rk}£°0 satisfies (3.8),

v(x), if x>0

(3.28) V(x) *-
1, if xX£0
(3.29) V(X) = dn- -{xA - * 8 (x +6) - 8?(x), x>0
Proof. We have (see [7]).

It is easy to see that f(x) is differentiable on [0,»); there-
fore, from (3.29), (1.5), (3.4), (3.13) it is deduced that

0.30) Exy (x) B Bx A.Cx,5)
By (3.24), (3.17), (3.30) we have

(3-3D IEaY (x)] =]~ Ei)(x#5) - ¢L Erj(x) ¢
* EN X *6) - Ex8f(x)] S 2VT+ |Ex8_(x +5)1 & |Ex8_(x)] S

£ A + Bj

where A", B" are positive constants.
By (3.21), (3.17), (3.24) it is deduced that

(3.32) EXV2(x) * E » (AHFA)2 4
+el.(x +5) - g](x) - 28F(x +6) - 3 -
- 2Bf (x)

~2% x .6) 3/~ ¢ 27x)irL)}



5 2B +d[l ¢ (x +5)2]+ d(l * x2) +
+ 2ved {[1 + (x *6)"+ (1 t x2)} £ d*(1 + x2)

where d* is a sufficiently large positive constant.

By (3.28) it follows that (3.31) holds for each x e C"00 <')
and by the assumptions on f (x, y) and t)(x) it is deduced that
Vi(x) and g- Eij(x) are continuous. From this and (3.23) it im-
plies that -fa A(x,5) is continuous. By (3.28) and the assump-
tions on x* it can be deduced that

(3.33) inf (x - x*ai1(x,6) <0, VE>O0
E<Ix-x«I<E
where
ij:A(x,5), 1if x>0
Ajix.g) *HACS
1, ifx00
and
(3.34) EXV(x) = Ax(X,6)

From (3.28), (3-31), (3.24), (3.32), (3.33) we obtain (3.25).
(3.26) (see[6], p- 243, Theorem 5.7). This completes the proof.

The authors wish to express their gratitude to Professor S.Wal-
czak, Professor R. Jajte, Professor Nguyen Zui Tien and Professor
A. Szymanski for precious help.
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0 PEWNYCH WtASNOSCIACH PROBABILISTYCZNYCH
ROZWIAZANIA STOCHASTYCZNEGO RAWNANIA CALKOWEGO

W pracy rozwaza sie zmienne losowe w przestrzeniach probabilistycznych gene-
rowane przez tra]!gktorle fancucha Markowa. Udowodnione zostato, ze wartosci o-
czekiwane EgN, EEN(X) sa asymptotycznie nieobcigzonymi estymatorami  iloczynu

skalarnego (F, Eg) "N rozwigzania f(X) stochastycznego rdwnania catkowego posta-
ci: f(X) = Ej) + ({ Ey(x, YF(x - y)y(dy) w przestrzeniach Lp(,00) (p>1).



