ac t a universitatis Il odz i e n s i s

FOLIA MATHEMATICA 3, 1989

Jarzy Kaczmarski

EXTREMAL. PROPERTIES OF STARLIKE
FUNCTIONS I'N THE RING 0< 1zl <1

Let p(A, B), -1 i B <A i1, denote the family of functions P,
P(0) « 1, holomorphic in the disc K m |z : |z] < I} and such that
P(z) m [1 + Au D1/ + Bu(z)] for some function u, u(0) « 0,
W ()] < 1, holomorphic in K. Next, let E*(A, B) be the family of
functions F(z) - j + aQ + 3jJZ + a2z2 + ... holomorphic in the ring
Q» {z:0< lz] <13} and such that -zF"(z)/F(z) e jp(A, B) for
zeQ. In the paper the functionals re (P(2) - zP"(2)/P(2)} for
Pe p(A, B) and ze K, IF@) 1, IF" D1 for Fe I (A, B) and
z 6 Q are estimated. Moreover, the radius of convexity of the family

1*(A, B) is determined. Finally, two properties of functions of some

class of meromorphic close-to-convex functions are proved.

1. INTRODUCTION

For fixed A, B, -1 <A S 1, -1 SB <A, let us denote by
p(A, B) the family of functions

P(2) =1+ ptz + ... a.n

holomorphic in the disc K= {z : |z] < 1} and such that

for some function w holomorphic in K and satisfying the condi-
tions w(0) =0, lu(z)lI <1, for 2z e K. The class J3(A, B) was
introduced and examined byW . Janowski in paper [5]-
In a little different way, this class, with B * -1, was introdu-
ced by Jakubowski and investigated in papers [2],



[31 and [4]. OF course, p(l, -1) = jp where p is the family of
functions of form (1.1) and such that re P(z2) > 0 for ze K. Mo-
reover, from the inequalities adopted for A and B it follows that
p(A, B) c p.

Next, let I (A, B) stand for the family of functions

F(z) = ~ + aQ + aiz + a2z" + eee @.2)
holomorphic in the ring Q={z : 0 <]z]<1} and such that

- Tui-"11 u -31
for some function P € p (A, B) and each z e Q.

By assuming certain special values of the parameters A and B,
we shall obtain the classes considered by other authors, for in-
stance, in papers [4], [6]1, [10], [12], [14] , [151, [16] -
When A = 1, B = -1, we obtain the well-known class 1 studied,
among others, by Clunie [1] and Robertson [13].

In the present paper there are an estimation of the func-
tional

HP) = re (P(@ - PC2) ze K, .4
where P e p(A, B), as well as estimations of the modulus of the
function and the modulus of its derivative in the family E*(A, B).
Besides, the radius of convexity of the family £*(A, B) 1is de-
termined. The method of investigations we take up here is an
adaptation of that used in paper [5], with modifications resulting
from the form of functional (1.4) and from the properties of the
class E*(A, B). Some reasoning in proofs, being a repetition of
that included in [5], will be omitted.

To analogous questions paper [10] is devoted. It concerns, ho-
wever, the properties of k-symmetric functions of the class f tM)
(i.e. functions P holomorphic in the disc K, satisfying the condi-
tion |P(@) - M <M for ze K, where M >j is a Ffixed number)
and the properties of k-symmetric functions of the class ef(M)

(i.e. functions F holomorphic in Q and satisfying the condition
|-zF*(z)/F(@z) - M <M for ze Q. The results included there
are identical, for k = 1, with the corresponding results obta-

ined in the present paper when A = 1 and B = g - 1.

Finally, we shall define the class J(A, Bj M, N) of meromor-
phic close-to-convex functions T, generated by functions of the



classes (@A, B) and £*(M, N). For functions of the class
J@, B; M, N), we shall prove some property of coefficients and
some geometrical property connected with the angle of inclination
of the tangent to the 1image of the circle |z = r, 0<r <1,
under the mapping by means of a function .

I1. ESTIMATION OF THE FUNCTIONAL H(P)

Let p e jp. Then the function

P(z), = t1 + +..1 -.A ,2.1)
" @ +Bp(2 +1-8B
belongs to the class £(, B) and vice versa [5]. Besides, in

paper [BJ (lema 2) it was proved that if 2z is any fixed point
of the disc K, then, for any function P c

IP@ -c| S £ @.2)
where
. 2 _ o
i1l _ 1 - ABr _ 1v_ (A-B)r R
c = c(r I gn'; ' e —E£EWM - i gt r - @,3

Denote by P~(A, B) a subclass of the family &, B) con-
taining all functions of form (2.1), where
, 1+e6e2z - 1+ e,z

p(z) =1 @ + X + 20 - X 2-9
mi n £ 1, IEjI =i, j =1, 2.

Let G(u, v) be an analytic function in the half-plane re
u >0 and in the plane (v), such that |G"] 24 |G"|2 >0 at each

point (u, v). Since each boundary function with- respect to the

functional G(p(2), zp"(@)), Izl = r, 1in the family is of form
(2.4) (cf. [13]1), therefore the boundary function of the family
£, B) with respect to the functional G(P(z), zP"(2)), Iz| =,

belongs to the family {PX(A, B). Consequently, the determination
of the extremum of the functional re G(P(z), zP"(z)) in the family
D@, B) is reduced to the determination of the extremum of this
functional in the subclass jp"(A, B).

The functions P e £X(, B) have the property that
zP*(z) = NM-"[-BP2®@) + (A + B)P(2) - Al - ~-[£2 -

- IP@) - cl2] ig*f



where c, p are given by (2.3), P* = — 2r—y, r = lIzI* 13> =
s h 1-rz
(cf. [5]1, 2emma 4J.
So. (o]
LP/zn -p@ - skEiUl 8 » 2) ta_ +
G L e @ Loy

+£1 fi2 - |P€2> -C.L2
29 P(2) 1
Denoting P(reid)) = seit:, s >0, im t = 0, we shall get

re L(seit:) =~ scos t-c2+ ¢ s 1lcos t +

+ ("CJS + c4 cos t - c5 s *e

where
A+ B
Cl=A -8B ‘2 = A - B
c, . il = ——— 1 - B2r2 c4 -¢s -2
3" 29 A-B @-rV 4 £ A-B Q-r1r)
2.5
C. :P_ -C2 _£2): ______ 1 _____A_2_I:2__5_
5 29 K A-B @Q-r)

and e = re (e 13¢).
The determination of the extremum of the functional H(P) =

= re LIPIZ)) is thus reduced to finding the extremum of a func-
tion of two variables s, t of the form

LG, t; £) = (e”s + ec™ + cxs 1)cos t - (c2 + ecs + ecs ),
.6)
since -1 s e <1 and £2 - |P(@) - c]2 i o, the minimum of the
function 4 can be attained with e - -1, its maximum - with e — 1.

The function $ is defined in the set
= {6, ) :c-£ <s<c+g¢g -YB)<t<Y(GB) .7

and on its boundary 3D, with that
2 2 2

Y(s) = arc cos — —2—C—S——— , 0 £ y(s) £ y(s®) (2.8)

where s*2 = c2 - g2.
If 4 attains its extremum at some point (s", t") e D, then s
and t° are solutions of the system of equations ~ =0, ~ =0

v>ith the unknown quantities s and t, that is, of the system



cM(l - s-2)cos t - e(CjJ - CgS 2)

I}
o
n
-
)
-+
I}
o
1

or of the system

ci(l - s"2),cos t - e(c3 - cb5s"2) 0, Cjs + ec4 + cls"1 = 0.

It is easy to check that the numbers s*, t© do not satisfy
the second system. Consequently, the problem of determining the
extremum of the function 4 in the set D 1is equivalent to the
analogous problem for a function

P(s;e)="t>(s,0;E), se l, e = #1, .9
where 1 = {s :¢c - £ <s <c + B3} Besides, we have

inf H(P) 1 min $a(s; -1),
s

sup H(P) £ max *0(s; 1).
s

From (2.9) and (2.6) we have
F(s; e = (~ - ec3)s + (cx - ec5)s_1 + ec4d - c2 (2.10)
Let A # 1. Then, in view of (2.10) and (2.5),
A-B A -r2) (S; e) =u(e) - vi(e)dr2 -
- [u(e) - v2(e)r2is~2
where
uCe) = A - e, vi(e) = A - cB2, v2() = A - eA2. (2.11)
In can easily be shown that, for re (O, 1),
eue) - VAFEjr2] <o, k = 1,2 (2.12)

and that the function 40(s; -1) decreases when s < s ”, and in-
creases when s > s ”; whereas the function NNs> D increases
when s < s”, and decreases when s > s, where

Xife) - v7(e)r™*

s =s (r; A, B =/ r, e = +1.
E E ue) - vx(e)r

Hence, the function 44®(s; -1) attains its minimum in s_1 if
s ' e I, and the function "(s; 1) attains its maximum in sl if
s. e L. It sef 1, then «“(s; e) attains its extremum in c - &
or c + £ One must then determine the parameters r, A, B for
which sE e lI. For the purpose, let )= [c(nD + x £ (N]2,

% = tl, = s“(r; A, B), where c(r) and £(r) awre defined by



(2.3). We have o_~(@©) = pe@© =07M0)=1, o 1(D <WEQ® < ond),
e=1il and o”U) <0, o°(r) >0; y*r) 2 0 if A + B S 0; mM™N(r)>
>0 if A+B >0. So, for each re (O, 1), o”ir) < wc(r) if
A+B £0, VE()<ol() ifA+B >0, that i*, C - g < *£ when
A+BSO, st <c+ £ when A + B > O.
Let
h(A, B; e * 2(A - 2e)2B4 + 2A(3A5 + 5eA - 6)B3 + A(7A3 +
+ 7eA2 - A - 13e)B2 + 2A2(2A3 - 15A + 11le)B +
+ A2(A4 - 5eA3 - A2 - 13eA + 16), e = #1. (2.13)

It can be proved that the equation h(A, B; e) =0 with the
unknown B has exactly one solution B = BO<A®™ E>" “1S®0<A; -1) <

<A, -A<BQGA; 1 <A

Denote
Dx = {(A, B) : (-1 <A < -0, 8, -1 £B <A U (-0,8 £ A < AQ,

-1 £B <BQAA; -1D)}, 2.14)
D2 = {(A, B) : (-0,8 <A <Ag, BQ@A; -1) £B <A)U (AQ £ A <
< 0,8, -1 £B <A U (0,8 <A<1, -1 £B <BQA; D)}

D3 ={(A, B) : 0,8 <A <1, BO(; 1) <B <A},

3 3
AO = if/-]181 + 8/70?" + /-181 - 8/7157" + 2] -0,7281 (2.15)

and

g(r; e, x) = AA +B)r3 + 2XA(1 + cB)r2 - (A + B)(A - 2e)r +
- 2X (A - ©). (2.16)

Let A + B > 0. The inequality o_J(r) < m (r) is equivalent to

g(r; 1, -1, < 0. Having done arduous but elementary calculations,
we have that if (A, B) e D2 and A + B >0,

o™Nr) <U(r) for re (C, 1);
if (A, B) e D3,
orMr)< ;;( Tfor rs (O rj) U ™, D),

o 1(r) > .i(r) for re <rj, rj*>,

where r* and r** are roots of the equation g(r; 1, -1) * 0. In

ihe same way we obtain the remaining conditions determining the
position of s with respect to the interval 1.



I (A, e D,

c-£<sl<c+p for re (O, 1),

c -g < <c+g for r O, r*) u (r*3fu f
c-£<c+£ ids_1for r e <r*1l( r*J>; .17

if (A, B) e D2,

c-f£<sf<c+£, e for re (@O, 1);
if (A, B) e D3,
c -£ <si<c+£ for re (0, 1),
c-£<sl<c +b for re (@, rp) u (rj*, 1),

SiSc-£<c+jo0 for re rj*>, (2.18)

where r*, r**( e = z1, are solutions of the equation g(r; e, -e) =
* 0 in the interval (0, 1) (cf. (2.16)).
If A =1, then, in virtue of (2.10) and (2.5),

¢0(s; e = (e - ECjJs + ¢l - E)s_1 + ec4 - c2, (2.19)

so, s 1(r; 1, B) e I. Since c - c3 i1 0, the Tfunction ~(s; D

is decreasing or constant in the interval 1.
The above reasoning proves the verity of the following lemma.

Lenma 1. IF (A, Bje , then

min Sqls; e - $ (s, ;1) for re (O, r~,) u (r<J, 1),
sc |

max 40(s; e = $0(s,; 1) for re (0, 1),

se |
if (A, B) e D2, then, for each re (O, 1),
min 49(; E) = -1),
sc 1
max € (s; f) = D»
se |
if (A, B) e D3, then
min 4 (s; e = (s x; -1) for re (@O, D,

sc 1

max 4 (s; ©
se l

@+ (si; 1) for re (O, rj) u (rj*, 1)

where r*, r**, e = %1, are roots of the equation g(r; e, -e) =0

(cf. (2.16)).



Let now (s, ©) e 3 D. Since 4(s, t; e = &(s, -t; e), there-
fore, in view of (2.8), 4G, t; e) = 4@, y(s); e) = (s), s sJ,
where

(8) = Cl1(s + s-1) cos y(s) - C2,

(2 .20)
COS Y(s) = - (C,S + CcS-1)
Cc4
and J = {s :c -g £Es £c +£) (cf. (2.5-(2.8)).
Lemma 2. Let
- o _ V52 _ xyl - il
So = §Ir) = " 3= 7‘!“_‘§§r‘2
and
zy ={(A, B) :0<A£1, -AE£B <A}
z2 ={(A, B) : 0<A <1, -1 £B < -A},
z3={(A, B) : -1 <A £0, -1 £B < A).
Then
$1(so) when @A, B) e 28 u 22,
min () =«
s «"(c + g) when (A, B) e Zj,
.21)
(c -g) when @A, B)e 20,
max ~(S) =-4g9(c +£) when (A, B)e Z2,
t1(s0) when (A, B)6 Z3,
Proof. Differentiating the function 4%, we shall get, by
(2.20),
421(s) = "[ci(@ _ s_2> <C3S + C55 1) + ci<s + s_1)(c3 - cbs-2,]
2.22)
that is,
N(s) = - (c3s4 - cb5). (2.23)
c4s

It follows from (2.5) that, for any admissible values of A,
B, r, we have ¢c3 >0, ¢4 >0, ¢c5 >0, and Cj 2 0 when A £ 0,

whereas ¢ < 0 when A < 0. Consequently, if A > 0, then, in
view of (2.23), decreases for s < sQ(r), increases - for s >
> sQ(r); with A <O, ~ increases for s < sQ(r), and decreases
for s > sQ (r).



Moreover, #l(c +£) > @& -£) when (A, B) e Z2, «(c +g) £
S >»I(c -£) when (A, B) e uz3 and c -£ < sQ() < c+£ when
(A, B) e ZI u Z2 u Z3.

So, formulae (2.21) take place.

In virtue of leimas I and 2 we shall determine the extremal
values of the function 4 in the set D u 3D (cf. (2.6)-(2-8)). We
shall prove

Lemma 3. If (A, B)e D», then

r#&(s_1, 0; -1) for re (O, r<j) u (r**, 1),
min (s, t; e) =1
s,t

(c +£, 0; -1) for r e <r*j, r**>,
max i(s, t; ) = "Ms, , 0; 1) for re (O, 1)j
s,t

if (A, B) e D2, then, for each re (0, 1),
min G, t; e) = G ., 0; -1),

max $(s, t; ©) = (s,, 0; 1);
s,t

if (A, B)e D =D3U i(A,B) :A=1, -1 <B < U, then

min 4@, t; ¢) = $(s ,, 0; -1) for r< (0, 1),

s,t
N ST, 05 1) for r« (O, ri) u (j*, 1),
max (s, t; e) =Kk

s,t i$(c ~gi0; 1) for re <rE, r**>,
where r*, r**, ¢ = x1, are roots of the equation g(r, t, -e) = 0
(cf. (2.16)).

Proof. We shall first demonstrate that the number
occurring in formulae (2.21), 1is not the extremal value of the
function where ™0(s; 2) = (G, 0; t), e = x1. For the purpose
we shall prove that

e(>0(S0; e - #(s0)] > O, £ = #1. 2.24)

On account of (2.10) and (2.20),
*0(s; e) - &(s> = (Cls + ec4 + c”s *) (@A - cos y(s))-

In virtue of (2.22), (2.20) and the equality #(sQ) = O,

cl<s~ + _1) = —c4 Z-FC ~_-= c0S Y(s0);



consequently,

e[>o(V E) " *1(s0,3 = c4( * 008 Y(sQ))C(s0),

where

C(s) =1-e¢ Fm - cos Y(s).- (2.25)

Since c4 >0, 0 <cos y(s) <1, it suffices that

c n N le
c3so - cb5
We have
.32 - __sg~1 Ffl1 C5 ~c3
1" n ~ “ —1 o -

S2 + 1 csos%+1

c3so " cb c5<c3 " ¢c5”
C3s0 - €5 = 356 F'e5 ~ G3s6 7 ¢~

thus,

e CI<!1® ~ U - 1 = ———mmm <2.26)
c3so * c5 c3c5(so + 1]

where E = c”™e”™ + ¢5)s2 + cN( + <3). Since c3c5(s2 + 1) >0,
it is sufficient to show that E > 0. To this end, note that
EC1 + ¢c5 > 0 and< hy (2.12),

-efue) - vrEjr2]
EC. + C, = ————————— 5— > 0.

1 i A-B @A -r)

Thus, E > 0. In view of (2.26) and (2.25), we obtain inequality
2.24).
Let A/ 1. It is easy to verify that, for each re (0, 1) and

e[4><se, 0; e) - ~"(c + X.g, 0; e)] >0
<t(c + Ttg , 0; e) = «~(c + X.QO).

Consequently,

e[t(sE€, 0; e) - «*(c + Xg)] > O. .27



Inequality (2.27) proves that the numbers «*(c + x"), x = #1,

(cf. (2.21)) cannot be the extremal values of the function * in
the set D U 3D.

Moreover, by (2.17) and in view of the monotonicity of the
function Iyls; -1), it results that the minimal value of the
function 4 iIn the set DU 3D is ic + £, 0; -1) for re <r*i,

r*J3>. Analogously, by (2.18), we get that max 4@, t; e) =
s,t

=<c -£, 0; 1) for re <rj, rj*>.

When A =1 and e = 1, the number «1(c - £) = $(c - ¢, 0; D

is the maximal value of the function in the set D U 3D, for
it follows from (2.19) that the function #©(s; 1) = $(s; 0, D is
decreasing (B t -1) or constant (B = -1) in the interval [s - &,
s +s].

This proves the verity of lemma 3.

The results obtained in 1lemma 3 allow us to formulate the
following

Theorem 1. Let H(P) be the functional defined by formula (1.4).
Then, for any function Pe TP(, B) and |z]|=r, 0O<r<1, we
have:

1 if (A, B) e DI# then
X(r; A, B, -1) for re (@O, r*x)j (*J, D

Y(r; A, B, 1 for r 6 <r*If r*J>,
(2.28)
HCP) i X(r, A, B, D for re (0, 1),
2° if (A, B) s D2, then, for each r « (0, 1)
X(r; A, B, -1) s H(P) S X(r; A, B, 1), (2.29)
3° if (A, B) s D®, then
H(P) 1 X(r; A, B, -1) for re (O, 1,
(2.30)
X(r; A, B, D for re O, ri) u (r**, 1
H(P) <
Y(r; A, B, -1) for r e rj*>

where



Y(re A B X) = - *N N + -r.tA o« 2.32
( AT K 1 +* Ar) @ +X Br) ( )
a=a(r; AL B, & =A-¢e - (A - eBZ)rz,

(2.33)

X = i&(r; A, B, e)=A—e—(A—eA’)r’,

r** r*** E = #3t" are roots of the equation g(r; e, -e) = 0 (cE.
(2.16)) in the interval <0, 1>, Dif 1 =1, 2, 3, are given by
formulae (2.14).

Estimates (2.28)-(2.30) are sharp, the -equalities H(P) =
=Y(r; A, B, x) 1 H(P) = X(r; A, B, e) are attained at the point

z=rel@, O<r<l, 0 S @< 2n, by the functions,

P*(z) =1 x _ 1l( (2.34)
* 1+ xBe 7~z

1 - (@A - eA))! e" "z - EAe“2ilpm2

Pr*<7) = - - -
1 - (1 - EB)«Ee-iPz - EBe-2i~z2 "

respectively, where

@ - eBr)2st. - (A - EAr2)

5,71 A - eB)s, - (L - cA) e ==l
SE / i TV *
o # 0.
Proof. For s = s, e = tl, or for s =c + XE>, Xx = +1,
we get, respectively, HSj—» £) = X(r; A, B, ¢) and t(c + x.£,

0; © = Y(r; A, B, X); so, on account of lemma 3, estimates (2.28)-
-(2.30) are true.

The proof of the sharpness of these estimates 1is identical
with that in paper [5]-

1. ESTIMATIONS OF THE MODULUS OF A FUNCTION
AND THE MODULUS OF ITS DERIVATIVE IN THE CLASS I1*{A, B)

We shall prove
Theorem 2. If F e £*(A, B), then, Tfor lz]l=r, 0<r«<1,

S(r; -1 S [F@AI| s s(r; D G-D
where



fp(l - aBr)“(A " B)/B when B * O,
S(ri o) = i Oar
j—e when B = 0, |o] = 1.
Estimates (3.1) are sharp, equalities in (3.1) are attained
at the point z = rel@, 0 <r <1, 0 £ &< 2u, by the functions
F*(z; -1), F*(z; 1), respectively, where

r
¢l - oBe‘iPz)"(A _ B)/B when B # 0O,

F*(z; o) =] i 3.2
1- exp (oAe BiNz) when. B = 0.

Proo f. If Fg £(A, B), then from (1.3) we have

zZF(2) = exp (G * ~ p(5>.dE) , Pe JjC, B).
(o]
Hence
IFtz)]| = yly exp (re S P<zt> dt).
Consequently,
IF(z)]| £ FHrexp (J" max re ~ P(ztl at),
11 0 |ztl = rt z
G.3
IF@)] i exp {} min re pCtr dt).
" o ]zt] = rt
From (2.2) and (2.3) it follows that
| ¢"tf rt A * 1V BN (3-4)
| rter — dUt> = - }\~Brts* <3-5>

So, integrating (3.4) and (3.5) with respect to t in the
interval (0, 1), we shall obtain estimate (3. 1) in view of (3.3).

Adopting, in particular, A =1 - 2a, 0 £ a <1, B=-1 in
(3.1), we shall get the result of Pommerenke [12],
whereas substituting A = 1, B = -1, we obtain the estimate in
the class t*



ElIL e = {<A"B) s0<A<1l, A-eB >0

E2, e = i(A" B) ! A(A ” efi2) < 0}
E3, e = {<A" B) : -1 <A <0, A -eB2<0}

and
. t-/f
K,(X, y) =1 /xylln |——— 7X-1 for xy >0,
t+/p
K2, y) = /-xylarc tg t for xy <O,
/u - v,re
where t = / ————- +=", u =u(e), Vvk =vk(e), k=1,2, (cf. (2.111)
u - var
Let
uer; A, B, ) = A [1 - X(r; A, B, E)]dr, (3.6)
V(r; A, B, © =71 [1 - Y(r; A, B, X)]dr, (3.7

where X(r; A, B, e and Y(r; A, B, x) are defined by formulae
(2.31) and (2.32).
Performing the integration in (3.6), we shall get

ucr; A, B, e) A%B [A-e Inr+e 2AB IN @A -r2)+
+ eJM+ an e = #1, (3.8)
where
= -e[ukKl (@, 1) + eKj™d - B2, 1 - A2) - J2] + a2 3.9
KI(vl® v2) + a3 when (A, B) G Ex £
J2 = eK2(v2, VjJ + a4 when (A, B) ee2 £ (3.10)
L-KIIvl® v2~ + a5 when (A" B) e E3 t
Moreover,
@ - B2) [Kjrd, 1) - 171 - B2, 1)J + a5 when A - B2 = 0
Jl =
Ki(dl, 1) - K,(Q - B2, 1) + ac when A1 - eA) =0

Performing the integration in (3.7), we shall obtain

iln @ + jtAr)@@ +wBr)-A/B + a7 when B * O

V(r; A, B, x) =
JIn O +xXAr) - XAr + a when B 3-12)



In formulae (3.8)-(3.12) ai#¥ i1 =1, ..., 8, stand for arbitra-
ry constants.
Theorem 3. If Fe Z*(A, B) and r - \z\, O<r<lI,
then
expTOfr; A, B) S rMF*(2)] S exp7z(r; A, B), (3.13)
where if (A, B) e ,
7Z(@r; A, B) =T(r, 0; 1) for re (O, D, (.19
T(r, 0; -D for r e (0, r*j),
m(r; A, B) = T(r*x, 0; -1) + W(r, r*xs 1) for r e <r*x, r*J>,
T(r*x, 0; -1) + W(r*Jd, r~; D + T(r, r*J; -1)
for re (r**, 1); (3.15)
if (A, B e D2 and re (O, 1,
m(r; A, B) =T(r, 0; D TL(r;A B =T(r, 0; -1); (3-16)
if (A, B) e D},

T(r, 0; 1 for r e (O, ri),

TO(r; A, B) = >T(rJd, 0; 1) + W(r, rj; -1) for r e <rj, TrE*>.
_T(rJd, 0; 1) + Wr**, rj. _d + T(r, rJd*; 1
for r 6 (ri*j 1), (3.17)
Te(r; A, B) = T(r, 0; -1) for rc (O, 1), (3-18)
TXX, y; e) =UX; A, B, e) - U(y; A, B, e), WX, y; X) = V(X5 A,

B, X) - V(y; A, B, %) (cf. (3.6) and (38.12)), r*, r**, e = #1
are roots of the equations g(r; e, -e) = 0 (cf. (2.13)) in the in-
terval <0, 1>, Di( 1 =1, 2, 3, are given by formulae (2.14).

Estimates (3.13) are sharp when 7IC(r; A, B) = T(r, 0; 1) or
W(r; A, B) = T(r, 0; -1). The extremal function 1is of the Tform

z 1 - P**(£)
F = i § — - dt, 1,
@) =1 exp S t

where P** is defined by ((-35).

Proof. If Fe £(A, B), then, in virtue of (1.3), we have
(@ + 2FVili) = P(2) " ZpCzfli*® P e iP<A".B)- 0-19)
Since

re 4F eI ZF@I - 2, Izl =r <1,



therefore, on account of (3.19),
rR(r) 1 1 - max re [P(@) -
and
rR(r) S 1 - min re [P(@) - h
where
R(r) m |p In (r2|IF-@D-
Applying theorem I, we shall thus obtain:
1 if (A, B) g Dx,

R(r) ii [1 - X(r; A, B, ] for rg (0, 1), (3.20)
fi f1 - X(r; A, B -1)] for rg (0, r*t)u 1)
R(r) 5« (3.21)

i [1 - Y(r; A B, 15] for rg <r*

if A, B g t2 and re (0, 1) i

R(r) £i [1 - X(r; A, B, 1]. (3-22)
R(r) £i [1 - X(r; A, B, -1 (3.23)
if (A, B e

| L - X(r; A, B, Ul for re (O, rj) u
R(r) Zm (3-24)

i [l -Y(; A, B, -D] for re=<rj. rj*>,

R(r) £i £1 - X(r; A, B, -D] for re (0, 1). (3.25)

Integrating inequality (3.20) with respect to r from O to r,
we shall get, in view of (3.6), (3.8)-(3.11) formula (3.4). Ana-
logously, we get formulae (3.16), (3.18) and the Ffirst formulae
in (3.15) and (3.17).

If re <r_x, r*J> then, by (3.21),

*'i

In (r2fF*@)DS > i [i -x(r;A, B, -1)] dr +

+ 3} 1 [@1 -Y(r; A, B, D] dr = U(r*,> A, B, -1)
r-1



-UQ@; A, B, -1) + V(r> A, B, 1) - VIr~» A, B, 1).

This implies the second of formulae (3.15). The remaining
estimations of the proposition are obtained similarly.
In special cases of values of the parameters A and B we

obtain: when A =1, B=g-1, M 2 1, the result of w i a-

trowsKk: i [15], when A = 1, B = -1, Lowners
estimate [9]

IV. THE RADIUS OF CONVEXITY OF THE FAMILY S*(A, B)

As we know, the radius of convexity of the Tfamily E*(A, B)
is defined by the formula

r-c. BB :FeiErl‘f(A%ﬁjp [rsre A+ @ ) >0

Izl < 1}

Since 1*(A, B) 1is a compact family, therefore r. c. 1*(A, B)
is equal to the greatest value of r, 0 < r £ 1, such that

re @ + 20 <4*1J

for each 0 < Jz] S r and each function F e E*(A, B). In other
words, r. c. E*(A, B) 1is equal to the smallest root rQ, O < rQ i
S 1, of the equation <n(r) = 0 where

u(r) = min {re[-AI + -I""[IP]1., lIzl=r < 1, Fez* (A, B)}- (4.2
In virtue of (4.1), (3.19) and theorem I,
ullly when (A, B)e D and re(0, r*x)u (r=*, 1),
w(r) or (A, B) 6 D2u D3 and re (O, 1), “3)
:’/(‘rl)g,y when (A, B)e D1 and r e <r*1, r*J>,
where
u(r) = dr4 - 2d2r2 + d3,
urr) = 1 - r2)|2 + 21 - ABr2) + (A + B)@ -r2)] > O,
v(r) = A2r2 + (A + B)r + 1, 4.4
vx(r) = @ + Ar)(l + Br) >0,



dx = 4A2 + 3A + B, d2 * 2A2 + SA+ 2 - B, d3 = 3A+ B + 4.

Let B = Bq(A) -1) be the solution of the equation h(A, B; -1)=
=0 (cf. (2.13)) in the interval <-1, A), and B = Bx(A) = -(A2 +
+ A + 1). Denote by A the only root of the equation BQ(A; -1) =
= Bj”A) in the interval (-0,8; AQ) where AQ is given by (2.15),
and let

Ex = {(A, B) s (-1 <A S -0,8, B1(A) SB < A) U

U (-0,8 < A < Al# B~A) S B < BQQ, -1))},

E2 = {(A, B) : (-1 <A SAx, -1 SB <B”A)) u
U (Ax <A <Ag, -1 SB <BgqQ, -1)).
Obviously u E2 = Dj.

Since, for all admissible values of A and B, d2 - d¥dj > O,
d2 >0, d3 >0, u(l) < 0, so, the polynomial u(r) has in the
interval (0, 1) exactly one real zero ri1( with that u(r) >0
for 0O s r <rl, and u(r) <0 for <r <1, where

N
ri = /\/ B ?i A+Bi—f1__ 7— = r. (4.5)

2A +5A+2-B+2(1+A) /A2+1-2B
Analogously, it is easy to verify that if (A, B) s EIf then
v(r) >0 for re (@, 1) and if (A, B) e E2, then the polynomial

v(r) has in the interval (0, 1) exactly one real zero and v(r) >
>0 for 0Sr<r2, v(r)<o for r2 < r <1 where

r2 = 2[</(B-A)(3A+B) - (A+B)]“1. 4.6)

From the above considerations and from the fact that
sgn uir”™) = sgn v(r*J) and sgn u(r*€) = sgn v(r*J) we get

Lemma 4. If (A, B) e U Dj u D3,o0or (A, BeE2 and r2 < r~
or r2 >r*J, then tw(r) >0 for O Sr <r, «(r~ = 0, and
w(r) <0 for rx<r <1. If (A, B) e e2 and r*x < r < r*J, then
w(r) >0 for 0Sr<r2, nr(@2)=0, and u(r) <0 for r2<r < 1.

Proof, if (A, B) e D2u D, then, in view of (4.3), the
proposition is obvious. If (A, B) e E~, then, in view of v(r) >0
for re (0, 1) and the equality sgn u(r*J) = sgn v(r*Jd), it re-
sults that rx >r*J and o(r) >0 for 0 Sr <rx, w(r) < 0 for

r < r < 1. Analogous considerations in the remaining cases con-
clude the proof of the lemma.



Lemma 5. The zero r2 of the polynomial v(r) satisfies the
condition r2 <rj or r2 >r*J if and only if y(A, B) > 0; r*x <
<r2<r*J when y(A, B) < 0 where

y(A, B) = B3 + k-"AjB2 + k2(A)B + k3 (Q), “.n

k1(A) = 2A2 + BA + 2,

k2(A) = -(A4 - 4A3 - 9A2 - 4A + 1), “4.8)
k3(A) = -A(3A4 + 6A3 + 7A2 + B6A + 3).
Proof. If *Q(s; -1) defined by (2.10) attains its mini-

mum equal to zero for r = r2, then there must be ® (c + g; -1) =
= 0, that is, for r = r2

Cj +c3)(c +g) + (c» +c5) (c +g)"1 - (c4 +c2)=0.

Hence
cC, Cr 5 C.
c-+4 *(Cc +e> -¢mlic- (c+g>=° r=r2- (4-9)
On the other hand, the numbers r*J are roots of the
equation SE’\ = (Cc ¢£) i.e. ofzthe equation
- (c+p)2=—-"—-—---—- r = r2(4.10)
C1l c3 n (cx+c3) A +Br) 1 -r1r)
(cf. (2.16)).

Equation (4.9) and (4.10), in view of (2.5), imply

, , rzg(r2; -1, 1)
Ar2 - @ + 20)Dr2 - (A + 2)r2 + 1 = - (4.11)

Since v(r2) = 0, therefore
A2r2 + (A + B)r2 +1=0. (4.12)

From (4.11) and (4.12), we obtain
. s Ag(r,; -1, D



The polynomial g(r; -1, 1) takes negative values for re (,
r*x)U (r*J, 1) and for (@A, B) e DI# and gtr~j -1, 1) = g({r"J;
-1, 1) = 0. Therefore r2 < r*x or r2 > r*J when the left-hand
side of equality (4.14) is positive, whereas r2 e (r*If r*J) when
it Is negative.

Denote ? = -(2A2 + 2A + 1 + AB)/(A3 + 2A2 + 2A + B). We have
0O0<r<1 for (A, By e Dj. Hence r, <r*xor r2 > r*J if r2 > r.
This implies that v(r) >0, 1i1.e. Ar2 +(A+B)r+1>0. Hence,
after some transformations, we obtain that y(A, B) > 0 where y(A,
B) is defined by (4.7) and (4.8). The analogous examination
leads to the fact that r2 e (r*», r**) when y(A, B) < O.

Letma 6. For each A e (-1; -0,8). the -equation y(A, B) =0
with the unknown B has exactly one solution B = B*(A) in the in-
terval (-1, B~(A)) where B (A) = -(A2 + A + 1).

Proof. Let Ae (-1; -0,8). By (4.7) and (4.8), we have
y(A, -1) = (A + I1Ix(A) where x(A) = -(3A4 + 2A3 + 9A2 + 4A - 2).
Since x*"(A) >0 for A e (-1; -0,8), therefore x(A) increases

in this interval. But x(-I) <0 and x(-0,8) < 0. Thus x(A) <O
for A e (-1; -0,8). Thereby,

y(A, -1) <0 for Ae (-1; -0,8), (4.15)
After simple calculations we get
yFA, B1(A)) = 2(A + 1)2[AMd4 + 1 - 2A(A2 + 1)] > O. (4.16)

Differentiating the function y(A, B) twice with respect to B
we have YggiA, B) < 0, thus Yg(A, B) decreases in (-1, B"(A)).
But for A e (-1; -0,8), Yg(A, -1) >0 and y~(A, BMA)) > O.
Therefore Y(A, B) increases in the interval (-1, B~(A)) which
ends the proof by (4.15) and (4.16).

Corollary. If (A, B) e E2, then y(A, B) <0 if and only if
B <B*(@), and y(A, B) >0 if and only if B > B*(A).

Denote by A* the root of the equation B*(A) =B (A; -1 in
the interval (Al, AQ) (cf. (2.15)), and let

E21

{(A, B) : (-1 <A <A*, -1 SB <B*(A))U
U (A* <A <Ag, -1 SB <Bg@; -1))},

E22 = {(A, B) : (-1 <A £ Ax, B*(A) <B < Br(A)U
U (Ax < A < A*, B*(A) < B < BQ(A, -1))).



Obviously, E21 U E22 = e2*

In virtue of lemmas 4-6, we get
Theorem 4. The radius of convexity of the family £*(A, B) is
defined by r. c. I*(A, B) = rO where
"rl if (A, 3) « Exe E22 U D2 U D3,

(4.17)
ro r2 if (A, B) e E21,

r™ and r2 are defined by formulae (4.5) and (4.6).

The equality rQ = il holds for the function F**, rQ = r2 -
for the function F*, where

. zFMizi L p*r(2)> . 2F«Ul , p*@D(

F**(2) F ()

P*J and Pj are given by (2.33) and (2.34).

Adopting in (4.17) A =1, B=H-1, M 2 1, one obtains the
r. c. z=(M) [15], whereas for A =1 - 2a, B =-1, ae [0, 1) -
the r. c. £ [16], and hence, when a = 0, the result of Rob -
ertson [14] -

r.c. t~=31/2.

V. MEROMORPHIC CLOSE-TO-CONVEX FUNCTIONS

Let JAA, B; M, N), -1 <A S 1, -1 £B <A, -1 <MS 1, -1 £
£N < M, denote the family of all functions of the form

f(z) =1 + bQ + b’z + b2z2 + __. (G-
holomorphic in the ring Q and such that

- Z2CG) =P(2)- zeQ, 5.2

for some functions P e p (A, B) and some function FeE*(M, N).

The class J(1 - 2X, -1; 1 - 20, -1), A,CJe [0, 1), was studied
by Libera [7], whereas in [8] there are results concerning the
class J{1, -1; 1, -1) of all meromorphic close-to-convex func-
tions of form (5.1).

Between the coefficients of the function fe J(A, B; M, N) and
those of the function F s S*(M, N) of form (1.2) the relation de-
fined in the following theorem takes place:



Theorem 5. If £6 J(A, B; M, N), then
(nlbnl + lanl>2 S (A - B)2 + 4 n-0, 1, 2,... (5.3

Proof. It follows from (5.2) that

zF1(z) _ 1 + Ao)(2)
FUT ~ 1 + BailZ2)

for some function u holomorphic in K and satisfying the condi-
tions DO = O, [wz)] <1 for =z e K; then, in view of (5.1)
and (1.2),
- £ M,, + a,,)z1 = [A - B + £ (Aat + kBbk)zk+1]in(z).
k-0 k-0 K *
Hence, applying Clunie®s method [1], we shall get

£ Ib. +aj2 £ (A-B)2+ £1JAat + kBbk|2.
k-0 k K k-0 & K K

Consequently,
Inbn + an|2 £ (A - B)2 - £* [|kbk + ak ]2 - JAak + kBbk |2].

Since |kbk + ak ]2 - JAak + kBbk |2 = k2@ - B2)]bk ]2 +
+ @ - A2)Jak |2 + 2k(1 - AB) re akb”, therefore

Inbn + aj2 £ (A - B)2 + 2(1 - AB) V KJ]akbk].
But (n]lbn] + Jan])2 = |nbn + an]2 + 2nJanbJ - 2n re anb~; thus
(nbnl + lanl)2 £ (A - B)2 + 2(1 - AB) £*k]akbk] + 4n]anbn] =

= (A -B)2 + 4 £ kJavbv] - 2(1 + AB) 2:1k]Jakbk] £ (A - B)2 +
(¢ ) I(_IIKKI ( ) lakbk ] £ ( )

Each function f of form (5.1), analytic and univalent in
the ring Q, satisfies, by the area theorem, the inequality

£I k|b¥ |2 £ 1, and thereby, ﬁlklb-Klz £ 1. So, from Schwarz"s

inequality

£ Klakbk E (£ K| k|£) (¢ Kbk 12) 1z
a a s
kel K el K k-l *



we obtain

n n o 172

kT-I k|a§b5| S (kEl k|a5r> . (5.5)

The coefficients a~, k =0, 1, 2, of expansion (1.; ) of
the function F from the class £*(M, N) have the following pro-
perty (cf. [4D:

X, T - N2)K2 + 2(1 - WK + 1 - M2] Jal2 s (f - N)2.

Consequently,

, . 2»1/2 M - N

«! 1kl > 5Mi - MNV * -5-6)
So, (5.4)-(5.6) imply (5.3).

Adopting in (6.3) A=1-2X, M=1-20, B = N = _1,
X, a e [0, 1), we obtain the result of Libera [71, whe-
reas when A =M=1, B=N=-1 - that of Libera and
Robertson 81 -

For a fixed r, 0 <r < 1, let us denote w(6) = f(rel0), 0 £
S 6 < 2n. We shall investigate the behaviour of the angle ¥(fi) of
inclination of the tangent at the point w(6) to the image r of

the circle C = {z : |z = r} under the mapping by means of a
function ¥ from the class J(A, B; M, N). We have

<M0) = 0 + j + arg  (reiO)

and, for 01 < 02< 0« 02 e £/ 21

i0o , io,
(02) ->5() =02+arg f (re "> _ @l “arg f (re m <5.7)

Since

0 + arg f"(rel0) = 0 + re {-i In F"(rel0).

therefore
ii0)
lg [O + arg F (rel0)] = re {1 + rel0 fFf-jg 9
" (rel0)
and
S s [0 + arg f"(rel0)] dO = F re {1 + rela ) do.
Q1 gO L J On f (re

On the other hand, by (5.7),



f 2 lg [o + arg - (reio)] de = M02) -

"1
Consequently,
- _ 2 <n f"(re”0)
i - 1K0.) =S re{l + re \ o] do-
I'@é) 1) 0X t f (re )}

Thus, the integral on the right-hand side of the Jlast -equality
characterizes the increment of the angle of inclination of the
tangent to the curve rr between the points w(©2) and wto?) for
02 > or

Theorem 6. If fe JA, B; M, N) and O < r < 1, then, for 0J <
< 02, 0”, 02e [0, 2n),

s 2 re{l + reiQ dOo s it - J-=-g§ (02 - O™
°1 f (re > (5-8)
- 1 are—ees® - BOF
1 - ABr
Proof. From definition condition (6.2) of the function

f of the class J(A, B; M, N) we have
. @ . . resrifi * ,, ,5.9,
where F e E*(M, N), P e ja(, B). Putting z = relo, 0 <r <1,

06 [0, 2n), into (5.9) and integrating with respect to O in the
interval [0~ 02], 01 < 02, we shall get

S2re (1 ¢ reie <"ji 1% de = P r. (rel0 do +

Qx f(re ) 01! F(rel0)

+ 52 re {rei&Pp. (’"ff(:éi.a)—} do. (5-10)
0! P(re )

From (2.2), (2.3) and definition condition (1.3) of the func-
tion F of the class I*(M, N) it follows that

- f iG F (<t J do = - 0, -0, 5.111
FeE’Ln(Mn, N e re {ref (e )) ¢ 2 1) (

Nr

We shall estimate the second integral on the right-hand side
of (5.10). For the purpose, note that



Fa arg Bere'®3 = o rel-h nMire B — w0 P (R_gT )

thus

®2 N n° i 1®9
L re {rel0 P d0 = arg P(re ) - arg P(re V
®L P(re )
Hence
®2 W ., »10, 10-

Pemap)tA, B) 161 re {rei0 pF')é‘rgq :5) del = Pe{p(A, @/ larg p(re 2) +

10, (G.12)
- arg P(re )1-

By (2.2) and (2.3),

max arg P(reiQ) = arc sin — ——-"4,
Pe B, B) 1 * ABr

30, in view of (5.13),

0 -
2 < 10
max \S re {relQ p .(Ee, .1} de] S max larg P(rel(@]| +
P6 r(p, B) 0J PCre ) Pep(A, B)
min jarg P(relS)] £ 2 arc sin — ———=
Pejc(A, B) 1 - ABr

=% - 2 arc cos ---—- —

Hence and from (5.11), in view of (5.10), we get (5.8).

In special cases of values of the parameters A, B, M, N, from
thr-oemb one obtains the earlier results (cf. [8] and [7])-

Let us still observe that the addends on the right-hand side
of inequality (5.8), depending on r, are negative and increasing,
so they both may be omitted or, in particular, one of them.
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WEASNOSCI EKSTREMALNE TUNKCJI GWIAZDZISTYCH W PIERSCIENIU O < |z] < 1
Niech p(A, Bi, -1 S B <A 1 1, oznacza rodzing funkcji P, P(0) “ 1, ho-

lomorficznych w kole K m {z : |Jz]|<1} i takich, ze



S 1+ A U (@)
P(z) * 1+Bw(77
dla pewnej funkcji w, W (0) “ O, Jw(z)|] < 1, holomorficznej w K. Nastgpnie,
niech (A, B) bedzie rodzing funkcji postaci

1
F(z) = >

2
+ a a,z + arz +
& 12 L

holomorficznych w pierscieniu Q * {z :0< 1zl <13} i takich» ze -zF*(2)/
/F(z) e p(A, B) dla ze Q.

,W pracy oszacowano funkcjonaty: re {P(z) - zP"(2)/P(z2)} , Pejp(A, B) i1 z6 K,
IF@) 1, 1F<(@)]|, gady F e I*(A, B) i z e Q oraz wyznaczono pro-
mien wypukdosci rodziny £*(A, B). Na koniec udowodniono dwie wkasnosci pewnej
klasy funkcji meromorficznych prawie wypukdych generowanej funkcjami klas

Ja(A, B) i 1#(A, B).



