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E X T R E M A L .  P R O P E R T I E S  O F  S T A R L I K E  
F U N C T I O N S  I N  T H E  R I N G  0 <  I z l  < 1

Let p(A, B), -1 i B < A i 1, denote the family of functions P, 
P(0) « 1, holomorphic in the disc K ■ |z : |z| < l} and such that 
P(z) ■ [1 + Au (z)]/[l + Bu(z)] for some function u, u(0) « 0,
| u) (z)| < 1, holomorphic in K. Next, let E*(A, B) be the family of 
functions F(z) - j + aQ + 3jZ + a2z2 + ... holomorphic in the ring

Q » { z : 0 <  | z | < 1 } and such that -zF'(z)/F(z) e jp(A, B) for 
zeQ. In the paper the functionals re (P(z) - zP'(z)/P(z)} for
P e  p(A, B) and z e K, | F(z) |, |F'(z)| for F e I (A, B) and 
z 6 Q are estimated. Moreover, the radius of convexity of the family 
I*(A, B) is determined. Finally, two properties of functions of some 
class of meromorphic close-to-convex functions are proved.

I. INTRODUCTION

For fixed A, B, -1 < A S 1, -1 S B < A, let us denote by 
p(A, B) the family of functions

P(z) = 1 + p^z + ... (1.1)
holomorphic in the disc K =  {z : |z| < 1} and such that

for some function w holomorphic in K and satisfying the condi­
tions w(0) = 0, Iu( z) I < 1, for z e K. The class J3(A, B) was 
introduced and examined b y W .  J a n o w s k i  in paper [5]. 
In a little different way, this class, with B * -1, was introdu­
ced by J a k u b o w s k i  and investigated in papers [2],



[3] and [4]. Of course, p(l, -1) = jp where p is the family of 
functions of form (1.1) and such that re P(z) > 0 for z e K. Mo­
reover, from the inequalities adopted for A and B it follows that 
p(A, B) c p.

Next, let I (A, B) stand for the family of functions

F(z) = ~ + aQ + aiz + a2z  ̂ + ••• (1.2)

holomorphic in the ring Q = { z : 0 < | z | < l }  and such that

- T u i - " 11 u -31
for some function P € jp (A, B) and each z e Q.

By assuming certain special values of the parameters A and B, 
we shall obtain the classes considered by other authors, for in­
stance, in papers [4], [6], [10], [12], [14] , [15], [16] . 
When A = 1, B = -1, we obtain the well-known class I studied, 
among others, by C 1 u n i e [1] and R o b e r t s o n  [13].

In the present paper there are an estimation of the func­
tional

H(P) = re (P(z) - z e K, (1.4)P( z )

where P e p(A, B), as well as estimations of the modulus of the 
function and the modulus of its derivative in the family E*(A, B). 
Besides, the radius of convexity of the family £*(A, B) is de­
termined. The method of investigations we take up here is an 
adaptation of that used in paper [5], with modifications resulting 
from the form of functional (1.4) and from the properties of the 
class E*(A , B). Some reasoning in proofs, being a repetition of 
that included in [5], will be omitted.

To analogous questions paper [10] is devoted. It concerns, ho­
wever, the properties of k-symmetric functions of the class f^tM) 
(i.e. functions P holomorphic in the disc K, satisfying the condi­
tion |P(z) - M| < M for z e K, where M > j is a fixed number) 
and the properties of k-symmetric functions of the class e£(M) 
(i.e. functions F holomorphic in Q and satisfying the condition 
|-zF'(z)/F(z) - M| < M for z e Q). The results included there 
are identical, for k = 1, with the corresponding results obta­
ined in the present paper when A = 1 and B = jjj - 1.

Finally, we shall define the class J(A, Bj M, N) of meromor- 
phic close-to-convex functions f, generated by functions of the



classes (p(A, B) and £*(M, N). For functions of the class 
j (A, B; M, N), we shall prove some property of coefficients and 
some geometrical property connected with the angle of inclination 
of the tangent to the image of the circle |z{ = r, 0 < r < 1, 
under the mapping by means of a function f.

II. ESTIMATION OF THE FUNCTIONAL H(P)

Let p e jp. Then the function

P(z) = t1 + +..1 -..A ,2.1.)' ' (1 + B)p(z) + 1 - B

belongs to the class £>(A, B) and vice versa [5]. Besides, in 
paper [5J (lemma 2) it was proved that if z is any fixed point 
of the disc K, then, for any function P c

|P(z) - c| S £ (2.2)
where

2_ i_i _ 1 — ABr _ i v _ (A - B ) r _ _ i — jc = c(r) :— 7n ~ '  e - £ (r) -  ,— ~ z r ~ i ' r - (2,3)1 - B r 1 - B r
Denote by P^(A, B) a subclass of the family §>(A, B) con­

taining all functions of form (2.1), where
, 1 + e, z . 1 + e,z

p(z) = i (1 + x) + 2(1 - x) (2-4)

■i n  £ i, |E j | = i ,  j = i, 2.
Let G(u, v) be an analytic function in the half-plane re

2 2u > 0 and in the plane (v), such that |Ĝ | + |G^| > 0  at each 
point (u, v). Since each boundary function with- respect to the 
functional G(p(z), zp'(z)), |z| = r, in the family is of form
(2.4) (cf. [13]), therefore the boundary function of the family 
£>(A, B) with respect to the functional G(P(z), zP'(z)), |z| = r, 
belongs to the family ¡PX(A, B). Consequently, the determination 
of the extremum of the functional re G(P(z), zP'(z)) in the family 
J)(A, B) is reduced to the determination of the extremum of this 
functional in the subclass jp̂ (A, B).

The functions P e £>X(A, B) have the property that

zP'(z) = ^4-^[-BP2(z) + (A + B)P(z) - A] - ^-[£2 -

- | P ( z ) - c|2] rj*f



where c, p are given by (2.3), P* = — 2r--y, r = Iz I * I1}*! =s h 1 - rz
(cf. [5], 2 emma 4 J.
S o . o

L(P/zn - p (zl - sEiUl 8 »  ' (a  ̂b)p(2) t a_ +' ( )' Plz) P(z) (A - B)P(z)

+ £1 fi2 - |P(2> -C.L2.
2g P(z) 1

Denoting P(rei<̂)) = seit:, s > 0, im t = 0, we shall get

re L(seit:) = ^  s cos t - c2 + Cĵ  s 1 cos t +

+ ("CjS + c4 cos t - c5 s *)e

where
A + B

C1 = A - B' °2  = A - B'

C, . il = -----1 - B 2r 2 c4 - ¿ s  - 2
3 " 2g (A - B) (1 - r V  4 £ (A - B) (1 - r )

(2.5)
p* . 2 2, 1 - A2r2c. = f- c - £ ) = ---------------5-5 2g K (A - B) (1 - r )

and e = re (e 13* ) .
The determination of the extremum of the functional H(P) = 

= re LIPIz)) is thus reduced to finding the extremum of a func­
tion of two variables s, t of the form

<t>(s, t; £ ) = (c^s + ec^ + cxs 1)cos t - (c2 + ec^s + ec^s ),
(2 .6 )

since -1 S e < 1 and £ 2 - |P(z) - c |2 i 0, the minimum of the 
function 4i can be attained with e —  -1, its maximum - with e — 1. 

The function $ is defined in the set
D = {(s, t) : c - £ < s < c + ç, - Y(s) < t < Y(s)} (2.7)

and on its boundary 3D, with that
2 2 2

Y ( s ) = arc cos -— ------ , 0 £ y(s) £ y(s*) (2.8)
2cs

where s*2 = c2 - g2.
If 4> attains its extremum at some point (s', t') e D, then s' 

and t' are solutions of the system of equations ^  = 0, ^  = 0 
v>ith the unknown quantities s and t, that is, of the system



c^(l - s-2) cos t - e(Cj - CgS 2) = 0, sin t = 0,. 
or of the system

c i (1 - s'2), cos t - e(c3 - c5s"2) = 0, Cĵ s + ec4 + c1s'1 = 0.

It is easy to check that the numbers s', t' do not satisfy 
the second system. Consequently, the problem of determining the 
extremum of the function 4> in the set D is equivalent to the 
analogous problem for a function

i>o(s;e)='t>(s,0;E), s e I, e = ±1, (2.9)
where I = {s : c - £ < s < c + ¿3}. Besides, we have

inf H(P) i min $a (s; -1), 
s

sup H(P) £ max *0(s; 1). 
s

From (2.9) and (2.6) we have
<J>0 (s ; e) = ( ^  - ec3 )s + (cx - e c 5 )s _1 + ec4 - c2 (2.10)

Let A # 1. Then, in view of (2.10) and (2.5),
(A - B) (1 - r2) (s; e ) = u (e ) - v^( e )r2 -
- [u(e) - v2(e)r2J s~2 

where
u (e ) = A - e , v 1(e ) = A - cB2, v 2 (e ) = A - eA2. (2.11)
In can easily be shown that, for r e  (0, 1),
e [u (e ) - v^fEjr2] < 0 ,  k = 1,2 (2.12)

and that the function 4>0 (s; -1) decreases when s < s_^, and in­
creases when s > s_^; whereas the function ^0 ^s> D  increases 
when s < s^, and decreases when s > s^, where

Xi[ e ) - v 7 ( e ) r^' 
s = s (r; A, B) = / --------------- r, e = ±1.
E E u (e ) - v x (e ) r

Hence, the function <t>Q (s; -1) attains its minimum in s_1 if 
s_! e I, and the function ^(s; 1) attains its maximum in s1 if 
s. e I. It sE f I, then «^(s; e) attains its extremum in c - ¿o 
or c + £>. One must then determine the parameters r, A, B for 
which sE e I. For the purpose, let (r) = [c(r) + x £ (r)]2,
% = tl, = s‘(r; A, B), where c(r) and £(r) a«re defined by



(2.3). We have o_^(0) = pe(0) = 0^(0) = 1, o_1(l) < WE(1) < o^d), 
e = il and o ^ U )  < 0, o'( r) > 0; y^r) 2. 0 if A + B S 0; M^(r)>

> 0 if A + B > 0. So, for each r e (0, 1), o^ir) < wc(r) if 
A + B £ 0, v* E (r) < o1(r) if A + B > 0, that i*, C - g < *£ when 
A + B S 0 ,  st < c + £  when A + B > 0.

Let
h(A, B; e) * 2(A - 2e)2B4 + 2A(3A5 + 5eA - 6 )B3 + A(7A3 +

+ 7eA2 - A - 13e)B2 + 2A2(2A3 - 15A + 11e)B +
+ A2(A4 - 5eA3 - A2 - 13eA + 16), e = ±1. (2.13)

It can be proved that the equation h(A, B; e ) = 0  with the 
unknown B has exactly one solution B = B0<A ' E>' “1 S ® 0 <A; -1) <
< A, -A < BQ (A; 1) < A.

Denote
Dx = {(A, B) : (-1 < A < -0, 8, -1 £ B < A) U (-0,8 £ A < AQ, 

-1 £ B < BQ(A; -1) ) }, (2.14)

D2 = {(A, B) : (-0,8 < A < Aq , BQ (A ; -1) £ B < A ) U (AQ £ A <
< 0,8, -1 £ B < A) U (0,8 < A < 1, -1 £ B < BQ(A; 1))}. 

D 3 = {(A, B) : 0,8 < A < 1, B0(A; 1) < B < A},

3 3A0 = if/-] 81 + 8/70?' + /-181 - 8/7157' + 2] -0,7281 ( 2.15)

and
g( r; e , x) = A (A + B)r3 + 2XA(1 + cB)r2 - (A + B ) (A - 2e)r +

- 2 X (A - c). (2.16)
Let A + B > 0. The inequality o_](r) < m (r) is equivalent to

g(r; 1, -1', < 0. Having done arduous but elementary calculations,
we have that if (A, B) e D2 and A + B > 0,

o_^(r) < Uj(r) for r e  (C, 1); 
if (A, B) e D3,

o _ ̂ ( r ) < ;(r) for r s (0, rj) U (r^*, 1),

o_1(r) > .i(r) for r e < rj, rj*>,

where r* and r** are roots of the equation g(r; 1, -1) * 0. In 
ihe same way we obtain the remaining conditions determining the 
position of s with respect to the interval I.



If (A, e Dj_,
c - £ < s 1 < c + p  for r e (0, 1),
c - g < < c + g for r t= (0, r^) u (r*Jf u f

c - £ < c + £  i s_1 for r e <r*1( r*J>; (2.17)

if (A, B) e D2,
c - £ < s f < c + £ ,  e = i l  for r e  (0, 1 ) ; 

if (A, B) e D3,
c - £ < s_i < c + £ for r e (0, 1),
c - £ < s 1 < c  + lo for r e (0, rj) u (rj*, 1),
S i S c - £ < c + j O  for r e rj*>, (2.18)

where r*, r**( e = ±1, are solutions of the equation g(r; e, -e ) =
* 0 in the interval (0, 1) (cf. (2.16)).

If A = 1, then, in virtue of (2.10) and (2.5),
♦0(s; e) = (c^ - ECjJs + c^ll - E)s_1 + e c 4 - c2, (2.19)

so, s_1(r; 1, B) e I. Since c.̂ - c3 i 0, the function ^(s; 1) 
is decreasing or constant in the interval I.

The above reasoning proves the verity of the following lemma.

Lemma 1. If (A, Bje , then
min SqIs; e) - $ ( s, ; 1) for r e (0, r*,) u (r*J, 1), 
sc I
max 4>0(s; e) = $0 (s,; 1) for r e  (0, 1), 
s e I

if (A, B) e D2, then, for each r e (0, 1),
min 4>0 ( S ; E) = -1),
SC I
max <t> (s; f ) = D »
se I

if (A, B) e D3, then
min 4> ( s ; e) = ( s_ x ; -1) for r e (0, 1), 
sc I
max <t>0 (s; t) = <i> ( s i ; 1) for r e  (0, rj) u (rj*, 1) 
se I

where r*, r**, e = ±1, are roots of the equation g(r; e , -e ) = 0 
(cf. (2.16)).



(2 .2 0 )

Let now (s, t) e 3 D. Since 4>(s, t; e) = 4>(s, -t; e), there­
fore, in view of (2.8), 4>(s, t; e) = 4>(s, y(s); e) = (s) , s sJ, 
where

( S) = C1(s + s-1) cos y(s) - C2,

COS Y(s) = —  (C,S + CcS-1)
C4

and J = {s : c - g £ s £ c + £) (cf. (2.5) — (2.8) ).
Lemma 2. Let

V 5?  Yl - A2rTs = sir) = = 7 - ---S S -° o c3 ! _ B2r2

and
Zy = {(A, B) : 0 < A £ 1, -A £ B < A},
Z2 = {(A, B) : 0 < A < 1, -1 £ B < -A},
Z3 = {(A, B) : -1 < A £ 0, -1 £ B < A).

Then
$1(so ) when (A, B) e Z^ u Z2,

min <t>̂ ( s ) = • 
s

max ^(s) •= -

«^(c + g ) when (A, B) e Zj,

(c - g) when (A, B) e Z^,
4>1(C +£) when (A, B) e Z2,
<t>l ( s0 ) when (A, B) 6 Z3,

(2.21)

P r o o f .  Differentiating the function 4>x, we shall get, by 
( 2 . 20 ) ,

4>l(s) = ^ [ ci(1 _ s_2> <C 3S + C 5S_1 ) + ci<s + s_1)(c3 - c5s-2,]
(2.22)

that is,

^(s) = — (c3s4 - c5). (2.23)
C4S

It follows from (2.5) that, for any admissible values of A,
B, r, we have c3 > 0, c4 > 0, c5 > 0, and Cj 2 0 when A £ 0,
whereas c^ < 0 when A < 0. Consequently, if A > 0, then, in 
view of (2.23), decreases for s < sQ (r), increases - for s >
> sQ(r); with A < 0, ^  increases for s < sQ (r), and decreases 
for s > sQ (r).



Moreover, 4>1(c + £>) > <t>x(c - £) when (A, B) e Z2, «^(c + g ) £ 
S >»!(c -£) when (A, B) e u Z3 and c - £> < sQ (r) < c+£ when 
(A, B) e Zl u Z2 u Z3.

So, formulae (2.21) take place.
In virtue of leimas l and 2 we shall determine the extremal 

values of the function 4> in the set D u 3D (cf. ( 2. 6) - ( 2. 8)). We 
shall prove

Lemma 3. If (A, B)e D^, then

r <t> (s_1, 0; -1) for r e (0, r*j) u (r**, 1),
min <t>( s, t; e ) = ■{
s,t (c + £, 0; -1) for r e <r*j, r**>,

max i(s, t; r) = 'Ms, , 0; 1) for r e (0, 1) j
s,t

if (A, B) e D2, then, for each r e (0, 1),
min <t>(s, t; e ) = <t>(s ., 0; -1), 
s,t
max $(s, t; c) = 1>(s,, 0; 1); 
s,t

if (A, B) e D^ = D3 U i (A , B) : A = 1, -1 < B < U ,  then

min 4>(s, t; e ) = $(s ,, 0; -1) for r <=. (0, 1), 
s,t

^ < S!, 0; 1) for r «= (0, rj) u (rj*, 1),
max (s, t; e ) = ■<
s,t i $(c ~ g i 0; 1) for r e  <r£, r**>,

where r*, r**, c = ±1, are roots of the equation g(r, t, -e) = 0 
(cf. (2.16)).

P r o o f .  We shall first demonstrate that the number 
occurring in formulae (2.21), is not the extremal value of the 
function where ^0 (s; z) = <t>(s, 0; t), e = ±1. For the purpose 
we shall prove that

e(>0 (S0 ; e) - 4>1(so )] > 0, £ = ±1. (2.24)

On account of (2.10) and (2.20),
*0(s; e ) - <t-x (s > = (c1s + e c 4 + c^s *) (1 - cos y (s ) ).

In virtue of ( 2.22), ( 2.20) and the equality <1>̂ (sQ ) = 0,

-1 cl(so - 11 cl<s~ + ) = -c4 ---2------  COS Y(so );
°3so " c5



consequently,
e[>o(V  E) ' *l(so ,3 = c4(1 “ 008 Y(sQ ))C(s0 ), 

where
c.(s2 - 1)

C(s) = 1 - e *------  cos Y(s ). (2.25)
C3S ”

Since c4 > 0, 0 < cos y(s) < 1, it suffices that

- II
c  ̂  ̂ 1 •

c3so - c5
We have

_ ,_2 , , _ so ~ 1 _ fl C5 ~ c31' n ~ ' “ 1 0 “* 2 •S2 + 1 c, s2 + 1o 3 o

c3so " c5 c5<c3 ' c5’ 
C3so - c5 = „ 2 I' “ " - — 2------- 'c3s0 + c5 c3s0 + c5

thus,

e Cl<!° ~ U  - 1 = ------- --------- <2.26)
c3so * c5 c3c5(so + 1]

where E = c ^ e ^  + c5)s2 + c^ ( +  <=3). Since c3c5(s2 + 1) > 0, 
it is sufficient to show that E > 0. To this end, note that 
EC1 + c5 > 0 and< hy (2.12),

- e [u (e ) - v^Ejr2]
EC. + C, = ------------------5-- > 0.

1 i (A - B) (1 - r )
Thus, E > 0. In view of (2.26) and (2.25), we obtain inequality 
(2.24).

Let A / 1. It is easy to verify that, for each r e  (0, 1) and 
e, 3C = ±1,

e[4><se, 0; e) - ^(c + X.g, 0; e) ] > 0
and

<t(c + Ttg , 0; e ) = «^(c + X.(0 ).

Consequently,
e[t(s£, 0; e) - «^(c + Xg)] > 0. (2.27)



Inequality (2.27) proves that the numbers «^(c + x^), x = ±1,
(cf. (2.21)) cannot be the extremal values of the function * in 
the set D U 3D.

Moreover, by (2.17) and in view of the monotonicity of the 
function I’qIs; -1), it results that the minimal value of the 
function 4> in the set D U 3D is i>(c + £, 0; -1) for r e <r*1, 
r*J>. Analogously, by (2.18), we get that max 4>(s, t; e ) =

= <»(c - £, 0; 1) for r e <rj, rj*>.
When A = 1 and e = 1, the number «1(c - £) = $(c - ¿o, 0; 1) 

is the maximal value of the function in the set D U 3D, for 
it follows from (2.19) that the function <t>0 (s; 1) = $(s; 0, 1) is 
decreasing (B t -1) or constant (B = -1) in the interval [s - £>,

This proves the verity of lemma 3.

The results obtained in lemma 3 allow us to formulate the 
following

Theorem l. Let H(P) be the functional defined by formula (1.4). 
Then, for any function P e  TP (A, B) and |z|=r, 0 < r < 1, we 
have:

1° if (A, B) e D1# then

s,t

s + s] .

X(r; A, B, -1) for r e (0, r*x) j (r*J, 1) 

Y(r; A, B, 1) for r 6 <r*lf r*J>,
(2.28)

H(P) i X(r, A, B, 1) for r e (0, 1),
2° if (A, B) s D2, then, for each r « (0, 1) 
X(r; A, B, -1) s H(P) S X(r; A, B, 1),
3° if (A, B) s D^, then
H(P) i X(r; A, B, -1) for r e (0, 1),

(2.29)

(2.30)
X(r; A, B, 1) for r e (0, rj) u (r**, 1)

H(P) <
Y(r; A, B, -1) for r e rj*>

where



Y( r • A B X) = -_* ̂  ^ + — r . t A  -r (2.32)A ' K) (1 + *  Ar) (1 + X Br) ‘
2 2a = a(r; A, B, e) = A - e - (A - eB )r ,
, , (2.33)

X = i5( r; A, B, e) = A - e - (A - e A ) r ,

r*' r**' E = ±3t' are roots o£ the equation g(r; e, -e) = 0 (c£. 
(2.16)) in the interval <0, 1>, Dif i = 1, 2, 3, are given by 
formulae (2.14).

Estimates (2.28 )-(2.30) are sharp, the equalities H(P) = 
= Y(r; A, B, x ) i H(P) = X(r; A, B, e ) are attained at the point
z = re1(P, 0 < r < l ,  0 S (p < 2n, by the functions,

P*(z) = 1 x _ il( (2.34)
* 1 + x Be ^z

1 - (1 - eA)! e'^z - EAe‘2ilpz2 ,,
P* * < 7 ) = _____________________-_____________________________' * '

1 - (1 - EB)«Ee-i(Pz - EBe-2i^z2 ' 
respectively, where

, (1 - eBr)2sf. - (1 - EAr2)5 = i , e = ±1,
e r (l - eB)s„ - (1 - cA)

/ ¡ T V *

oi # 0 .
SE

P r o o f .  For s = sE, e = tl, or for s = c + X£>, x = +1, 
we get, respectively, ‘HSj-» £) = X(r; A, B, e ) and t(c + x.£, 
0; c) = Y(r; A, B, X); so, on account of lemma 3, estimates (2.28)- 
-(2.30) are true.

The proof of the sharpness of these estimates is identical 
with that in paper [5].

III. ESTIMATIONS OF THE MODULUS OF A FUNCTION 
AND THE MODULUS OF ITS DERIVATIVE IN THE CLASS I*{A, B)

We shall prove
Theorem 2. If F e £*(A, B ), then, for |z|=r, 0 < r < 1, 
S(r; -1) S |F(z)| S S(r; 1) (3.1)

where



S(r
fp(l - aBr)“(A ' B)/B when B * 0,

i 0 ) = ■> i 0arj — e when B = 0, |o| = 1.

Estimates (3.1) are sharp, equalities in (3.1) are attained 
at the point z = re1(P, 0 < r < 1, 0 £ <f < 2tt, by the functions 
F*(z; -1), F*(z; 1), respectively, where

r
z'

■iV,

i(l - oBe‘icPz)"(A _ B)/B when B # 0,
F* ( z; o) =-| (3.2)

I - exp (oAe ^z) when. B = 0.

P r o o  f. If F g £*(A, B), then from (1.3) we have

zF(z) = exp ( }  * ~ p(5>. d£) , P e j? (A, B).
O

Hence
I Ft z)| = y!y exp (re S  P<zt> dt).

(3.3)

Consequently,

I F( z ) | £ -T-i-r exp ( J' max re ~ P(ztl at) ,
1 1  O | ztI = rt Z

I F (z ) | i exp {} min re p(2t^ dt).
' ' o | zt| = rt

From (2.2) and (2.3) it follows that

| ¿"tf- rt ^  * 1 V B-̂  (3-4)

| rt ^  —  ■l Ut> = - }\~BrtS' <3-5>

So, integrating (3.4) and (3.5) with respect to t in the 
interval (0, 1), we shall obtain estimate (3. 1) in view of (3.3).

Adopting, in particular, A = 1 - 2a, 0 £ a < 1, B = - l  in 
(3.1), we shall get the result of P o m m e r e n k e  [12], 
whereas substituting A = 1, B = -1, we obtain the estimate in 
the class t*



and

El, e = {<A' B) s O < A < 1, A - eB > 0)

E2, e = i(A' B) ! A(A ” efi2) < 0}
E3, e = {<A' B) : -1 < A < O, A - eB2 < 0}

t - / f
K,(x, y) = i  /xy1 In |---- 7X-I for xy > 0,

t + / p

K2(x, y) = /-xy1 arc tg t for xy < 0,

/u - v,r‘
where t = / ----- ±-^, u = u(e), vk = vk (e), k = 1, 2, (cf. (2.111).

u - v2r

Let

U(r; A, B, E) = Ą  [1 - X(r; A, B, E)]dr, 

V(r; A, B, TC) = /I [1 - Y(r; A, B, X)]dr,

(3.6)

(3.7)

where X(r; A, B, e) and Y(r; A, B, x) are defined by formulae 
(2.31) and (2.32).

Performing the integration in (3.6), we shall get
2U(r; A, B, e ) A - B

+ eJ ĵ + a ^

[(A - e) In r + e 2 AB In (1 - r2) +

e = ±1,
where

= -e[uK1 (1, 1) + eKj^d - B2, 1 - A2) - J2] + a2

J2 =

Moreover,

J1 =

(3.8)

(3.9)

(3.10)
Kl(vl' v2) + a3 when (A, B) G Ex £ 

e K2 (v 2 , V jJ  + a4 when (A, B) e e 2 £

L-Kllvl' v2 ̂ + a5 when (A' B) e E3 t

(1 - B2) [Kj^d, 1) - 1^(1 - B2, 1)J + a5 when A - B2 = 0 

Ki(l, 1) - K,(1 - B2, 1) + ac when A(1 - eA) = 0

Performing the integration in (3.7), we shall obtain

V(r; A, B, x ) =
¡In (1 + jtAr) (1 +wBr)-A/B + a7 when B * 0
|ln (1 +xAr) - xAr + a- when B (3.12)



In formulae (3.8)-(3.12) ai# i = 1, ..., 8, stand for arbitra­
ry constants.

Theorem 3. If F e Z*(A, B) and r - \z\, 0 < r < l ,
then

expTOfr; A, B) S r^|F'(z)| S exp7Z(r; A, B), 
where if (A, B) e ,

7!Z(r; A, B) = T(r, 0; 1) for r e (0, 1),

(3.13)

(3.14)

m(r; A, B) =
T(r, 0; -1) 

*

for r e (0, r*j), 
T(r*x, 0; -1) + W(r, r*x,• 1) for r e <r*x, r*J>, 
_T( r*x, 0; -1) + W(r*J, r^; 1) + T(r, r*J; -1)

for r e (r**, 1); (3.15)
if (A, B) e D2 and r e (0, 1),

m(r; A, B) = T(r, 0; 1) TL (r; A, B) = T(r, 0; -1); (3.16) 
if (A, B) e D'j,

TO(r; A, B) = >
T(r, 0; 1) for r e (0, ri),
T(rJ, 0; 1) + W(r, rj; -1) for r e <rj, r£*>.
_T(rJ, 0; 1) + W(r**, rj. _ d  + T(r, rJ*; 1) 

for r 6 (ri*j 1), (3.17)

Tt(r ; A, B) = T(r, 0; -1) for r c (0, 1), (3.18)
T(X, y; e ) = U (X ; A, B, e ) - U(y; A, B, e ), W(x, y; X ) = V(X; A, 
B, X) - V(y; A, B, %) (cf. (3.6) and (3.12)), r*, r**, e = ±1 
are roots of the equations g(r; e, -e ) = 0 (cf. (2.13)) in the in­
terval <0, 1>, Di( i = 1, 2, 3, are given by formulae (2.14).

Estimates (3.13) are sharp when 7TC(r; A, B) = T(r, 0; 1) or 
W(r; A, B) = T(r, 0; -1). The extremal function is of the form

z 1 - P**(£)
F (z) = j exp S  ---- -----  d£,

Z O »

where P** is defined by (¿.35).

±1,

P r o o f .  If F e £*(A, B), then, in virtue of (1.3), we have

_(1 + 2F,"ili) = P(z) " ZpCzf1 ' P e iP<A '.B)- 0-19)
Since

re ZF
7F In |z F'(z)| - 2, |z| = r < 1,



therefore, on account of (3.19), 

rR(r) i 1 - max re [P(z) -

and
rR(r) S 1 - min re [P(z) - h

where
R(r) ■ |p In (r2 |F'(z)|).
Applying theorem l, we shall thus obtain: 
1° if (A, B) g Dx,

R(r) i i [ 1  - X(r; A,  B, 1 ) ] for r g ( 0 , 1 ) ,

f  1 r ± [1  - X(r; A,  B, - 1 ) ] for r g ( 0 , r*Ł) u
R(r) 5«

i  [ 1  - Y(r; A,  B, 1>] for r g <r*

if (A, B) g t>2 and r e (0, 1) i

R(r) £ i  [ 1  - X(r; A,  B, 1)].

R(r) £ i  [ 1  - X(r; A,  B, -1)]»

if (A, B) e

| [1 - X(r; A,  B, U ] for r e (0, rj) u
R(r) Ż■

i [1 - Y(r; A, B, -D] for r e <rj. rj*>,

R(r) £ i  £l - X(r; A, B, - D ] for r e (0, 1).

(3.20)

1).
(3.21)

( 3 -22 )

(3.23)

(3.24)

(3.25)

Integrating inequality (3.20) with respect to r from 0 to r, 
we shall get, in view of (3.6), (3.8)-(3.11) formula (3.4). Ana­
logously, we get formulae (3.16), (3.18) and the first formulae 
in (3.15) and (3.17).

If r e <r_x, r*J> then, by (3.21),

In *!i(r2 |F '(z)|) S >  i [i - x ( r ; A, B, -1)] dr +

+ }  I [1 - Y(r; A, B, 1)] dr = U(r*,> A, B, -1)
r-l



- U (0; A, B, -1) + V(r> A, B, 1) - Vlr^» A, B, 1).
This implies the second of formulae (3.15). The remaining 

estimations of the proposition are obtained similarly.
In special cases of values of the parameters A and B we 

obtain: when A = 1, B = jjj - 1, M 2 1, the result of w i a- 
t r o w s k i [15], when A = 1, B = -1, L o w n e r s  
estimate [9]

IV. THE RADIUS OF CONVEXITY OF THE FAMILY S*(A, B)

As we know, the radius of convexity of the family E*(A, B) 
is defined by the formula

r. c. E*(A, B) = inf {sup [r s re (-(1 + ) > 0,FeE*(A,B) F (z)

| z | < r] }.
Since I*(A, B) is a compact family, therefore r. c. I*(A, B) 

is equal to the greatest value of r, 0 < r £ 1, such that

re t-(1 + 2 0 <4*lJ
for each 0 < |z| S r and each function F e E*(A, B). In other 
words, r. c. E*(A, B) is equal to the smallest root rQ , 0 < rQ i 
S 1, of the equation <n(r) = 0 where

u( r) = min {re[-(l + -|''[|f)] , | z I = r < 1, Fez* (A, B)}. (4.2)

In virtue of (4.1), (3.19) and theorem l,

u||jy  when (A, B) e D^ and re(0, r*x)u (r**, 1),

w(r) or (A, B) 6 D2 u D3 and r e (0, 1), (4 3 ) 

^|¿y when (A, B)e D1 and r e <r*1, r*J>,v(r) 
v

where
u(r) = dĵ r4 - 2d2r2 + d3,
u^r) = (1 - r2) [2 + 2(1 - ABr2) + (A + B ) (1 - r2)] > 0,
v(r) = A2r2 + (A + B)r + 1, (4.4)
vx(r) = (1 + Ar)(l + Br) > 0,



dx = 4A2 + 3A + B, d2 * 2A2 + SA + 2 - B, d3 = 3A + B + 4.
Let B = Bq(A) -1) be the solution of the equation h(A, B;  -1) = 

= 0 (cf. (2.13)) in the interval <-1, A), and B = Bx(A) = -(A2 + 
+ A + 1). Denote by Aĵ  the only root of the equation BQ (A; -1) =
= Bj^A) in the interval (-0,8; AQ ) where AQ is given by (2.15), 
and let

Ex = {(A, B) s (-1 < A S -0,8, B1(A ) S B < A) U
U (-0,8 < A < A1# B^A) S B < BQ (A, -1))},

E2 = {(A, B) : (-1 < A S Ax, -1 S B < B^A)) u
U (Ax < A < Aq , -1 S B < Bq (A, -1))).

Obviously u E2 = Dj.
Since, for all admissible values of A and B, d2 - d-̂ d-j > 0,

d2 > 0, d3 > 0, u(l) < 0, so, the polynomial u(r) has in the
interval (0, 1) exactly one real zero r1( with that u(r) > 0
for 0 s r < r1, and u(r) < 0 for < r < 1, where

_ /  3A+B+4  ̂ .r i - ^ — 5------------  ---- 7— = — r. (4.5)
2A +5A+2-B+2(1+A) /A2+1-2B

Analogously, it is easy to verify that if (A, B) s Elf then 
v(r) > 0 for r e  (0, 1) and if (A, B) e E2, then the polynomial 
v(r) has in the interval (0, 1) exactly one real zero and v(r) >
> 0 for 0 S r < r 2, v(r) < 0  for r2 < r < 1 where

r2 = 2[</(B-A)(3A+B) - (A+B)]“1 . (4.6)
From the above considerations and from the fact that 

sgn uir^) = sgn v(r*J) and sgn u(r*£) = sgn v(r*J) we get
Lemma 4. If (A, B) e U Dj U D3, or (A, B) e E 2 and r2 < r ^  

or r2 > r*J, then tu(r ) > 0 for 0 S r < r^, «(r^ = 0, and 
w(r) < 0  for rx < r < 1. If (A, B) e e2 and r*x < r < r*J, then 
w(r) > 0 for 0 S r < r2, n>(r2) = 0, and u(r) < 0 for r2 < r < 1.

P r o o f ,  if (A, B) e D2 u D^, then, in view of (4.3), the 
proposition is obvious. If (A, B) e E^, then, in view of v(r) > 0 
for r e  (0, 1) and the equality sgn u(r*J) = sgn v(r*J), it re­
sults that rx > r*J and o>(r ) > 0  for 0 S r < rx, w(r) < 0 for 
r < r < 1. Analogous considerations in the remaining cases con­
clude the proof of the lemma.



Lemma 5. The zero r2 of the polynomial v(r) satisfies the 
condition r2 < rj or r2 > r*J if and only if y(A, B) > 0; r*x <
< r2 < r*J when y(A, B) < 0 where

y(A, B) = B3 + k-^AjB2 + k2(A)B + k3(A), (4.7)

k1(A) = 2A2 + 5A + 2,
k2(A) = -(A4 - 4A3 - 9A2 - 4A + 1), (4.8)
k3(A) = -A(3A4 + 6A3 + 7A2 + 6A + 3).
P r o o f .  If *Q (s; -1) defined by (2.10) attains its mini­

mum equal to zero for r = r2, then there must be ®0 (c + g; -1) = 
= 0, that is, for r = r2

(Cj + c3) (c + g) + (c^ + c5) (c + g )'1 - (c4 + c2) = 0.

Hence
C, Cr *5 C.
c - + 4  * (c + e> - ¿■■T c -  (c + g> = °> r = r2- (4-9)

On the other hand, the numbers r*J are roots of the
2 2 equation s_^ = (c ♦£) i.e. of the equation

- (c + p )2 = ----------- r = r2( 4.10)
C1 c3 ^ (cx + c3) (1 + Br) (1 - r )

(cf. (2.16)).
Equation (4.9) and (4.10), in view of (2.5), imply

, , r?g(r2; -1, 1)
Ar2 - (1 + 2A)r2 - (A + 2)r2 + 1 = ---. (4.11)

Since v(r2) = 0, therefore

A2r2 + (A + B)r2 + 1 = 0 .  (4.12)

From (4.11) and (4.12), we obtain
, , Ag(r,; -1, 1)



The polynomial g(r; -1, 1) takes negative values for r e  (0, 
r*x) U (r*J, 1) and for (A, B) e D1# and gtr^j -1, 1) = g(r^J; 
-1, 1) = 0. Therefore r2 < r*x or r2 > r*J when the left-hand 
side of equality (4.14) is positive, whereas r2 e (r*lf r*J) when 
it is negative.

Denote ? = -(2A2 + 2A + 1 + AB)/(A3 + 2A2 + 2A + B). We have 
0 < r < 1 for (A, B) e Dj. Hence r, < r*x or r2 > r*J if r2 > r. 
This implies that v(r) > 0, i.e. A r 2 + ( A + B ) r + 1 > 0 .  Hence, 
after some transformations, we obtain that y(A, B) > 0 where y(A, 
B) is defined by (4.7) and (4.8). The analogous examination 
leads to the fact that r2 e (r*^, r**) when y(A, B) < 0.

Lemma 6. For each A e (-1; -0,8). the equation y(A, B) = 0 
with the unknown B has exactly one solution B = B*(A) in the in­
terval (-1, B^(A)) where B^(A ) = -(A2 + A + 1).

P r o o f .  Let A e (-1; -0,8). By (4.7) and (4.8), we have 
y(A, -1) = (A + l!x(A) where x(A) = - (3A4 + 2A3 + 9A2 + 4A - 2). 
Since x'(A) > 0 for A e (-1; -0,8), therefore x(A) increases 
in this interval. But x(-l) < 0 and x(-0,8) < 0. Thus x(A) < 0 
for A e (-1; -0,8). Thereby,

y(A, -1) < 0  for A e  (-1; -0,8), (4.15)
After simple calculations we get

yf A, B1(A)) = 2(A + I)2 [A4 + 1 - 2A(A2 + 1)] > 0. (4.16)
Differentiating the function y(A, B) twice with respect to B 

we have YggiA, B) < 0, thus Yg(A, B) decreases in (-1, B^(A)). 
But for A e (-1; -0,8), Yg( A, -1) > 0 and y^(A, B^A)) > 0. 
Therefore Y(A, B) increases in the interval (-1, B^(A)) which 
ends the proof by (4.15) and (4.16).

Corollary. If (A, B) e E2, then y(A, B) < 0 if and only if 
B < B*(A), and y(A, B) > 0 if and only if B > B*(A).

Denote by A* the root of the equation B*(A) = B (A; -1) in 
the interval (A1, AQ ) (cf. (2.15)), and let

E21 = {(A, B) : (-1 < A < A*, -1 S B < B*(A))U 
U (A* < A < Aq , -1 S B < Bq (A; -1))},

E22 = {(A, B) : (-1 < A £ Ax, B*(A) < B < B^(A)) U 
U (Ax < A < A*, B*(A) < B < BQ(A, -1))).



ro (4.17)

Obviously, E21 U E22 = e2*
In virtue of lemmas 4-6, we get
Theorem 4. The radius of convexity of the family £*(A, B) is 

defined by r. c. I*(A, B) = r0 where
" r 1 if (A, 3 ) « E x e E22 U D 2 U D 3 ,

r2 if (A, B) e E21,
r^ and r2 are defined by formulae (4.5) and (4.6).

The equality rQ = i1 holds for the function F**, rQ = r2 - 
for the function F*, where

. z F ^ i z i  . p**(z)> . 2F«'UI , p*(z)(
F**(z) F (z)

P*J and Pj are given by (2.33) and (2.34).
Adopting in (4.17) A = 1, B = j-j - 1, M 2 1, one obtains the 

r. c. Z*(M) [15], whereas for A = 1 - 2a, B = -1, a e [0, 1 ) - 
the r. c. £* [16], and hence, when a = 0, the result of R o b ­
e r t s o n  [14] :

r. c. t* = 3_1/2.

V. MEROMORPHIC CLOSE-TO-CONVEX FUNCTIONS

Let J(A , B; M, N), -1 < A S 1, -1 £ B < A, -1 < M S  1, -1 £ 
£ N < M, denote the family of all functions of the form

f(z) = i + bQ + bĵ z + b2z2 + ... (5.1)

holomorphic in the ring Q and such that

- Z(.'( j.) = P(z). z e Q ,  (5.2)

for some functions P e jp (A, B) and some function Fe£*(M, N).
The class J(1 - 2X, -1; 1 - 2 O', -1), A, o' e [0, 1), was studied 

by Libera [7], whereas in [8] there are results concerning the 
class J(l, -1; 1, -1) of all meromorphic close-to-convex func­
tions of form (5.1).

Between the coefficients of the function f e J(A, B; M, N) and 
those of the function F s S*(M, N) of form (1.2) the relation de­
fined in the following theorem takes place:



Theorem 5. If f 6 J(A, B; M, N), then

( n | b n l + l a n l > 2 S ( A -  B ) 2 + 4 n -  0 ,  1, 2,... (5.3)

P r o o f .  It follows from (5.2) that
zf 1 ( z ) _ 1 + Ao)( z )

F U T  ~ 1 + Bail Z )

for some function u holomorphic in K and satisfying the condi­
tions <i)(0) = 0, |u)(z) | < 1  for z e K; then, in view of (5.1) 
and (1.2),

- £  (kb,, + a,,)z^+1 = [A - B + £  (Aat + kBbk)zk+1]in(z). 
k-0 k-0 K *

Hence, applying Clunie's method [1], we shall get

£  I kb. + a j  2 £ (A - B ) 2 + £ 1 | Aat + kBbk | 2 . 
k-0 k K k-0 K K

Consequently,

|nbn + an |2 £ (A - B )2 - £* [|kbk + ak |2 - |Aak + kBbk |2].

Since |kbk + ak |2 - |Aak + kBbk |2 = k2(1 - B2)|bk |2 +
+ (1 - A2)|ak |2 + 2k(1 - AB) re akb^, therefore

|nbn + a j 2 £ (A - B )2 + 2(1 - AB) V  k|akbk |.

But (n|bn | + |an |)2 = |nbn + an |2 + 2n|anb J  - 2n re anb~; thus

( n I bn I + I an I )2 £ (A - B )2 + 2(1 - AB) £*k|akbk | + 4n|anbn | =

= (A - B )2 + 4 £  k|avbv | - 2(1 + AB) 2:1k |akbk | £ (A - B )2 + k-l K K k-1 * *

Each function f of form (5.1), analytic and univalent in 
the ring Q, satisfies, by the area theorem, the inequality

£  k|bv |2 £ 1, and thereby, £  kIb. |2 £ 1. So, from Schwarz's
k-l * k-l K 
inequality

n n j n 5 1/2
£  k|akbk | £ (£ k|ak |2) (£ k|bk |Z) ,k-l K *■ k-l K k-l *



we obtain
n n o  1/2
T  k|akbk | S (E k|ak r> . 

k - l  * *  k-1 *

The coefficients a^, k = 0, 1, 2, of expansion (1.;
the function F from the class £*(M, N) have the following 
perty (cf. [4]):

X  f( 1 - N2)k2 + 2(1 - MN)k + 1 - M2] |a„|2 S (M - N)2. 
k-0 L K

Consequently,

, . . 2 » !/2 , M - N
(k?! I k I > 5 M i  - MNV * '

So, (5.4)-(5.6) imply (5.3).
Adopting in (5.3) A = 1 - 2X, M = l - 2 o ,  B = N = 

X, a e [0, 1), we obtain the result of L i b e r a  [7], 
reas when A = M = 1, B = N = -1 - that of L i b e r a  
R o b e r t s o n  [8] .

For a fixed r, 0 < r < 1, let us denote w(6) = f(re10),
S 6 < 2n. We shall investigate the behaviour of the angle ¥(f 
inclination of the tangent at the point w(6) to the image r 
the circle C = {z : |z| = r } under the mapping by means 
function f from the class J(A, B; M, N). We have

<M0) = 0 + j + arg f' (rei0)

and, for 01 < 02< 0 «̂ 02 e £0/ 211
i0o , i0,

(02) - »i>( )  = 02 + arg f (re " * _ ®l “ arg f (re )■ <

Since

0 + arg f'(re10) = 0 + re {-i In f'(re10).
therefore

jiO) 
f'(re10)

|g [0 + arg f' (re10)] = re {1 + re10 f f - j g  ')

and

S  {s [0 + arg f'(re10)] d0 = f  re {1 + rela )
Q1 30 L J 0n f (re

On the other hand, by (5.7),

(5.5)

:) of 
pro-

5.6)

- 1 ,

whe-
and

0 £ 
i ) of 

of 
of a

5.7)

d0.



2
f  |g [o + arg f'(rei0)] de = iM02) -
'1

Consequently,

(,2 <n f"(re^0)i|i(0,) - iKO.) = S  re{l + re V ^ o  } d0- 2 1 0X f (re )

Thus, the integral on the right-hand side of the last equality 
characterizes the increment of the angle of inclination of the 
tangent to the curve rr between the points w(©2) and wto^) for
02 > or

Theorem 6. If f e J(A, B ; M, N) and 0 < r < 1, then, for 0J <

< 02, 0 ,̂ 02 e [0, 2n ),

S 2 re{l + reiQ d0 S it - J - = - g §  (02 - 0^  ♦
°1 f (re > (5.8)

^ __ ____(A - B)r- I arc cos J
1 - ABr

P r o o f .  From definition condition (5.2) of the function 
f of the class J(A, B; M, N) we have

„  (1 . . re srifi * „  ,5.9 ,

where F e E*(M, N), P e ¡a (A, B). Putting z = re10, 0 < r < 1,
0 6 [0, 2n), into (5.9) and integrating with respect to 0 in the 
interval [0^  02] , 01 < 02, we shall get

S 2 re (1 ♦ reie <"¡.¡* 1%  de = P  r. (re10 d0 +
Qx f(re ) 0! F(rel0)

°2 i0P'(rei0) (5-10)+ S  re {re10 p ^re.Q-̂-} d0.
0! P(re )

From (2.2), (2.3) and definition condition (1.3) of the func­
tion F of the class I*(M, N) it follows that

- min f  re {reiG F ' (r<̂  J  ) d0 = - (0, - 0.) (5.111 Fe£*(M, N) e f( re ) Nr 2 1

We shall estimate the second integral on the right-hand side 
of (5.10). For the purpose, note that



â n , 101 3 _f i i „ n/ 11 _ .__i„*10 P (re ) i
jq arg P(re ) = jq re{-i In P(re )} - re {re — -̂- fg );

thus
®2 • n n' i 1®9
f  re {re10 P d0 = arg P(re ) - arg P(re V
®L P(re )

Hence
®2 „y ,_»10, 10-

max 1/  re {rei0 p' ̂ i q 1 ) d°l = »v larg p(re 2) +Pe p(A, B) 01 P(re ) Pe{p(A, B)

10, (5.12)
- arg P(re ) | .

By (2.2) and (2.3),

max arg P(reiQ) = arc sin — ---^4,
Pe J8 (A, B) 1 * ABr

30, in view of (5.13),
02 < i© max \S re {relQ p .(£.e., .1} de| S max | arg P(re1(J)| +

P 6 r«(A, B) 0J P( re ) Pep(A, B)

min ¡arg P(relS)| £ 2 arc sin — ---=
Pejc(A, B) 1 - ABr

= 'i - 2 arc cos -----— y.
1 - ABr

Hence and from (5.11), in view of (5.10), we get (5.8).
In special cases of values of the parameters A, B, M, N, from 

thr.-orem b one obtains the earlier results (cf. [8] and [7]).
Let us still observe that the addends on the right-hand side 

of inequality (5.8), depending on r, are negative and increasing, 
so they both may be omitted or, in particular, one of them.
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WŁASNOŚCI EKSTREMALNE TUNKCJI GWIAŹDZISTYCH W PIERŚCIENIU 0 < |z| < 1

Niech p(A, Bi, -1 S B < A i 1, oznacza rodziną funkcji P, P(0) “ 1, ho­
lomorficznych w kole K ■ { z : | z | < l }  i takich, że



s 1 + A u (z)
P(z) '  1 +' B w (77

dla pewnej funkcji w, W (0) “ 0, |w(z)| < 1, holomorficznej w K. Nastąpnie, 
niech ¡^(A, B) będzie rodziną funkcji postaci

1 2 F(z) • - + a + a,z + a-z + ... z o l  L

holomorficznych w pierścieniu Q * { z : 0 <  |z| < 1 }  i takich» że -zF*(z)/ 
/F(z) e p(A, B) dla z e Q.

,W pracy oszacowano funkcjonały: re { P(z) - zP'(z)/P(z)} , Pejp(A, B) i z 6 K, 
|F(z) |, |F‘(z)|, gdy F e I*(A, B) i z e Q oraz wyznaczono pro­
mień wypukłości rodziny £*(A, B). Na koniec udowodniono dwie własności pewnej 
klasy funkcji meromorficznych prawie wypukłych generowanej funkcjami klas 
Ja(A, B) i I # (A, B).


