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SOME REMARKS ABOUT HOMEOMORPHISMS PRESERVING 
(f)-POROSITY

This paper gives a m<-saary and sufficient panditian for howeoaor- 
phism h to preserve (f)-porosity for every f € G.

The notion of a point of (f)-porosity was defined by Z a j i- 
£ e k [l]. Me shall give his definition in the for« which is sui
table for our purposes.

Let G denotes the set of all real functions, which are in
creasing and continuous on soaie interval (0, A).

D e f i n i t i o n  1. Let N C R ,  x e R. We say that x is 
a point of (f)-pordsity of M if and only if

11. sup “ K**. fi j!l. > > 0  

r-*-0+ r
where f(x, r, M) is the least upper bound of the set {a >  0; for 
soae z e R, K(z, a) C Kix, r) and K(z, a) r> M = #}. K(x, r> deno
tes the open ball with the centre x e R and the radius r>0.

D e f i n i t i o n  2. Ne shall say that a hoaeoaorphisa h : 
s R ** preserves points of (fj-porosity if and only if for
every set M C R ,  and for every xQ e R, which is a point of (t)- 
-porosity of M, a point h(xQ) is a point of (f)-porosity of h(M). 

Remark 1. Let a = lin f(x), where f e G. We shall suppose
. .
that a = 0. If a > 0 then f(x) > a for every x e (0, A) snd eve
ry homeomorphlsa preserves points of (f)-porosity.



Theorem 1. A point xQ is a point of (f)-porosity of a set M, 
where f £G if and only if there exists a sequence {(ak , bk^keN °* 
open intervals which are mutually disjoint and disjoint with M

such that b,, \ x„ and .lim— K-- =~--- > 0  or a. / x_ andt\
\ x„ and .lim •

0  k - o o

( \  - a

r-..... . u or a, ,
k-«> bk - *o k 0

-k)lim . . ■* ----  > 0 . :k-oo x0 k
P r o o f .  Necessity.
From the assumption it follows that there exists a sequence

r i f (T<*0 > rn i M)>{r„}_-Msuch that r_—►O and lim ------- ------ > 0 .L nJn«N n + n+00 e >. n rn
Let r n -- y(xo , rn , H).
We shall suppose that intervals (ak , bk) lie to the right from 

xQ . Let £n = then there exists 5n such that 0 < 5n< x n and
f ( T n )  -  e n <  t < r n -  5 n ) -

Using the mathematical induction we choose a sequence { % }  
and a sequence {(ak , bk 0 k<“N oi intervals such that

xo < xo + rnk + 1 < ak < bk < xo + \

(ak , bk ) n M = i  and ^

Hence

--- K---- C-  £ --------  < ---- -----r r„ b. - x„
k k

If it is impossible to construct such a sequence, then it is 
easy to see that we are able to construct a sequence with required 
properties lying to the left from xQ .

S u f f i c i e n c y .  Let a aequence {(a. , b., be such that

lim — u- ■ I  s o o O ,  and bk ^ x Put rk = bk - x , then 5* k-oo uk x0 /b. - » ' 0 K k o "K
b„ - ak and

> 2

(• ~ ”k ^because f e G.



From the assumption we obtain

lim sup -—  > 01 k-oo rk
From now we shall suppose that all homeomorphisms under consi

derations are increasing.
Theorem 2. If a homeomorphism h has at every point only finite 

derived numbers and inverse homeomorphism h"1 fulfills the Lip- 
schitz condition with constant one then h.preserves points of (f)- 
-porosity for every f belonging to class G.

P r o o f .  Let MCR, and xQ e R be a point of (f)-porosity of 
a set M. In virtue of th 1 t ere exists a sequence {(an > bn ^}n e n 
of open intervals such that (a^, b ^  n  (a^, b^) ='0 for i t j,

f\(an , bn ) n M = 0 , bn ^ * 0 anc) x'c* > °> or analo_
n-oo n o

logous sequence of intervals convergent to a point xQ from the left 
side. From the assumption it follows that there exists d > 0, 
such that

h(bn) - h(* )— 2_ ^ d for n e N
n o

Hence
- h(a V fbn - an)\ 2 '  ̂ 2 '

and

h(bn ) - h(xo) d(bn - x0)

(h(an), b(bn )) n h(M) = 0
Frcm the last inequality and theorem 1 it follows that h(xQ) is 

a point (f)-porosity of t'le set h(M) for every function f e G.
Theorem 3. If h is a homeomorphism preserving points of (f)- 

-porosity for every function f a  G then h*1 fulfills the Lip- 
schitz condition with constant one.

P r o o f .  We shall suppose that h_i does not fulfill the 
Lipschitz condition with constant one.' Then there exist points
xo an(J yo such that h^ 0) * h(xo) < yo " x0 and we s^al*



aay that the interval [xQ , yQ ] fulfills condition (*). The midpoint 
of [xo , yQ ] divides [xQ , yo ] onto two closed subintervals at least 
one of which fulfills condition (*). Consider two cases. If both 
subintervals fulfill (*), then we stop. If only one subinterval 
fulfills (*), then we divide this interval onto two parts in ana
logous way. Continuing in this way we obtain at some step neigh
bouring intervals [cj, a^J, [a^, bj] o-f equal length which bath 
fulfill condition (*). We suppose that above assumption is false. 
Let [xj, yA3 denotes this subinterval of [x j _j , yA which ful
fills the condition (*), [z^, t^] denotes remaining subinterval of 
[xj, yA] for i * 1,2, ...

Then
00 00

00
where (Zj, t ^  n  ( Z y  ty) * 0 i * j and O f x j ,  yA] is a sin
gleton.

Hence
00

h(yn) - H<x ) = Z  (h(tj) - h(z,))>o o !_! l i
00

> (ti - 2i) = yo - y

We obtained the contradiction.
We have already the interval [aj, bj]. The interval [aj.bj] we 

obtain in analogous way if instead the interval [xQ , yQ] we consi
der the interval [cj, a^].

Continuing in this way we obtain the sequence of intervals
{[an , bn3}neN such that ^ai* bi^ n  iaj* bj^ ° ** and bn * *here 
« '.[...,.1. _ _ , _

Put an * -- ^— -2 and h(o»n) ? -- 2— j— :--  of course h(an) <
< a p for every n 6 N.

We can suppose that x = 0 and h(0) = O', because the transla- 
tion of the graph has /io influence for preserving (f)-porosity. Us
ing the mathematical induction we choose a sequence {kn}n t N  of 
natural number.

Let k, = min{neN; h(bn ) < l}, f(au ) * max(b,, , bib,, )),



— 2f(h(ak )) * h (bk ). If we have k^, kj,..., kn , then we choose
1 1 _ 7kn+, such that d k < h(ak ) and max (bk , h(bk )) < h (bk )

n+1 n n+1 « n
We put f(oiu ) = max(b. , h(bk )), f(h(a. )) =■ h (bw )n+1 , n+1 n+1 Kn+1 Kn+1
Let f be a linear function on intervals [h(oik ), a k )J and [o(k ,n n n+1

t(C*kn \h(a. ) J  for neN. From the inequality — c ~- > -r~ - it follows
h k„ k„n n

that zero is a point of (f)-porosity of the set M * [b. , a. ] .
neN n+1 Kn

f(h(ak ))
Since - y~—  3 h(bk ), so h(0) is not a point of (f)-porosity kn n
of f(M), We obtained the contradiction which ends the proof.

Theorem A . If a homeomorphism h preserves points of (f)-porosi- 
ty for every function f e G  then all derived numbers of h at every 
point are finite.

P r o o f .  We shall suppose that there exi3t and the
h(b ) - h(x )sequence bn xQ such that lim -- g— — --- - = +oo. Then there e-

xists the sequence of the intervals ?(an , t>k )}neN mutually dis-

\  - V  -joint such that h(c*k )><*k , where a k * — -- ' h(ak ) =n n n n
h(bk ) - h(an)

= --- - — Y---- ■ Let bn = bk . We choose a sequence {kn}neN 'Ofn _
natural numbers. Let kj = 1. We denote fid^) = b^ - xQ, fihOs^) =

2(b^ - xQ).
If we have kj, , kn then we choose kn+1 such that

h(ak ><«»k and (bk - x ) Cl + e - M  < bk - xQ . Putn+1 n n+X n+1 n
f(h(o»k )) = <1 + r— )(b. - x ) and t ( a k ) = bk - x « 

n+1 n+1 n+1 0 Kn+1 Kn+1 0
Let f be a linear function on intervals [ak , h(oik )] and [h(cik ),
a. 1 for neN. Of course feG. n n

n f(dk )
From the equality —-- -—  = 1 it follows that x is a point



f(h(ak ))
of (f)-porosity of M = U I X  . ak 3 • From h T T T ^ V h T T lneN n+1 Kn n'Dk ; ruVn

( l  + ^ >(bkn " Xq)* "h(b ~~y~ "hTx"l--  ** follows that h(xQ) is not a point ofkn o -

(f)-porosity of h(M).
Remark 2. A homeomorphism h preserves points of (f)-porosity 

for every f e G  if and only if the inverse homeomorphism h-1 ful
fills the Lipschitz condition with constant one and all derived 
numbers of function h at every point are finite.
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UWAGI DOTYCZĄCE H0ME0MQRFIZMÓW 
ZACHOWUJĄCYCH PUNKTY (f)-POROWATOŚCI

W pracy tej jest podany warunek konieczny i dostateczny na to, aby homeomor- 
fizm h zachował punkty (f)-porowatości dla dowolnej funkcji f należącej do kla
sy G.


