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THE EXTREMUM PRINCIPLE FOR PROBLEMS OF OPTIMAL CONTROL
WITH MIXED CONSTRAINTS

_In the_paper the extr-iiun principle for problems of optimal control
with equality constraints on the phase coordinates and the control is
2rove1:b using the generalization of the Dubovitskii-Milyutin method

rom [14].

Introduction

The problem of optimal control with equality and inequality
constraints on the phase coordinates and the control was investi-
gated in [3], [7]1, [I11, [4], [5]1, [12]. In these papers the extre-
mum principle for this problem was obtained by making» use of the
variational method under the assumption of "regular controllability"
but what is important is that there was no nonoperator constraint
in the form u(-) e U where U - some set. The impossibility of addi-
tion of these constraints follows from the properties of the va-
riational method applied in the above papers.

Another method, which is applied to obtain the necessary con-
ditions in optima} control is the Dubovitskii-Milyutin Miethod pre-
sented in [9]. But using this method, we can obtain the necessa-
ry conditions for the optimal control problems with only one equ-
ality constraint. In [14] there was obtained some- generalization
of the Dubovitskii-Milyutin method for the case of n equality con-
straints. The result was obtained under the assumption of the same
sense of cones which implies the weak* closure of the algebraic sum.



By using the results from [14], 1in [15] Walczak obtained the
extremum principle lor problems of optimal control with equality
constraints on the phase coordinates and in [16] for problems of
optimal control with the nonoperator equality constraint.

In the present paper the extremum principle for problems of
optimal control with equality constraints on the phase coordina-
tes and the control is proved by using the generalization of the
Oubovitskii-Milyutin method from [143 - The problem considered here
differs from that of [15] in that the equality constraint depends
on the control (not only on the phase coordinates) and in the me-
thod of calculations of cones. The extremum principle for this
problem 1is proved under the assumption of "strong regular control-
lability" which (in 8 weaker form) was presented in [I], [3] and
[7], but the problems from these papers do not contain the non-
operator constraint u(*) € U and the method of proof of the ex-
tremum principle is different.

** Basic: definitions

Definition 1. Let Ip (ff, 1) be the space of func-
tions Lebesgue - integrable on the interval [0, I] with values from
Rp, with the norm

1
fix] = J|x(t)]dt
0

Definition 2. Denote by L;(0, 1) the space of func-
tions measurable and essentially bounded on the intervalfO,l1] with
values from Rp, with the norm

8x i =sup vrai Ix (D]
Osts-I
Definition 3. Denote £y WQl 0, 1) the spgce of ab-
solutely continuous functions whose derivatives i e L,(O,Al). The
norm in 1) is defined by the formula



-b

Definition 4. Let I) be a subspace of the
space 1%,(0, 1) which contains functions satisfying the condition
x(0) * 0. The norm in WACO, 1) is of the form

1
il = J Ix(©)]dt
0
Definition 5. Let stand for a space with the
Lebesgue measure defined on the E-field of subsets of [0, I]. De-
note by b.a (0, 1) the family of additive functions cp:E - »R sa-
tisfying the conditions:
a) if AGE and (A) =0, then tp(A) s 0,
b) the variation of the taction if is bounded, 1i.e. IiflI(0 1)<0°*
The space b.a (0, 1) is a Banach space with the norm ipl-=
Icpl(0 1} (cf. [6], Part IIl, § 7).
Remark 1. Let b*?a (0, 1) be the space of functions (f : E --»
RP in the form

A = @A) --- w(A)

where AeE, ”"6b.a(0, 1) for i =1, 2, ..., P.
It is easy to show that the space b?a (0, 1) is a Banach space
with the norm

- £ ivii(, D)

Remark 2. It can be proved that the space dual to LRCO, 1) is
the space bPa (0, 1) (cf. [63. Part IIl, 8§ 7 and [17], pp- 41,
42).

Making use of the formula for a linear and continuous functio-
nal on L0, 1), we obtaia that any linear and continuous functio-
nal on L0, 1) has the form



2. Some properties of coi;e-__auxili»ry lemmas

We prove some properties of cones of the same sense and  the
dual cones.

Lemma 1. Let X be a linear normed space, { ¢ ~ a system of
cones in X. If A X X is a linear homoomorphism, then the sy-
stem of cones of the same sense” if snd only If the sy-
stem of cones {AC~"jis of the same sense.

Proo f. Let us assume that the system {cj~"* is o1 the
same sense. From the definition of cones of the same sense Ccf.[14],
def. 1) we have"

n

1) VM>0 3M, >0, ... M >0 Vx = X,

1 n 1=1
where xieCi from the f8Ct that HxIl M 4t that IxiN *
< for i »1, 2."..., n

We want to prove that

(@) VM*> 0 BMj > 0, .... >0
n
* it yte aca
RO TR S Rt
from the fact that By U<H® it follows that liy.li < for i =
Consider an arbitrary M >0 and put M = (from the assump-
tion on the operator A it fallows that IIARI* Q)-n Then condition
(1) has the form 3~ >0....>0 Vx * 2Z xi* xi€ Cpfroi
n , %
the fact that BXI M *1(11 4t iollows that for i
*1, 2, ..., T

Let us multiply the first Inequality of condition

3 by BAIL. Then
n

()] A « BE x| < M
i=l 1

From the properties of linear operators we have



Using (4) and (5), we obtain
n n

6 | A xJ«*M" hence 1 40fM "
© i=l 1 i*l yl

where yAe ACM for i * 1, 2» ... n.

Consider the second inequality of condition (3). Multiplying it
by JA land using the properties of the operator A, we obtain the
conditions

(7) aA8 « *xIH< | Al + Ma
() 1A XAI<UA@NxtE < BAIl « M

Using (7) and (8), we have

o * Hy M « TAXjKIAMIXMTTIALE
where y, € AC. for i * 1, 2, ..., n, hence M = HAIl M.,thon con-
dition (2) is satisfied. The system is of the same sense.

Now, let us assume that the system {AC~A"j is of the same
sense. Than from the assumptions on the operator A-1 it follows
that the system same sense, too.

Let us now consider the properties of the dual coges. We prove
some analogue of the Minkowski-Farkasz theorem in the case when
the operator A is a linear homeomorphism.

Lemma 2. Let C be an arbitrary cone of the Banach space X. If
A X - X is a linear homeomorphism, then

(10) (AC)* = (A%)"1 C*

where A* is the operator cival to A.

Proof. First, let us notice that if A is a linear homeo-
morphism, then A* and (A1l)* are linear and continuous operators
(cf. [16], & 27) and the following equality holds:

(1) (A")-1 = (AT1)*

(cf. [6], Part VI, 8§ 2), thus the operator (A*)-1 exists, is li-
near and continuous.

Consider an arbitrary element y* e (AC)*. From the definition
of the dual cone (cf. [9], & 5) we have that



n12) o* AX) >0

for any *6 C,
Using the definition of the dual operator (cf. [6], & 0.1 from
(12) we obtain that

(13) (A*y*, x) > 0

for any x € C, where A* is the operator dual do A.
From inequality (13) it follows that the element A*y* e C* thus
y* 6 (A*)“1 C*. Hence the following inclusion holds:

(1% (AO)* C (A*)"1 C*

To obtain the proposition, we must show the opposite inclu-
sion. Let us consider an arbitrary element y* e (A*)-1 C*. Then
there exists x* e C* such that

15) y* = (A*)“1**

By the definition of the dual cones, (x*, x) >0 for any xe
6 C. From (15) we have that x* * A*y*, thus

(16) (A*y*. ) > 0

for any xe C.

By the definition of the dual operator, (y*, AxX) > 0 for any
xe C, hence y*e (AC)*. The opposite inclusion has thus been
proved!

3, Formu]atlon of the problem.
The local extremum principle

Let us consider the following optimal control problem minimize
the functional
1
an I(x, u) -J f°Kx, u, b tit
0

under the constraints



(18) x = f(x, u, t)
(19) g(x, u, © *0
(20) . u(.) e U

where x(-) e 57(0, 1), u(-)e IO, 1), u(t) € Mc Rr for t e

€ [0,1]; the set U = {u(*) e 1,(0, 1) : u(t) e m}, the TFunctions

f© :Rn X Rr x R--*R, f :Rn X Rr xR Rn, g ;RnX Rr X R --»

"->Rk, k < r.

We assume that:

(21) there exist derivatives T3}, G fA" fU, gda 9y which are
bounded for any (X, u);

(22) the functions f°, f, g, ff~, -f are continuous with re-
spect to (x, u) for any te [0, I] and measurable with re-
spect to t and the Frechet derivative (gx(x,u, t), gu(x,u,t))
is continuous with respect to (x, u) 1iIn the topology of the
space L(5Jj x L*, L*) (cf. [10], § 0.1);

(23) the set M is closed, convex and possesses a nonempty inte-
rior.

Remark 3. Problem (17)-(2Q) under assumptions (21)-(23) will

be called problem 1.

Let us put X » WA X I£,.

Denote by Fj : X- the operator defined by the formula
t
(24) Fi,(x, (1) # x(t) - J f(x(t), u(t), t)dt
0

By Fj : X- »—LK, let us denote the operator of the form
(25) Fi(x, () = g(x(t), u(), .
The function given by the formula
(26) L, u,Afe, yl, vy *
=Q 1(x, u) ¢ (il F2(x, w)) O, Fi(x, W)

where yjl 6 (ijp*, vyj e (”™)*, will be called then Lagrange fun-
* ction for problem I.
Using the generalization of the Oubovitskii-Milyutin method



from [14] and the properties of cones given before, we shall prove
the local extremum principle for problem L.

Theoren 1. If

1° (x°, u®) s an optimal process for problem I;

2° there exists a minor of rank k of the matrix gu(x°(t) u°(t) t)
and a constant a > 0 such that|m g (x°(t), u°(t), tl>oi for te
e [0. I] a.e., then there exist >0 and functions e 10, D,
u £ b.ka (0, 1) such that

lo

SulMy+1tvll > 0,

20
X =K Ffx(x°(t), u°(t), t) x dt +
*11 x - fx(x°(t), u°(t), v x) » (HHdt +
o
1
+] gx(x°(®)iu°(t), ) x du *0
0
for any x e
- 5° *

1 , .
x0 J fe(*°(t), u°(t);"t) u°<t) dt + ,
0 . . ,

+Jlfu(x°(t), ue(t), t) Mx(t) dt a ijB_y(XO{t), Ue(t>, tHu (t)dw *

= mir& A FF @, U ©), Hut)dt +
u« J

+j. fu(x°(t), u°(t), t)uCt)v(t)dt -

Jlg u(x°(t)» u°(t), tHHu(t)du)

(o]
Remark 4. Assumption 2 of this theorem is similar to the con-
dition of "regular controllability” from [3], [4] and [7]. We shall
call it a condition of "strong regular controllability".



Proof. Let us define the following seta:®
@27 Zl « {(x, uy e X ,ue U}
(28) " *{Cw, u) 6 X : FA(x, u) » 0}

for i ="2, 3, where the operators F*, Fj are given by formulae
(24), (25), respectively.

eHence problem | formulated above may be represented in the form:
determine the minimal value of the functional | (X, u) under the

condition (X, u) e Q*I Zi. Problem I contains two equality con-
i

straints: the set Z2 and Z? given by formula (20). In the proof we
shall apply theorem 6 from [\i] generalizing the Oubovitskii-Milyu-
tin theorem in the case of n equality constraints.

We shall find the following cones:

Co * DC (I(x°, u0)) - the cone of directions of decrease of
the functional 1 at the point (x°, u°),

Cj =FC (Zp (x°, u0)) - the cane of feasible directions for
the set 7~ at the point (x°, u°),

Ci =TC <21’ u°”™ “ the cone oi tan%ent directions to
the set Zi at the point (x°, u°) for 1 * 2,3,

and the cones dual to them C*, C|, CU, O ({9], § 5-9).

Proceeding identically as in ([9] 8 7, 8), we derive formulae
for the cones CQ” and C*. We have

(29)CQ * {(x, e X - r(f(x°, u°, tHx ¢ °(x6, u°, tHu)dt <0}
0

(30) Cj ={(x, )€ X ;u=*Xu -u)

where X>0, wue int u}, and we assume temporarily that CQ i O.
The cones C* and C*j are given in the form (cf. T9], § 10):

(31) cx = {foe X* : fO(x, u) = - X0 /("(x™, u0, )X
0
+ fu(x®, u°, t)0)dt, X0 > 0}
(32) Cl ={f 16 X* : fjix, U) = fj(i)

where fj is a functional supporting the set U ={ue LN u(®) e M
at the point (x°, u0)},}.



The set Z2 is an equality constraint. The operator F? given in
form (24) is known to be strongly continuously differentiable at
the point (x°, u®) and its differential is defined by the formula
(cf. [9]. & 9):

(33) F2(x°, u°)(™> 0) = x(t) -

t
- J (fx(x°, u°, x(t) + fu(x°, u°, t)O(t))dt
It is easy to show that F2 is regular at the point  (x°, u°),
i.e. the equation

t
X - J(*x x + fu uwdt = a(t)
0

has a solution for any a(t) e WM.
Really, it is enough to differentiate the last equation and,
afterwards, to put u(t) a 0. We obtain the equation in the form

X -fxx-¢-0

where 4 e 1", thus it is a nonhomogeneous linear differential e-
quation with respect to rtwhich with the integrable  functions f
and & has a solution (cf. [17], Part Il, § 4).

Thus the operator F2 satisfies the assumptions of the lusternik
theorem and the cone C2, is of the form

(34) C2 = {(x, w'e X : F2Kx°, u)(x, g) = 0} =

={(x, 6 X ji? -] (fx x + fu G)dt * o}

o

After differentiation of the equation from formula (34) we ob-
tain that

(35) C2 *{(x, W)e X :S -fx3 - fg5 » o}

Now, we shall find the cone dual to C,. The con® C2 is a Sub-
space, hence the cone C| is of the form (cf. [9], § 10)

C2=if26 X* : f2(i. «) * 0

for any (x, u) e C2}



Denote by A the operator of the form
(36) A(Xx, u) =x - fx x - fuii

A: X is a linear and continuous operator.
The cone C2 can be written in the form

@37 C2 * {(x, U) 6 X : A(x, u) =0}

From (36), (37) and from the definition of the annulator of a
subspace (cf. [10j, § 0.1) we have that

(30) Cl] = (kerA)1

Making use of the annulaxyr lemma (cf. [10] , § 0.1), we obtain
the equality

(39) C*2 = ImA *

where A* is the operator dual to A (cf. [10], § 0.1).

Let us consider an arbitrary f2 e cj. From (39) it follows
that 2 e ImA*. The space dual to 1'"(0, 1) is 180, 1), hence
InA* -{y* e (Wj x ",)*: there exists an element x*61£0(0,1)
such that A*x* s y*}.

Thus, from the fact that e ImA* it follows tjjat there e-
xists an element Ve L0, 1) such that

(40) f2 = A*V

Using the definition of the dual operator and from (36) and
(40) we obtain that

ur) 2(x, u) x (A*W>,x, u) = V,A X, u) =
=W, X - fxx- fuu)

From the formula of a linear and continuous functional on LN
(cf. [6], Part IV, § 5) and from (41) we have that

(42) f2(x, 0) = /(* - fxx - fu u) V(t)dt,
0

thus



The opposite inclusion follows from the definition of the cone
C2, hence

(43) W ={f2e X : F2(x, W) *J (G-Fxx-fuu)Vv(t)dt
0

where € L» (0, 1}.

The set Zj is an equality constraint, too. The operator Fj gi-
ven in form (25) i# strongly continuosly differentiable (cf.assum-
ption (22)) and its differential is given by the formula

(44 Fp(xe, uo)(X, w(() « gx(x°(t), u°(t), tHx() +
¢ ou(x°(t), u°(®), Hu(d

It is easy to notice that assumption 2° of the theorem, i.e the
condition of "strong regular controllability” (cf. Remark 4) is
the sufficient condition for regularity of the operator Fj.

Really, 1if this condition holds, then, putting x(t) s 0 and
using the Cronecker-Cappelli lemma and the Cramer theorem (cf. [2],
Part 1V), we obtain that the equation

gx X(t) + gu u(t) = a(t)

has a solution (x(t), u(t)) e X for any a(t) e LA, .

Thus the operator Fj satisfies the assumptions of the Lusternik
theorem (cf. [10], § 0.2) and the cone tangent to set Z? at the
point (x°, u®) is of the form

(45) C3 ={(x, u)e X : F3(x°, u°)(x,u) = 0} =
* {Cx, U) e X :gxx + guu = 0}

Proceeding analogously as in the case of the cone C2> we shall
calculate the cone dual to Cj.

The cone Cj is a subspace, thus, as before, the cone Cj is of
the form

(46) cr = {fj ex* : fj(x, u) -0 for any (x, u) e Cj}

Let us denote by T the operator given by the formula



47) r(x, u gxXX + guu

It is obvious that v : Wj, X a linear and continuous o-
perator. The cone Cj car* be written in the form

(48) c3*{(X, e X :T Oi, U = o}

From (46), (48) and the definition of the annulator of a sub«
space we have that

(49) c* » (ker v)i

Analogously as before, making use of the annulator lemma, we
obtain that

(50) A Imr*

where r* is the operator dual tor, i.e. r* : (LN, *my(WD x LM)*.
Let fj be an arbitrary element of the cone Cj. Hence from (50)
it follows that ty e ImlI*™*. The space dual to the space LN(0, 1) 1is

b*?a (0, 1) (cf. Remark 2), thus, from the fact that f, £ ImT* it
follows that there exists an element w e bta (0, 1) such that

(51) f3 =r*u

Using the definition of the dual operator and from (47 and
(51) we obtain that

(52) f3x, u) = (r*u, (x, w)= (u,rx, w )=
s (U, 9xx + Buu)

Making use of the formula for a linear and continuous functio-
nal on L, and of Remark 2, we have

(53) f3(x, i) * |1 (gxx + guu) du

From the last equality it follows that if (x, u) e Cj, then
f3(x, u) * 0, thus, analogously as in equality (43), the cone Cj
is of the form

nl .
(54) *{f3 e X*: f3(x, u) =J (gxx ¢ guu) du
0



@infis u 6 9.3(0, 1)}.

Now, we shall show that the cones calculated above satisfy the
ssumptions of theorem 6 from [14].

Thus we must prove that

a) the cones C| and are of the same sense,

b) the following inclusion holds:

C2n C3C TC(Z2 n 2j)

First, we shall check condition a). We can show that the cones
¢ and cJ are of the same sense by using theorem 3 from [14].
For this purpose, we must reduce the cones C2 and Cj to the spe-
cial form.

Let us consider the case when k = r. In order to vreduce the

cones C, and given by formulae (35) and (45), respectively,
to the form required in theorem 3 from [ the
linear and continuous operator A : YO'TO X given by the formula

‘I 0 n
(55) A =

SX  9u

where | denotes the unit matrix of rank n.

For an arbitrary fixed te[0, 1], the operator A is a ma-
trix of rank (n + r) and, according to assumption 2° of the theo-
rem the condition of "strong regular controllability” for k =,
the following condition holds:

(56) det A * det gy > ot

for t€[0, I] a.e.

Thus, the operator A“1 exists (cf. [2], Part IV, the Cramer
theorem), 1is linear and continuous (cf. [13], § 5, the theorem on
sn inverse operator) and its of the form

7) 1 0
_1 7
"9u 9x

Then, using formulae (35) and (45), it is easy to calculate
that the cones Xc2 and Xc® are of the form



(58) AC2 = {(x, ) e X :%*» (Fx - FA"1f)x ~ f~ 1.}

(59) ac3 » {(x, u) e X : gyg™u + (gx - g"lgK)x =0} =

={(x, W€ X :u=0}=wWwWJ x{o}

Now, let us consider the cone AC2 The differential equation
from condition (58) is, for a fixed control tT(t), a nonhomogeneous
linear equation with respect to x(t) thus, denoting

«0) E(Y) . [, - tug -\
ul> F(«> . fus-J

we obtain that the solution of this equation is of the form (cf.
[17], Part 11, § A):

(62) x(t) = Y(t) j1 YY) F(D)u(t)dt
0

where Y : [0, 1J-"B (Rn, Rn) is at absolutely continuous function
satisfying the equation ‘

(63) Y(t) 3 ECOY(L), Y(O) n I

Hence, making use of (62), the cone AC2 can be written in the
form

(64) Xc2 = {(x, u) e X : x *Nu where
NO * Y(t) f V(t)_1F(t)u(t)dt,
o s

Y(t) satisfies equation (63), the operators E(t)
and F(t) are given by formulae (60) and (61), respectively}

Obviously, N is a linear and continuous operator mapping in-
t0 5n-

The cones Xc2 and ACj of forms (64) and (59), respectively, sa-
tisfy the assumptions of theorem 3 from [14] , Using this theorenm,
we obtain that the cones (£c2)* and (XCj)* are of the same
sense.



Now, we shall apply lemma 2 to the cones C2, Cj and the opera-
tor A. We obtain the equalities

(AC2)* m (A»)_1C5
(AC3)* = (A*)_iC5

In this way we have obtained the condition that the system of
cones (y*)"1C2, (S*)~~"i s of the same sense. Applying lemma 1 to
this system, we obtain that the system of cones CE, C" is of the
same sense, too.

We shall also consider the case when k<r. In this case, to re-
duce the cones C2 and C? given by formulae (35) and (45), respec-
tively, to the form required in theorem 3 from [14], we shall ap-
ply the linear and continuous operator %" : X ofl X of the form

(65) Aa
'21

where is some linear and continuous operator on the space W/
with values from 1£& , 1* is the unit matrix of rank n, 12 is the
unit matrix of rank r.

For any fixed te [o, I], A is a matrix of rank (n ¢ r) and

det A =1

thus the operator X”1 exists, is linear and continuous  (cf. [16]
§ 15, the theorem on an inverse operator).

Let us calculate, as before, the images of C2 and Cj by using
the operator "A\ Making use of formulae (35), (45) and (65), we can
easily calculate that

(66) TCj ={(x, u) e X :gQ@u + (gx - guA™) x * o}

(67) A {C, W& X (f. fua21} * + fuu>
Let us consider the equation

(68) gxXx - bu a2l = o

with an unknown operator A"j defined on W\j,



Let us analyse assumption 2° of this theorem. We denote by g°
the matrix made from the matrix g§ by omitting (r - k) columns
and such that the determinant of g* satisfies assumption 2° of the
theorem. (We can assume that we omit the last (r - k) columns and
the problem will be of the same generality). Then assumption 2°
means that there exists a constanta >0 such that

(69) ldet gM(x°(t), u°(t), t)batfor teffl, I] a.e.

hence the operator exists (cf. [2], Part IV the Cramer theo-
rem), is linear and continuous (cf. [13], § 15, the theorem on an
inverse operator).

Hence, as can easily be een, it is enough to put

(70) a1 fulotogx

For any fixed te[O, 1], is a matrix of rank r e n, O is
a zero matrix of rank (r - k) n. From the previous considerations
it follows that g is a linear and continuous operator from the
space into LM, thus, it is easy to see that of form
(70) 1is a linear and continuous operator mapping the space W?, into
Lo-

Using the Cramer theorem (cf. [2], Part V), after simple
calculations we obtain that the operator , of form (70) sati-
sfies equation (68), thus the cone.AC” can be written in the form

(71) AC, *iijj x{u e L, :gjj * o}

Proceeding analogously as in the case k=r, we can reduce the
cone "ACJ to the form

(72) A2 = {(x, e X :x=S8u

where S : L",- is some linear and continuous operator}.
Analogously as before, we apply theorem 3 from [14] and, next,
lemmas 2 and 1 to the cones AC2 and ACj given by formulae (72) and
(71), respectively. We obtain that in the case k < r the cones
0Of and C™ are of the same sense, too.
In this way we have checked completely that condition a) is sa-
tisfied.



Now, we must verify condition b), i.e. the inclusion
C2a C3 C TC(Z2 n Zj)

where C2 and C3 are given by formulae (34), (45), respectively,Z2
and Z3 by (28).

For this purpose, it is enough to show that the operator F
X- X L, of the form

(73) F(x, ) = (F2(x, u), Fj(x, u)

where F2 and F3 are of forms (24) and (25), respectively, is regular
at the point (x°, u°) 6 X

Obviously, the operator F given in form (73) is Fr~chet diffe-
rentiable at the point (x°, u®) and its differential is of the form

(74 F e, u?)(x, 0) = (FA(x°, u°)(x, u),
F3(x°, u®)(x, u))

From the definition of a regular operator (cf. [10], & 0.2) and
from the formulae for differentials (33), (44) and (74) it follows
that, to prove the regularity of the operator F, it is enough to
show that the system of equations

lt I‘

(75) x(t) -Jirxit) . fuu(t))dt = yj(t)
0

(76) gxx + guu= y2(t)

has a solution for any y* e WA, y2 e LM

Let us consider, as before, two cases.

If k=r, then the condition of "strong regular controllability"
implies, as we have shown before, the existence of the inverse o-
perator g*1 and equation (76) can be written in the form

U=-g'10gxx ¢ g-1y2
for any y26 LA, .

We can put the last equation in (76) to obtain
t

where yre WA, y2e LA



After differentiation of (77) we get a linear differential e-
quation with respect to x in the form

(78) x = A(H)x + B(E)

where A(t) = fx - fugﬂ1 and B(t) = fygD1 y2 + yj are integrable
functions, thus equation (77) has a solution xew", for any (y”*
y2)ewjl x L* (cf. [17], Part IX, § 4).

.Let us consider the second case, 1.e. assume that k < r.

Let g® be a square matrix of rank k which we considered in con-
dition a), i.e. such that its determinant satisfies condition (69).

We denote

(79) 3(t) = "u(®, 0 ...0) e L,

where u(t) = (uj(t) ... uk() e LA

Equations (75) and (76) are satisfied for any Ge LY, , thus,
in the particular case, for u(t) given by formula (79).

The operator g" is invertiable (cf. the proof of condition a)),
thus, using (79), we can rewrite equation (76) in the form

«O W-r, gxx *ru‘yz

iOE any y2 e (.£
After this, we can put a control of the form

un 1 gxx + guy2, 0 ... 0)

where y2 € L,,,, in (75) to obtain, as in the previous case, the
nonhomogeneous differential equation which has a solution x e wI#
for any (yx, y?) e X L¢.

We have thus proved in both cases that the operator F of form
(73) 1is regular.

Let us notice that

(80) Z2 73 * {(x, u) e X ; F(x, u « o}

The operator F satisfies the assumptions of the Lusternik theo-
rem (cf. [I0], & 0.2), thus, making use of this theorem, we have
that

(81) TC (Z22nZ3) = {(x, G) e X : F* (x°, u>)(x, i3 « o}



From the lost condition, (74) and the formulae for the cones
C2 and Cj we obtain

TC (Z2nZ3) - {(X, u) € X : FMix0, u®)(x, u) =0
{65, w) € X : F3 (x°, u°)(x, u =o0} =C2a C?

whence condition b) holds.

We have /thus checked all the assumptions we obtain that  there
exist functionals fie Cf, i1 =0, 1, 2, 3, not vanishing simul-
taneously and such that

(82) fo* fl + f2* f3 V°

After putting the formulae for the functionals f e CJ, i *

=0, 1, 2, 3 (31, (32), (43), (54), respectively in (82 we
have the equation

(83) J(Fx°(x°(t), u°(t), B)x(t) +
0
¢ fuo(x°(t), u°(t),u))dt * t\(u)+
1

¢ J(x - &x(x° (), u° (), x(t) ¢

¢ fu(x°(t), uv-(r), tHu))v(t)dt +
. 1
¢ J(ox(x°(t), u°(t), x(v) +

¢ gu(x°(t>; u°(t), thu(t))du=o0

for any (x, u)eX, where Ve L®(0, 1), u e b.a(0, 1).
Let us first put (x, u) * (&, 0) 6 X in (83) and, next
(X, u) = (0, u) e X. We obtain the following equations

[Fx0(x° (¥), u°(t), t)x(t)dt *
FI(x - PO, ue(r), tx(D))V(D)dt

° 1
+Jgx(xo(t), u°(t), tHx(t)du o



+%; fg(x°(t), u°(t), t)G(L) V(t)dt
- M guxe(), u(t), t)6(t)du* fr(uw)

for any (x, u) € X, where  is a functional supporting the set
at the point u°.

Equation (84) is condition 2° of the proposition. From equation
(85) and the definition of a supporting functional (cf. [9], § 4
we obtain the extremum condition

(B6) xQ [F'(x°(t), u°(t), t) u°(t)dt +
0
1
* Jfu(x°(t), u°(t), tHue()v(t)dt o

-Jgu(x°(t), u°(t), thu°(t)du *

» rain (V 1%fil°(x°(t), u°(t), tu(t)dt+
ut U u

»Jlfu(x°(t), ue(t), t)D(O)v(t)dt ¢

0 FBU(x® (t)- £)i(t)dw)

Finally, we must show that IAg| +BV]+]JuB>0. This condition fol-
lows from equality (85). Really, if *0, V=0,u=0, then fQ *
* f2 3 fj EO0, and, by equality (85), fj * 0, but this contra-
dicts the proposition of theorem 6 from [14].

Thus, this theorem is proved under the assumption that the cone
of directions of decrease of the functional

1
COQ » {<x, u) « X - J (f° x + fu°G)dt < 0}
: 0
is nonempty.
Let us assume that CQ < 0.
Then, for any (X, u) 6 X.
(B7) Jj (f®5U fuu)dt -0

In this case, to prove the theorem, it is enough to put A =



»1,7=06 u=0€bka (0, 1, fj=0U; then, from "(87) we
get the equation

+ f(x - fxx - ful)v(t)dt +J(gxx + guG)du= 0
0

for any (x, u) e X. ;

Proceeding analogously as in the case CQ i 0, we obtain the
proposition.

Remark 5. Let us consider the situation in which the extremum
principle can be written in a simpler form, i.e. the situation in
wbichu= (uj,u2, ...,uk) e bka (0, 1) 1is such that the func-
tions , 1«1, 2, ... k are measures. In this case we apply the
Radon-Nikodym theorem (cf. [6]) and Remark 2 of this  work. We
obtain that there exists a function v(*)e LJ such that

(88) V(t)dt

Applying (88) to conditions 2° and 3° of the theorem and
using the Dubois-Raymond lemma (cf. [8], Part I, § 3) and the
properties of absolutely contiguous functions (cf. [ill, Par* VII,
§ 4), after simple calculations we obtain that the proposition of
Theorem 1 can be reduced t" the form: there exist X = 0, v(*)e
e 1A and an absolutely continuous function : Jo, I]—»Rn, not va-
nishing simultaneously satisfying the equation

and such that

fu° - fuP" 9*uv> u - 0
for any ue U and te[0, I] ae.
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Urszula tedzewicz-Kowalewska

ZASADA EKSTREMUM DLA ZAOAN
STEROWANIA OPTYMALNEGO Z MIESZANYMI OGRANICZENIAMI

W niniejszej pracy wykazana jest zasada ekstremum dla zadart sterowania opty-
malnego z ograniczeniami typu rownosci na wspodrzedne  fazowe i Sterowanie w
oparciu o_uogdlInienie metody Oubowickiego-Miluttna zawarte W]5}14]. Zadanie
badane w_niniejszej pracy rozni sie od zadania_rozwazanego w [15J ‘wystgpieniem
sterowania w oEranlczenlu typu réwnosci oraz nieco inng metoda obliczania stoz-
kow. Zasada ekstremum przedstawiana_tutaj, zawiera zatozenie tzw. _ wzmocnionej
regularnej sterowalnoSci, ktore w nieco stabszej postaci wystepuje rowniez w
[, [31, [7]1, Jjednak rozwazane tam zadania pozbawione ag ograniczenia u(-) e
6 U oraz, Jak juz nadmienitam, zastosowana jest tam inna metoda dowodu.



