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ON SOME GENERALIZATION OF a-CONVEX FUNCTIONS

Let a «£ [p,ao) and 0 e (0,13 be any numbers. Let Ma(8) de-

note the family of all functions f holomorphic in the unit disc U, 

such that z f’(z) f(z) j 0 for z e U, and satisfying the condi-
tion

larg ((1 - a ) * f ^  ♦ a(i + frÿÿ) ) I < p f , z € u.

Certain relatibns between functions from the particular familict- 

Ma(0) are obtained; also, some functional defined on M (fl), depend-

ing on the coefficients of the expansion of the function in a Tay-
lor series, is estimated.

1. In the present paper the notions of a set, a family, and 

ft class of functions will be regarded as eguivalent. By C, U, 

°o we shall denote the complex plane, the disc {z e C : Izl < 1} 

and the ring (z e c : O < |zI < 1}, respectively.

Let a e [O,oo), 0 « (O, 1] be fixed numbers. One knows the 

families S*(B), ([1], [8 ]), and Mq , ([6]), of function; ho-

lomorphic in the disc U, defined, respectively, by the condi-
tions

"I. '“ 9 - f f î P 1 < ‘ I' * * " '

larg J(a, z ; f)I < f , z e u, z"’ f(z)f'(z)*o,

where



(2) J (a, z ; f) - (1 - a) + a(1 + , * e U.

Functions of these classes are called, respectively, strongly 

starlike functions of order fl and a-convex ones.

Let Ma (fl), a e [0,oo), fl e (0, 1] stand for the family of 

all functions f, f(0 ) * f'(0 ) - 1 « 0 , holomorphic in U, such 

that z-1 f'(z) f(z) ♦ 0 for z e UQ, and satisfying the condi-

tion

larg J (a, z ; f)I < fl z e U.

Note that this condition is equivalent to the fact that J (a,
a

z ; f) « p (z) for some Caratheodory functions, i.e., for a 

function p holomorphic in U, p(0) * 1 and Re p(z) > 0 for 

z e u.

2. It is obvious that MQ (fl) = S*(fl). Moreover, the following, 

theorem takes place.

Theorem I. For any fixed a > 0 and fl e (0,1], each func-

tion of the family Ma (fl) is a strongly starlike function of or-

der fl.

P r o o f .  For a ■ 0, the theorem is self-evident. So, let 

us assume that a > 0. Let f be any fixed function of the fa-

mily Ma (fl).

Put

r 1 1 -1

(3) q(z) =
\ f(z) J

• , z e u.

I
. 1  fl . 

where by (z f'(z) f <z)) we mean that unique branch of the

power which, for z * 0 , takes the value 1.
The function q is meromorphic in D, q(0) ■ 0, and q(z) +

4= -1. We shall show that lq(z)l < q for z e u. To this effect,

suppose that there exists a point £ e U for which

max Iq(z)I ■ lq(?) I * 1.
I zKltl

Then there exists a constant 1, 1 > 1, for which £ q'(5) *



** lq(£), <[3]# lemma 1). Consequently, taking account of (2) 

and (3), we shall obtain
IZ

J<a, C J f) “ + 2afll----
q(5"  1 - q (£)

Denote Afl ■ {w e C : larg w| < B }. The function q is

holomorphic in the disc IzI < I SI, and lq(z)l < 1 in this

disc. So, the function <1 + q(z)) (1 - q(z) ) ~ 1 transforms the 

disc 121 < l£l into the half-plane Re w > 0. In consequence, 

the values of the function

1

[ (1 + q (z) ) ( 1  - q(z)) 1] for Izl < l£|

belong to At the same time, at the point z = £, it takes

the values lying on the boundary of the set Since 2 a B l  >

> O, therefore J(a, £ { f) $ Hence we get a contradiction

since f e Ma (B). Consequently, lq(z)| < 1 for all z e U.
t

Finally, from (3) we have chat the function f satisfies 

condition (1), which proves that f is a strongly starlike func-

tion of order B, q.e.d.

The above theorem will enable us to prove the following

Theorem 2. If, for any fixed B 6 (0,1], 0 < a 1 < a2> then 
Ma^(B) c Ma (B).

P r o o f .  Suppose that there exist a.!, a2, o < a1 < a,,

and a function f of the family M (B), which does not belong
2

to M (B). Consequently, for every z e U, J(a~, z : f) e a „,
•f * n

and there exists a point £ e u for which J (<*.,,£ ; f) * a 6.

Put w1 = J (a2 ' 5 J f)» w2 = J â i' S l f) and w * ~a iwi f 

+ a2w2. It is evident that w1 e &B, w2 * and



It follows from theorem 1 that £ f“1(£)f'(£) « Afl. Consequently, 
in view of a2 - a 1 > 0, the point w e Afl. Since °2W2 - w +

+ a 1w 1 and >0, therefore * 2 e Ag, which contradicts our

supposition that w2 * Afl. Thus, the theorem has been proved.

Note that, if 0 < fl2 < 6 1 < 1, then Afl_̂ c Afl . Consequ-

ently, for any fixed a > 0, Ma (B2) c Ma (B1>. So, the following 

corollary takes place.

Corollary. If 0 < a } < a2 and 0 < Bj < B1 < 1, then

M (B.) c M (B1). a2 2 i

It can be shown, ([7]), that a function f holomorphic in U

belongs to the class MQ (B) if and only if ' there exists a Cara-a n a  o n j . y  n  '

theodory function p such that

z

f (z) « z exp J (pfl(5 > - 1)£ 1 d£

0

In particular, the function

f*(z) - z exp j " 1 S'1 d£, IE! - 1

belongs to the family Mo (0). At the same time, for z * - Z g ,

C < g < 1,

\ ’

J(a, -tS ; f«) = + 2a B j. •
*• 1 - £

/
Hence it appears that:

i

lim J (a, - Zg ; f#) = = -oo,

• s -

which neans that f# does not belong to any family for

a > 0 and 0 < s ( 1. This example shows that is a fa-

mily essentially wider than < u > 0 .



3. Our further considerations will concern mutual relations 
*een func 

shall prove

between functions of the classes Ma (fl), a > 0, and We

Leona. For any fixed a > 0, fie (o,1] and every function 

f e Ma (fl), the function

V ”  ■ £“ ’ • (t t î t )’'(z )”

belong to the class Mq (8) for all y, 0 < y < a.

P r o o f .  Let f c M (fl), a > 0. Then

--— _  s (1 - y ) --i. -i-?J + Y (1 + - * '.ii) ) = J (v 7 • f )F^(Z) Y f{2) + £ (z) 1 l t } .

Since O < y ^ a, it follows from Theorem 2 that f e M ̂  (ft ) , 

i.e., J(y, z ; f) » pfl(z) for some Caratheodory function p. Con-

sequently, F^ belongs to Mo <0), q.e.d.

The following theorem is also true.

Theorem 3. For any fixed fie (0,1] and for every function 

F e Mq(fl), the function

r z 1 -,-1

.-[if ,5... -1 a > 0,<4) f(z) j Fa (5) g" 1 d£
0

being the solution to the equation

(5) F(z) * f(z) •

with the initial condition f(0 ) = 0 , belongs to the family 

MQ (B).

P r o o f .  Since F e MQ (fl), it is a univalent and,star like 

function. From this fact and from the well-known result ([5], 

theorem 5) we shall obtain that, for the given function F <= 

the solution f of the form (4) of equation (5) is a function 

holomorphic in U,

f(0) = f'(0) - 1 = 0, f (z) • f' (z) * 0 for z e U„.



Since

z F 1(z)F'(z) ■ pB (z)

for some Caratheodory function p, therefore

J (a, z j f) * - P6 (2>

So, indeed, the function f e M (fi).

4. We shall now deal with the problem of estimation of coef-

ficients in the family Ma (fi) and, in particular, with the Go- 

luzin functional. We Bhall prove

Theorem 4. If a function

belongs to the family Ma (fl), then, for any fixed p c  C,

00

f(z) ■ z + a zn
n=2

fi when Ip - c(a)| < r(a, 6)1 +  2 a
2

(6) la3 - pa2l < ■

I

A

1 + 2a1vl when Ip - c(a)| > r(a, fi)

where

(1 + a)

and

Equality in estimate (6) holds, respectively, for functions be-

ing the solution to the equations



2 Q

J(a, z | f) - ' IU = 1*

P r o o f .  Let
00

f(z) - Z + ¿l! a„zn 
n=2 n

*
be any function of the family Ma (6).

Then j

j(a, Z I f) - [<1 + q(z) ) ( 1  - q(z))-Tf 

for some function

q(z) - 5 Z c zn
n=1 n '

holomorphic in U, |q(z)| < 1. In consequence, comparing the
2

coefficients and determining the functional - pa2 for any fix-
ed pec, we shall get that

a3 ~ P a2* ” 1 + 20
B[a2 + 8a + 3 - 4u(1 + 2a)] 2 ¡ „

— r: 1 7 2 — i—  ci <c 2 +¿ (1 + a)

4 1 + 2a ^ c2* +

Since, for the function q, the estimates lc^| ^ 1 and Ic^l <

< 1 - *cl* 2 are true, therefore

l a 3 "  P6 ! 1 <  T ' + 2 a  Í1 + (lvl -  1) I c -| ! 2 ]  <  r l ~ 2 S  m a x f 1 ' , u l }  •

It can easily be verified that Ivl < 1 if and only, if

Ip - c(a)I < r(a, B).

In consequence,, we shall get estimate (6).

From Theorem 4 one can obtain estimates of la2 l and la^l 

in the class Ma (S) by taking p = 0 and considering the limtc 

case p - oo , respectively. These estimates, with particular



values of the parameters a and fl, yield the already-known 

results in the families MQ (Q) ([2]), Ma (1), ([4], [9]).
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PEUNYM U0G0LNIENIU a-WYPUKtYCH FUNKCJI

j  i ) i 3 f- (0,1] będą ustalonymi liczbami. Przez

i/it: iunkcji f, holomorficznych w kole U « {z e



€ C : I sc I < 1} , takich, że z łf’(z)f(z) * 0 dla z « U^, spełniających wa-

runek

, larg {(1 - a) *.a(1 ♦ < flf, z e u.

W przedstawionej pracy podane s« pewne związki między funkcjami z po-

szczególnych rodzin M a (B). Ponadto oszacowany jest pewien funkcjonał okre-

ślony na M a (B) zależny od współczynników rozwinięcia funkcji w szereg Tay-

lora.
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