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POROSITY PRESERVING HOMEOMORPHISMS

In the paper the notion of a homeomorphism preserving porosity' 

points is introduced. Several properties of such functions are pro-

ved and, among them, the following one: if a homeomorphism f and the 

inverse homeomorphism f ' satisfy the Lipschitt condition, then f 

preserves points of porosity.

The notion of a point of porosity was defined by Z a j-

1 2 e k [2 ]. We shall give his definitions in the form which 

is suitable for our purposes.

Let M C R, x c R. We say that x is a point of porosity 

of M if and only if

liro SUp M) >

r~0+ r

where y ( x ,  r, M) is the supremum of the set {a > 0 ,  for so m e

2 e R, K {z, a) c K(x, r) and K(z, a) n M « 0) . K(x, r) deno-

tes the open sphere with the centre x e R and the radius r > 

> O.

In this work we shall define homeomorphisms preserving poro-

sity points and we shall study some of their properties.

Definition l. We shall say that a homeomorphism f j R or̂ to R

Preserves points of porosity if and only if for every set M c r , 

for every xQ e R, which is a point of porosity of M, a point 

*<x ) is a point of porosity of f(M).



Definition 2. We shall say that a homeomorphism f : R Q ~to R

preserves the porosity at a point xQ e R if and only If for 

every set M c r having xQ as a point of porosity f(xQ) Is a ' 

point of porosity of f(M).

Ronwrk l. Obviously a homeomorphism f preserves points of 

porosity If and only if it preserves porosity at every point

Theorem l. A point xq is a point of porosity of a set M 

if and only if there exists a sequence Ua^, b]t>)jceN of open

intervals which are mutually disjoint and disjoint with M such 

that b^ N, xQ and

From the assumption it follows that there exists a sequence

x e Ro

= a > 0

or ak /  xQ and

a a > O

P r o o f .  Necessity. Suppose that

lim sup
y (xQ , R, M)

= a :> 0
R

n 6 N
such that - 0+ and

= a
n -»co Rn

Let y = y (xf, Rn, K). Suppose that xQ is a point of ac-

cumulation of M from both sides (in a contrary case the theorem



is obvious). Using the mathematical induction we choose a se-

quence {(a. , b. )) of intervals such that.
* K ke N

1) x < x + R 1 < a. < b. < x + R ,
o o nj{ . k k o nk

2) (a'k , bk ) n  M = 0,

nk £ bk ak
3) Ynk " "IT < --- 2---*

We can (and shall) suppose that these intervals lie to the 

right from xQ (if it is impossible to construct such a sequ-

ence, then it is easy to see that we are able to construct a 

sequence with required properties lying to the left from xQ ). 

We obtain the inequality.

Ynt " E V  bk " ak

\  S 2 <bk - V  
k

which ends the proof*

Sufficiency. Put R^ * b^ - XQ. Then R^ 0+

and

bk ~ ak
Yk “ Y < V  bk' M> ^ --- 2-- •

From the assumption we obtain

Yklim sup —  > a , 
k-co Rk

so xQ is a point of porosity of M.

From now we shall suppose that all homeomorphisms under con-

siderations are increasing.

Theorem 2. A homeomorphism f preserves points of p^rosity if



and only if preserves poin’ce of porosity of monotonely conver-

gent sequences.

P r o o f .  Necessity is obviousi

> / 
Sufficiency. Let x q be a point ĉ f porosity of M. In virtue 

of Theorem 1 there exists two sequences (an'j and (bn) such

that for every n « N bn+1 < an < bn> (an , bR) n M - 0, an \ xQ

and

b - a
lira — -----2—  - a > 0 .

2 (bn - xo)

From the assumption it follows that

f(b) - f(a ) 
lim s u p ------------------  fl > 0 .
n ~°° 2 (f(bn) - f(xQ))

Indeed, suppose that

f(b.) - f(a ) 
lim sup ------------—

2 (f(bn) - f(xQ))

Let us divide every interval [f(bn), f(«„_})] onto equal

subintervals having lengths smaller that

f(b ) - f(a). n n

If [yr  yj] is one of these subintervals, then obviously

y 2 - *1_____ , f(V  - f<an>
2 (y2 - f(xQ)) s 2 (f(bn) - f(xQ)) ‘

Consider the set contisting of all points f(a ), f(b ) and of
 ̂n n

all points of subdivision. The elements of this set form o mono-

tone sequence tending to f(xQ). Obviously f(xQ) is not a point 

of porosir.y of this sequence, but xq is still a point, of poro-

sity of its inverse image - a contradiction.



But (f(an), f(bn)) n f(M) -0, so f(xQ) is a point of po-

rosity of f(M). IE an / xQ , the proof is analogous.

Theorem 3. If f is a hemeomorphism such that f(O) = 0  and

0  <. f'(0 ) < + oo , then f preserves porosity at zero.

P r o o f .  Suppose that f does not preserve the porosity 

of some decreasing sequence at zero (for increasing sequences 

the proof if analogous). Then

n ** oo 2a_

and

f(a ) - f(a n) 
lim sup --------------- * 0 .

2f(an)

Obviously there exists a subsequence (an ) of (an) such that 

a - a
nk nk 1(1) lim -----------  = a ,  where 0 < a <L

k ~ oo 2a_
k

and

f(a ) - ffa +1) nv n,+i
(2) lim ---- *--------*--  = 0 .

k -*oo 2f (a ) *
k

If 0 < a < y, then from (1) it follows that

. . X  ’ V 1 2a _ . lim ------------  = ------- = fl »
k - oo a„ ,1 1 - 2a

n k +1

so s is a positive number. If a = -j» then



&nk a,1k+1(3) lim — 5------ + 00.
k-*«o a ,

V 1

Let

e.(o, j.t.B

Then (1 - E ) (1 + B - £ ) > 1.

Let K1 be a natural number such that

(4) (0 - E) an < an - an . for k £ K-.
nk+1 nk V 1 1

Let K2 be a natural number such that

f(a ) - f(a < i 2f(a ) for k > K_.
k V 1 2 nk 2

Hence

(5)

fl\ >  < i h  f(ank+1,) for k * K2' 

f(ank) * < flV l '  for k 5: V

Let now K * maxCK^, K2). From (4) and (5) we obtain

"V f<V ’’+ "V ■ "V’’ " ł f(V ’ 
S ' V*ł S - V! * <’ + “-E> V'

f(an +1)

(1 - E> (1 + fl - E ) * a * for k * K*
V 1

Let f'(0) * a. Hence
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a S (1 - £ ) ( 1  + B - £ ) a'

bo (1 - £ ) ( 1 +fl-£) £ 1, a contradiction. In the case a « 

** ^ we can find K1 çuch that for every k > K1, an +1 < an

" ank+1 -

Let E < ^ . Then

for k £ max(K1, K2),

80 a < ¿-{y _ a. Hence E > y  - a contradiction.

Remark !. If f is a homeomorphism preserving the porosity 

«t xQ and g is a homeomorphism preserving the porosity at

X0 * f (xQ; . then the homeomorphism h «* g o f preserves the po-

rosity at xQ .

Remark 3. If f is a homeomorphism preserving the porosity 

at xQ , then for every c e R the homeomorphism g of the form

9(x) * f(x) + c preserves the porosity at xQ.

. Remark 4. If f is a homeomorphism for which 0 < f'(xQ) < 

< +ao, then f preserves the porosity at xQ .

P r o o f .  To prove this fact it suffices to consider the 

homeomorphism g(x) ■ f(x + xQ) - f(xQ) and to apply Theo-

rem 3.

Theorem 4. There exists a homeomorphism f such that f(0) =

* 0 . f'(0 ) » 0 and f does not preserve the porosity at ze-
ro.

f (a )
k „ 1 

~HZ S 2(1 - t) ‘
fly ’
an,.+1

P r o o f .  Put



fix) *>

for x » n < N

4n+1 + 1
16n+1 fo r x *  ¡H+2 n 6 N

linear in the intervals of the form

[fr ?w] ""a ?n]
0 for x - O

If we denote aR - , bn -

then

b - a -, n n _ i
liro -------- -** -ji
n ->oo a„

oo

so zero is a point of porosity*of the set v_, »•‘'n+i' “n
n*1

multaneously

U  [bn-k1, an ]. Si- 
n*1

lim
f(b ) - f(a ) n n

n-oo f(bn)

(4n+1 + 1 - 4n+1) . 16n+1 _ Q
lim ------. -Q+U. 7 "TnPT °'
n -»oo 1b ( 1 + 4  )

so f(0) * 0 is not a point of porosity of the Bet

oo

U [f(bn+1>, f(an)3
n=»1

To prove that f' (0) =»0 it suffices only to observe that

f ? r  x * [ ^ h + v  ^n] we have ^  < ^ =1 *

Theorem. 5. If f is a homeomorphism such that f (0) ■ 0. A 

homeomorphism f preserves the porosity at zero if*and only if 

for every sequence {â J , \ 0 there exist a pair of numbers



<*■» 6 e [0 ,1) such that the following implication holds: 

if

lim inf - a,
n ’♦a> n

then

f(Wlim inf ---- 6 .
n -*oo f (an>

\
P r o o f .  In virtue of Theorem 2 f preserves the poro-

sity at zero if and only if f preserves the porosity at zero of 

®very monotone sequence {an} tending to zero. The last fact is 

equivalent to the following implicationt 

if

an - an+t
lim sup--------- ■ &,
n -oo n

then
4

f(a ) - f(a
lira SUP -----ZT— r— ^ ’ ** ft ,
n -<» lan

wl»ere a, are some numbers in (0;1]. If we put a * 1 - a, 

a ■ 1 - fl, we obtain the thesis.i

Example 1. Let f(x) *» x*3, where p > O. Then f'(0) = + oo 

for o < p < 1 and f' (0 ) - 0 for p > 1.
So from Theorem 3 we are not able to conclude if f preser- 

ves the porosity at zero.

Let (xn) n6 n be an arbitrary sequence such that

x ,
lim inf —---- a, O < a < 1.
n -oo n+1

Hence there exists a subsequence {xn } such that



lim -----
k -*oo n.+1

a, then lim
*n \ P
A - i

so

lim inf 
n -*oo

f<x„)

■ ^ 1  * a < K  ' n+1 '

and in virtue of Theorem 5 f  preserves the porosity at zero.

Example 2. Let

f (X)

log(x-1)”1 for x > 0

0 for x * 0.

We have f' (0) * +<». Let {xnl be a sequence such that xn 0

and (x } such subsequence that 
n.

lim -----
kVoo xnk+1

a, O £ a < 1

Then

•log xr
-1

V  ‘log Xnk+1
* lim nk .

k-»® nk+l
a,

so

t{* )
lim inf -T-r---- p < a < 1
n -*® ttxn+.r

and i  preserves the porosity.

Remark 5. From the above examples it follows that tha Lip" 

schitz condition is not necessary for preserving the porosity.



Theorem 6. If a horaeomorphisra f and the inverse homeomor-

phism f~ 1 fulfills the Lipschitz condition, then f preserves 

points of porosity.

P r o o f. Let M c R and xQ e R be a point of porosity 

of the set M. In virtue of Theorem I there exists a sequence 

of disjoint intervals. {<«n# bn)} such that bn \ xQ or bn / xQ,

b - a

llra 2 (b - x ) * a > 0 n-oo n o

and (an, bR) n  M • 0 for every n e N.

We shall consider the first case, the proof in the second 

is quite similar. From the assumption there exist two positive 

constants such that for every x, y € R

C1 If(y) - f(x)| £ ly - xl £ C2 lf(y) - f(x)l.

Hence for every n « N

lbn - V  *  '*<*>,> '  £< V

lbn ' "o' > C I lflbn> - ,lxo’'

So for every n « N

f(b ) - f (a ) C, (h a )
----Q_______n 1 n n.
2(f(b ) - f(x )) 2 2C-(b - x 5’n o ¿ n o

Obviously (f(an), f<bn)) n  f M  ” 0 for every n e N, so

f(b ) - f(a ) C1 

J1“. 8UP 2 (f(bn) - f(x0)> * a C ^ > °'

^fom the last inequality it follows that f preserves the poro- 

s*ty at xQ, so from the arbitrariness of xQ f preserves points

Porosity.

Example 3. We shall construct a homeomorphism preserving po-

ints of porosity such that the inverse homeomorphism does not 

Preserve points f porosity.



Let

ca

Z
2“~' “ i-n 1

xn = 7n“=1' ^  “ £  7J* f(xn)- “ yn for every n « N.

Let f be a linear funct^lpn on every Interval of the form 

[xn+1, x ] and let f(0 ) >» 0 (this homeomorphism was construc-

ted in [1] an example of the homeomorphism which preserves 

points of density, for which the Inverse.homeomorphism does not 

preserve points of density).

It is easy to see that f does not preserve the porosity at 

zero. Indeed, we have

x - x .. . f(x„) “
lira — ----—  « ^ and lim -------« 0 .

n -®  xn 2 n-oo f(V

Now we shall prove that f 1 preserves the porosity at zero*.

Let M c R be a set having zero as a point of porosity. From

the r;«wre.»! l there exists a sequence of disjoint intervals

((£(a ), f (b ))} such that ((¿(a ), f(b )) r\ M * 0 for every n n n n

r. e n and

f(b) - f(a )Xi  - -  .n n .  a > 0>
n -*a> n

Suppose, that there exists a subsequence {(f(a ), f(b_ )}
k x

the elements of which are included in some interval [yn+2 *
Then.

f(b ) - f(a ) 
nk nk

lim j “ °i , ;
n-oo nk

which is impossible.

After a while of thinking one can see that almost every in-

terval [f(an), f(bn)] must contain some interval [yk+1, y^]>

so almost every interval [anf bn] must contain an interval



Hence

b - a 
lira sup — g— —  > O. 
n-»oo n

Remark 6. As in the case of homeomorphisms preserving den-

sity points (compare [1}) one can- observe that the sum and the 

Product of two homeomorphisms defined on [0 , +oo) preserving po-

ints of porosity, and vanishing at zero also preserves points of 

Porosity, but the limit of uniformly convergent sequence of ho- 

nteomorphism preserving points of porosity needs not preserve po-

ints of porotity.
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HOMEOMORFIZMY ZACHOWUJĄCE POROWATOŚĆ

W pracy tej wprowadzone jest pojecie homeomorfizmu zachowującego punkty

Porowatości.

Dowodzi się kilku własności takich funkcji, między innymi, że jeżeli ho- 

«eomorfizm f i homeomorfizm odwrotny f"1 spełniają warunek Lipschitza, to 

* *achowuje punkty porowatoici.


