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SOME PROPERTIES OP SUBSETS OF Rk WITH THE BAIRE PROPERTY

In the paper there hat been obtained a generalization of some 

theorem of Kuczma on the for» of a sequence [Zn)n6n of sets con-

stituting a decomposition of the space Rk, under the assumption 

that each of them possesses the Baire property and satisfies the con-

ditions Zq ♦ 2n - Zn and Zn n Zn - {0} for n i m.

Here is considered a countable family {zn3°° of subsets of
k n«1
R fulfiling the conditions

Zn + Zn " V  0 6 V

Where Zn + Zn denotes the set of all sums z1 + z2 with z^e Zn, 

Z2 ® zn" K u c z m a  proved in [1] the following theorem.

M>*oren 1. If a set Z C Rk , Z * Rk , fulfils 2 + Z = Z,

O e z, Z + Z * Z  and has the Baire property, then there exists 

«n (k - 1) dimensional hyperplane H passing through the ori-

gin, such that Z ■ P \j Zq where P is one of two open half- 

-spaces determined by H and Zq is a quite arbitrary subset of

H fulfilling the condition Z + z = z .
o o o

We shall extend this theorem by replacing the two sets Z, 

R - Z with a countable family of subsets of Rk. The following 

lemma may by obtained analogically to Leima l in [ 1 ].

Lemma 1. If Z c R is a set of the second category with the 

Baire property and Z + Z c z, then there exists a number c > O

I



such that (c, oo ) c Z or a number c < O such that (-® ,

c) c Z.

Theorem 3. Each at most countable family f Z J00 of proper
1 n-1 .

subsets of R , fulfilling the following conditions

1° Zn has the

2° Zn n Zra - (<

3° 2n + zn - ZJ

4° u,
n=1

Zn ■ R

consists of only two sets Z_ * [o, oo] and Z - [-» , 0].
1 2

P r o o f." Since Z = R, there exists a set Z of the
n-1 n n1

second category. According to Lemma l, there exists a number

c < 0 such t

(c, + oo ) c Z,

c < 0 such that (-oo , c) c z or a number c > 0 such that
n 1

"1

Suppose that the latter condition is fulfilled. This fact,

together with 2° and 3°, implies that (0, « ) c Z and also
n 1

[0, oo ) c z . z is a proper subset of R, so, by 3°, Z - 
n 1 n 1 n 1

“ [o, oo ) .

In such a case, (-oo, o] - LJ Z and there exists a set
n^n, n

Z of the second category, containing the set (-oo , o]. By
2

the same arguments we used previously, we prove that Z ** (-oo ,
2

0 ].

Theorem 3. Let {Z_)°° be a countable family of proper sub-

n“1
sets of R , fulfilling the following conditions

1° has the Baire property,



If U  zn “ R*# then every Bet Zn is of the form Zn * I n t O  P ^

Zn, where {P,}" is a countable family of half-spaces each of 
°  1 1 1-1 

which is determined by a (k - 1) - dimensional hyperplane pass-

ing through the origin and z” is a set of the first category.

Moreover, if Int Z_ ^ 0 , then z" c Fr fl * n o lm1 x
k

P r o o f .  Let S be the unit sphere in R .

For each point p 6 S, let

L (p) - {rp s r e  (0, <*> ))

be the open ray passing through p. Let 1 (p) denote a line 

passing through p, and L(p) - l(p) - L(p). By proving Theorem

2 in Cl3 * K u c z m a showed that, for each point pe s - Sn , 

where Sn is a set of the first category in the induced topolo-

gy of S. a set Z n  L(p) has the Baire property considered as n .oo -
a subset of R. For each point p s S, where S'» S , a fa-

___  n=1
mily of sets K - L(p) , K » Z n L(p), n = 1 , 2 ,  ..., fulfilso n n

assumptions 1°-3° of Theorem 2, and K. - R. Hence the
i- 0  1

family f K . ) 00 consists of two sets K - L(p) and K =L(p). 
1 i-0 1 2 

Then, for each point p e S - S', _

Z n L(p) = 0  or Z A L(p) = L(p). n n

Let
An - {p 6 S : Zn n L(p) = L(p)J,

= U  Mp),
P e An

cn " U L(P ) •
P 6 Sn

The sets of family (a }°° are mutually disjont as well as the
n n=1

sets of family {Bn}°° • Further, each set Cn » n = 1,2, ..., is
n=1

a set of the first category.



It is easy to see that

00 <B.

..i y ,  b„ u y ,  coU1o ) . Rk.

Now, we prove that

a>
U  C A  Z - C_ n Z • 
n* i

Let x « I J C rt Z f then x e Zw and thera exist* n. «uch
n=1 n no ”o

that x e Cn . If n, ■ nQ, then x a Cn n Zn . Let nj * nQ.

Since x e c there exists p e S such that x « L(p). A set 
n1 n1 

L{p) r\ z is non-empty because x e L(p) n Z . If the set, 
no °

L(p) r> z had the Baire property, then it would be true that
nO

L(p) r\ Z ■ L(p), which is not possible because then L(p)rvZn ■
no 1

- 0 while p e S . Hence L(p) a  z has not the Baire pro- 
n 1 o

perty and so, p e  S , L(p) c C and, consequently, .x • Cn n
no o o

n Z
•n o

By (*) and the previous equation, v

Z - B„ C„ n Z u {0} . n n n n

K u c z m a  in [1] proved that Br is a cone and also a

convex set. Since B and B are disjont and convex, it isn m
possible to seperate them by a (k - 1)-dimensional -hyperplane

X passing through the origin [.2].
ID

Let P denote an open half-space in whose closure B lies.
m < “

Hence we obtain
CD

b c n p.. 
n i- 1 1

Further, weshall show that
00

Int P 1 P, » Int B„ » Int Zr
1=*1



It

First, we shall prove that Int [ ) P^ - Int Bn> Suppose that

Int (*1 P, |< 0 and let Int A  P, - B„ + 0. Then there exists 
1-1 * _ 1-1 1 n

x «  Int P| pt» and x * B . There exists a positive number C 
1-1 1 •

such that a ball K(x, C ) is included In Int f| P,. Let B be
1-1 1 *

a hyperplane seperating a set {x} from a set Bn> By Px we denote

a half-space in whose closure (x) lies.

Ne obtain

v K(x, C ) <-> Px r\ Bn - 0

and also
00

Ö .  f 1 - “n ' .0 . F1 - Bn0 * K(x, C > a P c Int
x 1-1 * “ 1-1

00 00 00n p, • n Pi u n p. * b . 
1-1 L 1-1 1 1-1 1 n

It is easy to see that

f t , ,  -  A  P l c A  , ,
1-1 1 i-i 1 i-i 1

and we shall also prove that

00

n p. - Bn c n c •
1-1 1 n n-1 n

00 00 00

Since LJ C u U  B y {0} - R*, therefore if x e O  P. - B ,
n-1 n n-1 n 1-1 1 n

00 i |

then x e l l c  or x e l j B .  The latter would be impossible
n n-1 n

because then both x fi B„ , n j* n . and x € P , but from the
°o o

definition of fp,}00 we have P n B » 0. Thus we obtain 
1 1Jii n„ noo I”1 P

that a set Int O  P. - B , which has non-empty interior is a 
1=1 A n ' ' oo,

subset of the union of two sets of the first category k J j
1=1 1



00
and I J c ,  which ia a contradiction. Hence Int n v b  

nVi n 1-1 1 n
and

Int I I P , -  Int B .
^ 1-1 1 •

Proving the next equality Int Bn - Int Zn , it suffices to

show that Int Z C B . If Int Zn - 0, then also Int B - 0.n n n «

Suppose that xe Int Zn. Then there oxist a ball K(x, C ) c

c Int Z c Z and a, b, s Rk, such that the segment [a, b] c
n . n

c L (x) n Zn- It is easy to verify that a set [na, nb] c L(x) n 

r. Zn for n-  1,2, ... and, in consequence, each element 2 c L(x) 
belongs to the set L(x) r> ZR. Therefore, L(x) r\. Zn ■» L(x) and 

L(x) c Bn- The equality below follows from

Z - Int B„ U B„ - Int B U C /"\ Z U {0} . n n n n n n

Let us denote

Zn => B - Int B U C n Z VJ {0} . o n  n n n

CO 00
Since B - Int B c O  P, “ Int f | P., therefore z” is a Bet 

n n 1=1 1 ' 1-1 L oo

of the first category in R*1. Thus Z - Int f">) P. u Z*\ More-
£ 1-1

over, if Int Z„ ^ 0, then Z^ c Fr O  .n . o i=1 1

It is sufficient to prove that the set Cn <-» ZR is a subset
00 00 00

of O  P, - Int n  P. “ Fr n  P, • Let x « Cn n Z . It is 
1=1 1 1=1 00 _ 1=1 * _

clear that x * Int O  P, because Int. I 1 P. Int B . There-
1=1 1 1=1 x

fore, it is sufficient to show that x e p. for each 1 - 1 ,
k —

2, ... Supoose that x i P. . Then x e p ! - R - P. and there

0 0 o
exists a ball K(x, I) c pj . Since Int Zn ? 0 and Int Zn -

CO 0

= Int n  Pj» therefore, for every positive number 6 , K(0, 5) a
1=1
CO

r> Int O  P, is a non-empty open set. Let y 6 K(0,E) a Int O  P.?
1=1 1 r 1=1



It

then there exists a ball K(y, rj) such that K(y, r̂ ) c K(Q, £) r>

r\ Int | I F, c K(0, £). Obviously, K(y, n) c Z and also K(y, + 
1-1 L n 

+ x c Zn, K(y, + x c K(x, E ), but this is impossible, since

the set K(x, E ) is disjont from Int Z . If, instead of a
kcountable family, we consider two sets Z1 and Z, * R ~ Z1 '

which fulfil 1°-4°, then we obtain Theorem ? of [1]. It turns 

out that the Baire property cannot be omitted and the countable 

family cannot be replaced by an uncountable one.

example l. There exist two sets Z Z 2 c r, z^, Z2 ? R ful-

filling the conditions

1° o a z1t o « z2, z1 ^ z2 - {oi,

2° Z1 + Z, - Z y  Z2 + Z2 - Z2,

3° Z1 u Z2 - R,

but Z1 ? (-<», o], Z1 5̂ L 0, oo) and then, Z2 (-00 , o], Z2 ^
/ [0, +09 ) .

Let H = {h.} denote the Hamel basis in the vector space
1 i < a

R over the field of rational numbers Q. Each element x c R, 

x ft 0, has the unique representation

(*#) x - a,h. + ... + ah. , i, < i_ < ... < i
i i-  n i l I n

I n

3̂  r • • • t 3^ € Q *

Let Z1 denote the set of all points for which an is a posi-

tive number in representation«*. Moreover, let o e  2^. It is 

easy to verify that’ Ẑ  + Z^ = Z^. Let z^ * R - Z^ u {0}. Obvio-

usly, Z2 + Z2=«Z2, Zi n Z2 =* {OJ and Z1 u Z2 » R. The set Ẑ  does

not contain the non-degenerate Interval because Z1 is disjont 

from the set {x t x - ah1 - h2, h1 < h2, a e Q) which is dense

on the real line R. Similar arguments apply to Z2 - Hence the 

sets Z.j and Z2 have not the form described in Theorem J. The



sets Z1 and Z2 have not the Baire property because Z1 or * 2 
is a set of the second category and, by the P i c c a r d  the-

orem [3], we should obtain that 1^ or Z2 contains an open seg-

ment .

Example 2. There exists an uncountable family of

izt } t € t c R , such that

1° Zt a Z8 - {0} t t s, Zt ft 0,
2 ° zt has the Baire property,

3° zt + zt - V
4° ut e  T

Zfc » R. \

Let H be the Hamel basis. Let Z..
(h 1• V

*  a 1h 1 + *• . + anhn, h, ... hn e H,
%

sets

- {x i x »

and let 0 « Z,. K .(rt.j, • • • t •

l J Z . . * R and Z,. . . is a countable set,
ieN (h1' hn) (h,, ..., hn)ne N 

so it

has the Baire property, and also

Z (h1, ..., hn) + Z (hj, ..., hn) " Z (h1f hn).

By the properties of the Hamel basis, condition 1° is satisfied 

and h 1 + ... + hf e 2 ^  h )' vhich implies . that

z iv h > * °-(r* ̂ , ...» n^ j

Simultaneously, the set T =• {(h^ ..., hn) t n « N, hj,

..., h e H) is uncountable.n i
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Jacek Hajduk

PEWNE WŁASNOŚCI PODZBIORÓW PRZESTRZENI Rk 0 WŁASNOŚCI BAIRE’A

W pracy uzyskane jest uogólnienie pewnego twierdzenia Kuczmy, które sfor-

mułować możemy v następujący sposób:

Twierdzenie. Niech {z będzie przeliczalna rodziną właściwych podzbiorów
n-1

przestrzeni R , spełniając« następujące warunki:

1° Z na własność Baire’a,n

2° Ẑ  n Ẑ  - {#} dla n i m,

Z * Z - Z. 
o n o

oo
J«ili y  Z » R , wtedy każdy zbiór Z jest postaci Z <* Int Q  P U 

n-1 n n 1-1

^ Z , gdzie {P,}06 jest przeliczalną rodziną półprzestrzeni, z których 
1-1 .

każda wyznaczona jest przez (k - 1) - wymiarową hiperpłaszczyzną przechodzącą

przez początek układu współrzędnych i Zn jest zbiorem pierwszej kategorii.o
00

Jeśli Int Zn i <t, to Z“ c Fr (~) P p

W pracy podane s$ również dwa przykłady ilustrujące konieczność założenia 

własności Baire’a i przeliczalności rodziny zbiorów stanowiących pewien roz-

kład przestrzeni R*1.


