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ON REGRESSION ANALYSIS IN THE CASE 

OF HETEROGENEITY OF A SET OF OBJECTS

1. INTRODUCTION

л
t

R e g r e s s i o n  a n a l y s i s  i s  u n d o u b te d ly  t h e  m ost o f t e n  u sed  rrul- 

t i v a r i a t e  s t a t i s t i c a l  m ethod. H ere ,  t h e  d e p e n d e n c e '  o f  a v a r i a b l e

Y on a s e t  o f  v a r i a b l e s  X1 , X2 , . . . ,  X^ i s  s t u d i e d .  The u s e  o f  

r e g r e s s i o n  a n a l y s i s  i s  b a s e d  on an a s s u m p t io n  o f  h o m o g e n e i ty  o f  

a s e t  o f  o b j e c t s ,  f o r  w h ich  t h e  r e g r e s s i o n  f u n c t i o n  i s  d e t e r -  

m ined .

I f  s t o c h a s t i c  ap p roach  i s  a c c e p t e d ,  t h e  h o m o g e n e i ty  o f  a s e t  

o f  o b j e c t s  ( o b s e r v a t i o n s )  means t h a t  t h i s  s e t  c o n s t i t u t e s  a r a n -

dom sam p le  from a p o p u l a t i o n  w here a random column v e c t o r  [Y, X^,

X_, . . . .  X ] '  h as  a m u l t i v a r i a t e  d i s t r i b u t i o n ,  f o r  exam p le  mul-
2 m

t i n o r m a l  d i s t r i b u t i o n .

How ever, i n  r e a l  a p p l i c a t i o n s  ( p a r t i c u l a r l y ,  when t h e  o b s e r -

v a t i o n s  are  g i v e n  a s  c r o s s - s e c t i o n a l  d a t a ,  b u t  a l s o  f o r  t im e  

s e r i e s ) ,  t h i s  a s s u m p t io n  i s  o f t e n  n o t  v a l i d ,  t h a t  i s ,  t h e  h e t e -

r o g e n e i t y  o f  o b s e r v a t i o n s  o c c u r s .  For e x a m p le ,  when t h e  r e l a -

t i o n s h i p  b e tw e en  p r o d u c t i o n  and em ploym ent i s  s t u d i e d  in  c e r t -

a i n  b ran ch  o f  i n d u s t r y ,  t h e  o b j e c t s  a r e  e n t e r p r i s e s  o f  d i f f e r e n t  

s i z e .  T h u s ,  t h e  s e t  o f  t h e s e  o b j e c t s  may be h i g h l y  h e t e r o g e n o u s .  

So t h e  form o f  t h e  r e l a t i o n s h i p  may d i f f e r  s i g n i f i c a n t l y  f o r

g r o u p s  o f  e n t e r p r i s e s .  S i m i l a r l y ,  h e t e r o g e n e i t y  may o c c u r ,  when,  

f o r  e x a m p le ,  t h e  o b j e c t s  a r e  t h e  c o u n t r i e s  o f  t h e  w o r ld .

In  a l l  su ch  c a s e s ,  t h e  a s s u m p t io n  o f  h o m o g e n e i ty  may be un-
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j u s t i f i a b l e ,  t h e  o b j e c t s  may come from d i f f e r e n t  p o p u l a t i o n s .  

T h u s ,  i t  I s  r e a s o n a b le  t o  s t u d y  th e  r e l a t i o n s h i p  f o r  e a c h  c l a s s  

o f  o b j e c t s  s e p a r a t e l y .

' in  s t a t i s t i c a l  and e c o n o m e t r i c  p a p e r s  some a t t e n t i o n * i s  p a id  

t o  t h e  probflem o f  h e t e r o g e n o u s  s e t  o f  o b j e c t s .  The g e n e r a l  ap-

p ro a ch  t o  d e t e r m in e  l i n e a r  r e g r e s s i o n s  f o r  d i f f e r e n t  c l a s s e s  o f  

o b s e r v a t i o n s  s e p a r a t e l y  i s  known a s ‘ s w i t c h i n g  r e g r e s s i o n s .  H e re ,  

i t  i s  assumed t h a t  t h e  r e g r e s s i o n  c o e f f i c i e n t s  are  c o n s t a n t  o v e r  

c l a s s e s  o f  o b s e r v a t i o n s  ‘b u t  a r e  d i f f e r e n t  a c r o s s  d i f f e r e n t  c l a s -

s e s .

T h is  t y p e  o f  m odels  i s  u se d  in  s t a t i s t i c a l  p a p e r s  u s u a l l y  fo r  

t im e  s e r i e s .  For ex a m p le ,  i t  c o n t a i n s  s e a s o n a l i t y  m od e ls  8] , 

p i e c e w i s e  r e g r e s s i o n  m o d e ls  w i t h  known j o i n  p o i n t  [ 9 ] .  In  a l l  

t h e s e  m o d e ls  i t  i s  assumed t h a t  t h e  c l a s s i f i c a t i o n  o f  o b j e c t s  

( i n  t h i s  c a s e  o b j e c t s  a r e  t im e  u n i t s )  in  known. H ow ever,  i s  real  

a p p l i c a t i o n s  i t  i s  n o t  a c a s e .  U s u a l l y ,  t h e  c l a s s i f i c a t i o n  o f  

o b j e c t s  i s  n o t  known a p r i o r i .  When th e  t im e  s e r i e s  a r e  u s e d ,  

some m ethods t o  c l a s s i f y  t im e  u n i t s  and . th e n  t o  d e t e r m in e  switch-

i n g  r e g r e s s i o n s  a r e  p r o p o s e d .  They a r e  g iv e n  in  [ 2 ] ,  Ц4] ,  [ 5 ] ,  

[ 6] .  T h ese  m ethods c o n s i s t  in  t h e  d e t e r m i n a t i o n  o f  s w i t c h i n g  

p o i n t  ( o r  p o i n t s )  f o /  t im e  s e r i e s  on t h e  b a s i s  o f  t im e  or.dummy 

v a r i a b l e .

In  t h i s  p a p e r  two m ethods o f  d e t e r m in in g  homogenous c l a s s e s  

o f  o b s e r v a t i o n s  o f  h y p e r e l l i p s o i d a l  sh ap e  a r e  p r e s e n t e d .  T h ese  

m ethods may be r e g a r d e d  a s  p a r t i c u l a r  . c a s e s  o f  s w i t c h i n g  r e -

g r e s s i o n  m o d e ls .  H ow ever,  t h e y  a re  a p p l i c a b l e  t o  b o th  p r a c t i c a l  

s i t u a t i o n s ,  when c r o s s - s e c t i o n a l  d a ta  o r  t im e  s e r i e s  a r e  g i v e n .  

In  a d d i t i o n ,  t h e y  a r e  t o  be u se d  when t h e  c l a s s i f i c a t i o n  o f  

o b s e r v a t i o n s  i s  n o t  known. T h us ,  in  t h i s  s e n s e  t h e y  a r e  more g e -

n e r a l  th a n  o t h e r  m ethods p r o p o s e d  in  s t a t i s t i c a l  p a p e r s .  One o f  

t h e  p r o p o se d  m ethods i s  pure  s t o c h a s t i c  and I s  b a sed  on t h e  m ix-

t u r e  o f  d i s t r i b u t i o n s ,  t h e  o t h e r  one i s  d i s t r i b u t i o n - f r e e  method.

2. DESCRIPTION OF THE HETEROGENEITY BY MEANS 

OF MIXTURES OF DISTRIBUTIONS
%

To d e t e r m in e  t h e  r e g r e s s i o n  f u n c t i o n  in  t h e  c a s e  o f  h e t e r o -

g e n e i t y  o f  a s e t  o f  o b s e r v a t i o n s ,  an a ssu m p t io n  w i l l  be made.



We assum e t h a t  a s e t  o f  o b j e c t s  c o n s t i t u t e s  a random sam ple  from  

a p o p u l a t i o n ,  where a random v e c t o r  [Y , X1 , X2 , x ] '  h as  a

d i s t r i b u t i o n  b e i n g  a m ix tu r e  o f  m u l t i v a r i a t e  d i s t r i b u t i o n s ,  f o r  

ex a m p le ,  m u l t i v a r i a t e  norm al d i s t r i b u t i o n s .

So t h e  d e n s i t y  o f  a random v e c t o r  ,[Y , X . , X , , . . . ,  X ] '  i s
• ~ Ш

g iv e n  by t h e  fo rm u la :

К

f  (* ) ~ f ( У i * 1* x2 , • • • » ~ X- Pj ^ j   ̂У' x 1 ' x 2 ' ' ' * '  ) я

- (2ЛГ°-5(т+1) t P j lZ j l " 0,5 exp [-0.5 (г - ^ V Z " 1 (ж -V j)] 

where:

К -  number o f  m ix t u r e  c o m p o n e n ts ,  t h a t  i s ,  number o f  homo-

g en o u s  c l a s s e s  i n  a s e t  o f  o b j e c t s ;

ц .  -  e x p e c t e d  v a l u e  o f  a random v e c t o r  [ y ,  X , ,  X - ,  . . . ,  X ] '  
J • a m

f o r  t h e  j t h  com ponent d i s t r i b u t i o n ;

-  c o v a r i a n c e  m a t r ix  o f  a random v e c t o r  [ y , X1 , X2 , . . . ,  

X ] '  f o r  t h e  j t h  com ponent d i s t r i b u t i o n ;

-  j t h  m ix in g  p a r a m e t e r . .

T h u s ,  i t  i s  e a s y  t o  s e e ,  t h a t  r e g r e s s i o n ,  d e f i n e d  a s  c o n d i -

t i o n a l  e x p e c t e d  v a l u e ,  E( YIX1( X2 , . . . ,  Xm) i s  n o t  a l i n e a r  f u n c -

t i o n .  So i t  i s  u n j u s t i f i a b l e  t o  d e t e r m in e  l i n e a r  r e g r e s s i o n  f o r  

w h o le  s e t  o f  o b s e r v a t i o n s .  I n s t e a d ,  t h e  homogenous c l a s s e s  o f  a 

s e t  o f  o b s e r v a t i o n s ,  c o r r e s p o n d i n g  t o  p a r t i c u l a r  com ponent d i s -

t r i b u t i o n s ,  s h o u ld  be s e p a r a t e d .  T h en , f o r  e a c h  c l a s s ,  t h e  l i n e a r  

r e g r e s s i o n  may be u s e d .

3. DETERMINING HOMOGENOUS CLASSES OF HYPERELLIPS01DAL SHAPE 

BY THE MAXIMUM LIKELIHOOD METHOD

O b v i o u s l y ,  t o  d e t e r m in e  su c h  homogenous c l a s s e s ,  t h e  m ethods  

f o r  e s t i m a t i n g  t h e  p a r a m e t e r s  o f  m ix t u r e s  o f  m u l t i v a r i a t e  norm al  

d i s t r i b u t i o n s  may be u s e d .  U n f o r t u n a t e l y ,  s e r i o u s  d i f f i c u l t i e s  

o c c u r .

F i r s t  o f  a l l ,  i t  i s  t o  n o t i c e ,  t h a t  t h e  number o f  p a r a m e te r s  

t o  e s t i m a t e  i s  u s u a l l y  l a r g e .  I t  i s  e q u a l  t o s



K[m + 1 + m + 1 + 0 . 5  m (m + 1 )  + 1] -  1 B

“ 0 . 5  K(m^ + 5m + 6 ) -  1

In  t h e  s i m p l i e s t  c a s e ,  when m ■ 1 and K = 2 ,  v t h e r e  a r e  11 p a-

r a m e te r s  t o  e s t i m a t e  (4  e x p e c t e d  v a l u e s ,  4 v a r i a n c e s ,  2 c o v a r i a n -

c e s  and 1 m ix in g  p a r a m e t e r ) .  So t h e  moment method o f  e s t i m a t i o n  

i s  p r a c t i c a l l y  u s e l e s s  t o  e s t i m a t e  t h e s e  p a r a m e t e r s .

The m ost o f t e n  u sed  method o f  e s t i m a t i o n  i s  maximum l i k e l i -

hood m ethod . However f o r  t h e  m ix t u r e s  o f  m u l t i v a r i a t e  normal d i s -

t r i b u t i o n s ,  t h e  l i k e l i h o o d  f u n c t i o n  ( a n d ,  a s  a c o n s e q u e n c e , t h e  

n e c e s s a r y  c o n d i t i o n s  t o  o b t a i n  ex tr e m e  v a l u e s  o f  e s t i m a t e s )  i s  

s o  c o m p l i c a t e d  ( s e e  e . g .  [3 ]  ) ,  t h a t  i t  i s  n o t  p o s s i b l e  t o  get  t h e  

e s t i m a t e s  a n a l y t i c a l l y .  They can  be o b t a in e d  o n ly  by means o f  nu^ 

m e r ic a l  m ethod . H e r e ,  an i t e r a t i v e  a l g o r i t h m ,  p r e s e n t e d  in  [ 1 ] ,  

i s  u s e d .  T h is  a l g o r i t h m  may be d e s c r i b e d  in  t h e  f o l l o w i n g  way:

1 . I n i t i a l  v a l u e s  o f  e s t i m a t e s  a re  c h o se n  ( i n  any wa y ) :

, j  » 1 ,  , К

£ ° ,  j  - 1 ............. к

/>0
P . ,  j  = 1, . . . ,  к

They have  t o  s a t i s f y  t h e  c o n d i t i o n s :

2 .  In t h e  1 th  s t e p  ( l  = 1, 2 ,  . . . )  o f  i t e r a t i v e  p r o c e d u r e ,  th e  

v a l u e s  o f  s o  c a l l e d  a p o s t e r i o r i  p r o b a b i l i t i e s  a r e  d e t e r m in e d ,  

u s i n g  B ayes  form ula  ( f o r  i  = 1 ,  . . . ,  n;  j  = 1 ,  . . . ,  K) :

Ľ
j = 1



*1  " f y t » x i i  ' xi 2 ' xi J '  d e n o t e s  t h e  1t h  o b s e r v a t i o n  o f

a random v e c t o r  [ y , X, , X2 , X ]'.

Then t h e  e s t i m a t e s  are  c a l c u l a t e d ,  u s i n g  th e  f o l l o w i n g  f o r -

m ulas ( f o r  j  -  1, . . . ,  K ) :

3 .  The i t e r a t i v e  p r o c e d u r e ,  d e s c r i b e d  a b o v e ,  i s  b e i n g  c o n -

t i n u e d  u n t i l l  t n e  v a l u e s  o f  a p o s t e r i o r i  p r o b a b i l i t i e s  (an d ,  as  

a c o n s e q u e n c e ,  t h e  e s t i m a t e s  o b t a i n e d  in  c o n s e c u t i v e  i t e r a t i o n s )  

do n o t  ch an ge  s i g n i f i c a n t l y ;  f o r  e x a m p le ,  i f  t h e  c o n d i t i o n :

max I Pr 4T( j | *  ) -  р г (-) |* ) i < e

i s  s a t i s f i e d ,  where e i s  s m a l l  p o s i t i v e  number.

T h en , u s i n g  o b t a i n e d  e s t i m a t e s ,  th e  a s s ig n m e n t  o f  a l l  o b s e r -

v a t i o n s  t o  t h e  c l a s s e s ,  i s  p e r fo r m e d .  To s o l v e  t h i s ,  t h e  f o l l o w -

i n g  a l t e r n a t i v e  c o n d i t i o n s  may be p r o p o s e d :

t h e  i t h  o b j e c t  ( t h a t  i s ,  t h e  o b s e r v a t i o n  z ^  i s  a s s i g n e d  t o  

t h e  j t h  c l a s s ,  i f :

a )  Pr ( j | z . )   ̂ max Pr ( l | *  ) ,  o r :

1 1 1

b )  d^j =• min d [ 1 (  w here d [ L = ( * i  -  £ [ ) '  ( £ * )  ( z . -  £ * ) .

I t  i s  e a s y  t o  jh o w ,  t h a t  t h e  c o n d i t i o n  b i s  t h e  p a r t i c u l a r



c a s e  o f  t h e  c o n d i t i o n  a ,  i f  t h e  e q u a l i t y  o f  c o v a r ia n c e  m a t r i c e s  

and t h e  e q u a l i t y  o f  m ix in g  p a r a m e te r s  f o r  e a c h  compoirent o f  t h e  

m ix tu r e  a r e  assum ed.

4. DETERMINING HOMOGENOUS CLASSES OF HYPERF.LLIPSOIDAL SHAPE 

BY THE DISTRIBUTION-FREE METHOD

To d e t e r m in e  su ch  homogenous c l a s s e s ,  w hich  c o r r e s p o n d  t o  

e q u i p r o b a b i l i t y  c o n t o u r s  o f  m u l t i v a r i a t e  norm al d i s t r i b u t i o n s ,  a 

d i s t r i b u t i o n - f r e e  method may be u s e d .  T h is  method i s  b a s e d  on t h e  

m in i m iz a t io n  o f  t h e  f o l l o w i n g  f u n c t i o n :

whe r e :

f . .  -  s o  c a l l e d  d e g r e e  o f  b e l o n g i n g n e s s  o f  t h e  i t h  o b s e r v a -
* J *

t i o n  t o  t h e  j t h  c l a s s ,

d^j -  d i s t a n c e  o f  t h e  i t h  o b s e r v a t i o n  t o  t h e  j t h  c l a s s ,  i t  

i s  e q u a l  t o :

d i j = ( * i  -  v j y  Hj ( * i  -  V '

where ;

and Mj are  r e s p e c t i v e l y  (m + 1 ) -  d im e n s io n a l  v e c t o r  and  

p o s i t i v e  d e f i n i t e  (m + 1) x (m + 1 ) m a t r i x ,  d e s c r i b i n g  s i z e  and  

sh ape o f  t h e  j t h  c l a s s .

The f u n c t i o n  L i s  l i n e a r  w i t h  r e s p e c t  t o  fT ( j  = 1 ,  . . . ,  

K) ,  s o  t h e  minimum o f  t h i s  f u n c t i o n  d o es  n o t  e x i s t ,  s i n c e  we can  

a lw a y s  change fT i n  su ch  a way ,  t h a t  t h e  d e c r e a s e  o f  L i s  ob-

t a i n e d .  Thus a d d i t i o n a l  c o n d i t i o n s  are  i n t r o d u c e d .  Th ere  a r e  t h e  

f o l l o w i n g :

|M. |  “ Г . ,  r .  >  0 ,  j  =» 1 , К

\  3 3 3 \
К

E  f n  * ь  i  - 1 , . . . ,  n
j -1 13

So f i n a l l y  we m in im iz e  th e  f u n c t i o n :



n К

L 0 5  jS fij (Zi' Vj)< HjUi~ Vj)" S  Xi ’

к
T

J
t  » )  C H j l  -  r j )

where X1 , X2 , X[n, u 1 , m2 , . uR a r e  L agrange m u l t i p l i e r s .

\

A ls o  i n  t h i s  c a s e  e x tr e m e  v a l u e s  may be o b t a i n e d  by means o f  

n u m e r ic a l  m e th o d s .  I t  i s  im p lem en te d  by t h e  f o l l o w i n g  i t e r a t i v e  

a l g o r i t h m  ( s e e  [ 3 ] ) «

1 . I n i t i a l  v a l u e s  o f  d e g r e e s  o f  b e l o n g i n g n e s s  f®^ ( i  “ 1 , 

. . . ,  n ;  j  ■ 1 , K) ,  a s  w e l l  a s  p o s i t i v e  numbers r 1 , r 2 , . . . ,

rK a r e  c h o se n  ( I n  any w a y ) .  They have  t o  s a t i s f y  th e  c o n d i t i o n s :

a )  0 <  f^ j  <  1 , i  “ 1 , . . .  , n ; j « 1 , . . . ,  К

K n
b )  E  « и “ 1 » i  -  1 , . . . .  n 

j - t  13

2 .  In  t h e  1 th  s t e p  ( l  =* 1 ,  2 ,  . . . )  o f  t h e  i t e r a t i v e  p r o c e d u -

r e ,  i t  i s  t o  d e t e r m in e :

a )  t h e  v a l u e s  d e s c r i b i n g  s i z e  and sh ap e  o f  c l a s s e s ,  u s i n g  

fo r m u la s  ( j  = 1 ,  . . . ,  K) :

1 _ 1=1 v  

1 I ,

i j ) ’

1

- i  - C-jl-il] ^ T ( - i > - ’

!
b )  t h e  d i s t a n c e s  o f  t h e  o b j e c t s  t o  e a c h  c l a s s ,  u s i n g  fo rm u la ;



c )  new v a l u e s  o f  d e g r e e s  o f  b e l o n g i n g n e s s ,  f o r  e a c h  o b j e c t ,  

a c c o r d in g  t o  t h e  r u l e :

-  i f  su ch  к e x i s t s ,  t h a t  d*k = 0 , t h e n :

0 j f  к

1 j  = к

j - • • • f K;

*

-  i f  f o r  ea c h  k ,  d | k ý  0 , t h e n :

j “ • • • I K.

3. The i t e r a t i v e  p r o c e d u r e  i s  c o n t in u e d  u n t i l l  t h e  v a l u e s  o f  

d e g r e e s  o f  b e l o n g i n g n e s s  do n o t  change s i g n i f i c a n t l y ,  f o r  e x -

am p le ,  i f  th e  c o n d i t i o n :

i s  s a t i s f i e d ,  where e i s  a s m a l l  p o s i t i v e  number.

S i m i l a r l y  as  f o r  t h e  maximum l i k e l i h o o d  m ethod , t h e  a s s i g n -  

n e n t  o f  o b j e c t s  t o  c l a s s e s  i s  made. To s o l v e  t h i s ,  t h e  f o l l o w i n g  

c o n d i t i o n  i s  u se d :

t h e  i t h  o b j e c t  ( t h a t  i s ,  t h e  o b s e r v a t i o n  2 ^) i s  a s s i g n e d  t o  

t u e  j t h  c l a s s ,  i f :

As an i l l u s t r a t i o n  o f  d e s c r i b e d  m eth o d s ,  f o u r  examjPles w i l l  

be p r e s e n t e d ,  i n  a l l  e x a m p le s  t h e  s e t  o f  o b j e c t s  i s  h e t e r o g e n o u s  

and s e v e r a l  homogenous s u b s e t s  o f  t h i s  s e t  can be d i s t i n g u i s h e d .

max I f f t 1 -  f f  J  < £ 
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5. EXAMPLES



To make a g r a p h ic  p r e s e n t a t i o n  o f  exam'ples p o s s i b l e ,  m * 1 was 

assum ed. In e a c h  exam p le  t h e  homogenous c l a s s e s  w ere  d e te r m in e d  

by means o f  b o th  d e s c r i b e d  m eth o d s .  The number o f  c l a s s e s  was 

known and f i x e d .  For a l l  e x a m p le s  t h e  same c l a s s i f i c a t i o n s  w ere  

o b t a i n e d  f o r  b o th  m e th o d s ,  t h a t  i s ,  t h e  maximum l i k e l i h o o d  me-

th o d  and t h e  d i s t r i b u t i o n - f r e e  m ethod . Then f o r  e a c h  homogenous  

c l a s s  t h e  l i n e a r  r e g r e s s i o n  f u n c t i o n  was d e t e r m in e d .  To make com-

p a r i s o n s ,  l i n e a r  r e g r e s s i o n  f u n c t i o n  f o r  t h e  w h o le  s e t  o f  o b j e c t s  

was a l s o  d e t e r m in e d .  For e a c h  r e g r e s s i o n  f u n c t i o n  t h e  d e t e r m in a -

t i o n  c o e f f i c i e n t s  w ere  c a l c u l a t e d .  They m easu re  t h e  g o o d n e s s - o f -  

- f i t  o f  e a c h  r e g r e s s i o n  f u n c t i o n .  The r e s u l t s  a r e  p r e s e n t e d  b e -

low and on t h e  F i g u r e s  1 ,  2 , 3  and 4 .  T h ese  F ig u r e s  1 -4  c o n -

t a i n  t h e  o b s e r v a t i o n s  ( t h e  t w o - d im e n s io n a l  p o i n t s  c o r r e s p o n d in g  

t o  t h e  o b s e r v a t i o n s  a r e  numbered by i n t e g e r  n u m b e r s ) and t h e  r e -

g r e s s i o n  l i n e s .

E x a m p l e  1,  n = 35,  K = 3 .

The c l a s s i f i c a t i o n  i s  a s  f o l l o w s :  

c l a s s  1: o b j e c t s  1- 10 , 

c l a s s  2 :  o b j e c t s  1 1 - 2 5 ,  

c l a s s  3: o b j e c t s  2 6 - 3 5 .

R e g r e s s i o n  f u n c t i o n s  and d e t e r m i n a t i o n  c o e f f i c i e n t s  f o r  e a c h  

c l a s s :

Y1 = 1 .9 4 2 3  X + 5 . 8 0 7 7 ,  R2 = 0 .8 2 4 3

Y2 = 0 . 9 7 4 7  X -  1 . 1 9 1 0 ,  R2 = 0 .9 6 2 2

YJ = 0 .4 9 0 5  X -  3 . 9 1 9 2 ,  R2 = 0 . 9 3 0 8

ł

and f o r  w h o le  s e t  o f  o b j e c t s :

Y = - 0 . 5 1 9 6  X + 1 1 . 8 0 9 3 ,  R2 = 0 .2 7 7 4

E x a m p l e  2 ,  N = 5 0 ,  К = 2 .

The c l a s s i f i c a t i o n  i s  a s  f o l l o w s :

c l a s s  1: o b j e c t s  1 - 1 2 ,  1 4 - 2 3 ,  39 ,  

c l a s s  2: o b j e c t s  13 ,  2 4 - 3 8 ,  4 0 - 5 0 .

R e g r e s s i o n  f u n c t i o n s  and d e t e r m i n a t i o n  c o e f f i c i e n t s  f o r  e a c h  

c l a s s :



У1 -  1 .1 2 4 2  X -  1 . 1 5 5 3 ,  R2 ■ 0 .9 4 6 8

У2 « - 1 . 1 8 8 7  X + 2 3 . 1 3 8 8 ,  R2 -  0 .9 0 5 6  

and f o r  w h o le  s e t  o f  o b j e c t s :

Y -  0 .0 7 0 6  X + 1 0 . 0 3 5 1 ,  R2 = 0 .0 0 3 4

E x a m p l e  3 ,  n *= 4 0 ,  К * 2.

The c l a s s i f i c a t i o n  i s  a s  f o l l o w s :  

c l a s s  1 s o b j e c t s  1 - 1 8 ,  

c l a s s  2 :  o b j e c t s  1 9 - 4 0 .

R e g r e s s i o n  f u n c t i o n s  and d e t e r m i n a t i o n  c o e f f i c i e n t s  f o r  ea c h  

c l a s s :

Y1 =* 1 .0 0 2 4  X -  0 . 6 0 3 4 ,  R2 = 0 .9 4 6 8

Y2 -  - 0 . 7 3 3 0  X + 1 7 . 0 6 8 0 ,  R̂  = 0 .6681  

and f o r  t h e  w h o le  s e t  o f  o b j e c t s :
I

Y = 0 .0 5 6 5  X + 5 . 7 1 1 6 ,  R2 = 0 .0 1 1 0

E x a m p l e  4 ,  n =  2 4 ,  К = 2 .

The c l a s s i f i c a t i o n  i s  a s  f o l l o w s :  

c l a s s  1 ; o b j e c t s  1- 12 , 

c l a s s  2: o b j e c t s  13-24 .

R e g r e s s i o n  f u n c t i o n s  and d e t e r m i n a t i o n  c o e f f i c i e n t s  f o r  ea c h  

c l a s s :

* * 1 ■ 2
Y = 2 .2 1 6 1  X + 0 . 5 7 9 3 ,  R* = 0 .6931

Y2 = 0 .4 6 2 3  X + 3 . 1 2 6 1 ,  R2 = 0 .7 7 9 5

and f o r  t h e  w h o le  s e t  o f  . o b j e c t s :
I

Y = - 0 . 0 7 3 6  X + 1 1 . 0 2 3 8 ,  R2 = 0 .0 0 5 3

In t h e s e  ex a m p le s  i t  i s  e a s y  t o  s e e  t h e  u s e f u l n e s s  o f  b o th  

m ethods t o  d e t e r m in e  th e  homogenous c l a s s e s  o f  h y p e r e l l i p s o i d a l  

s h a p e . ' Due t o  d e t e r m in in g  l i n e a r  r e g r e s s i o n s  f o r  e a c h  c l a s s  s e -

p a r a t e l y ,  c o n s i d e r a b l e  im provem ent o f  g o o d n e s s - o f - f i t  i s  a c h i e v -

e d .



F ig .  1. O b se rv a t ion s  and r e g r e s s i o n  l i n e s  f o r  example 1 F ig .  2 . O b se rv a t io n s  and r e g r e s s i o n  l i n e s  f o r  ехазц>1е 2
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F ig .  3. O b se rv a t io n s  and r e g r e s s i o n  l i n e s  f o r  example 3
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F ig .  4. O b se rv a t io n s  and r e g r e s s i o n  l i n e s  f o r  ex an p le  4
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UWAGI 0 ANALIZIE REGRESJI 

W PRZYPADKU NIEJEDNORODNEGO ZBIORU OBIEKTÓW

W a r ty k u le  p r e z e n tu je  s i ę  m etodolog ie  badań s t a ty s ty c z n y c h  w rozum ieniu  

a n a l i z y  r e g r e s j i  d la  p rzy pad ku ,  gdy z b ió r  ob iek tów , będących przedmiotem ba-

d a n ia ,  n ie  j e s t  jedn o ro dn y .  P roponu je  s i e  dwie metody pozw ala jące  o k r e ś l i ć  

homogeniczne k la s y  o h ip e r e l ip s o id a ln y m  k s z t a ł c i e .  W szystk ie  rozw ażania  sa  i -  

lu s trow ane  cz te rem a p rzyk ładam i.


