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ON THE EFF IC IEN C Y  OF WEIGHTED LEAST SQUARES ESTIMATORS 

IN  THE CASE OF A GENERAL LINEAR MOOEL

1. In tro d u c t io n

The concept o f " e f f i c i e n t  e s tim a te s  (e s t im a to r s ) “ woo in t r o ­

duced by R. F i s h e r  ( c f .  [ 3 ] )  fo r  denoting  co n s ia te n t a- 

s y m p to t lc a lly  normal (CAN ) e s t im a to rs  w ith  the a s y m p to t ic a lly  mi­

n im al v a r ia n c e .

F is h o r 's  reason ing  co n s is ted  in  showing th a t

a )  i f  0 i s  the maximum lik e l ih o o d  e s tim a to r  (M LE) of the 

param eter e . then under the fo llo w in g  r e g u la r i t y  c o n d it io n s . 

a t ) the d e n s ity  fu n c tio n  f y (y ,  6 ) of the d is t r ib u t io n  fu n c tio n  F y 

of a random v a r ia b le  Y i s  tw o-fo ld  d if f e r o n t io b le  in  0 . 

a2) the fu n c tio n  £  log fyC y . ^  “  u n ifo rm ly  continuous in  y

the q u a n t i t y ^  ( 8 (n ) - 6 ) has a s y m p to t ic a lly  norma ̂ d i s t r ib u t io n

w ith  the param eters (0 ,  I  1 whore 1 (6 )  “  8 [ f ^  30 ] donoto°

an in fo rm atio n  q u a n t ity  g iven  by a eample about 0 . and E denotes

an e x p e c ta t io n  o p e ra to r .

b ) i f  { T ( n ) J  denotes a sequenco o f a s y m p to t ic a lly  normal e-

a tlm a te s , then

lira  ( T (n ) - e » 2 > i " 1^ ) .  e « R1,

n-wo

where R1 is  the sa t  of r e a l numbers.

* D r. f L e c tu re r  a t the In s t i t u t e  of Econom etrics and S ta-

' “ ' A V i . X r ' S i i ï . S " « * ' “ 4; - .  In s t i t u t e  o f E c .n o . . « r l= .  and S t .-  

t i s t i c a ,  U n iv e r s i t y  of Łódź.



I f  (a )  and (b )  bo ld , then the MLC 0/ > should bo considerud
\n)

os tho best a s y m p to t ic a lly  normal (BAN ) e s t im a to rs  in  tho c la s s  

of a l l  a s y m p to t ic a lly  normal e s t im a to rs .

U n fo r tu n a te ly , thero are  no e s tim a to rs  w ith  the m inim al va ­

r ia n c e . I t  ro s u lto  from tho fo llo w in g  f a c t s .  Lot |T ( n ) }  b® any 

scquenco of e s t im a to rs  and the v a r ia b le  V n ( T ^  - 9 )  be aeym- 

p t o t l c o l l y  normal w ith  tho param eters (0 ,  <S" (0 )). Le t ci2(0 o ) *

* 0 bo fo r  tho f ix ed  va lu o  of 0Q. Fo r

(1) f (n)

T(n )  l f  l T (n> - 8o l > "  4 •

1

s „  t f  l T (n )  - 8« l  ‘  ^  ■

one can chock th a t the sequonce of V n i f ^ -  0 )  i s  oeym ptotic- 

a l l y  normal w ith  the param eters (0 ,3 2 ( 0 ) ) ,  where

32(0 )  - d2(0 ) i f  0 4 0O,

o>2(0 )  - 0 < d2 (0 ) i f  0 - 0 , 
o o

Using the above way of e s t im a to r  Improvement fo r  the ML es­

tim a to rs  in  the r e g u la r i t y  case , one can co n s tru c t a sequence 

| l ( n ) |  a s y m p to t ic a lly  normal e s t im a to rs  such that

(2 )  . lim  fe0 (VnXT(n ) - 0 ) ) 2 < I~ * ( 0 ) ,

n-K»

and, fo r  8ono 9 t oven

(2 a ) lim  t e (V n (T (n )  - 0 ) ) 2 < r a ( 0 ) .

r.+oo

The e s tim a to rs  j T ^ j t h a t  f u l f i l  (2 )  and/or (2 a ) fo r  0 e 0 

a re  c a l le d  s u p e re f f ic ie n t  fo r  convex lo s s  fu n c tio n s  and these 0 

fo r  which (2 o ) ho lds a re  c o lle d  s u p e re f f lc ie n c y  p o in ts .

The f i r s t  known to us improvomont of the type ( l )  was p resen ­

ted by 3. H o d g e s  ( c f .  [ 7 ] )  and i t  was concerned w ith  the 

ca&a when Y  ̂ , . . . ,  Yn , . . . ,  were i . i . d .  normal v a r ia b le s  w ith  

v a r  (y ^ ) = 1 ,  Q s  R , and



^ (n )

e,7(n ) l f  ,V\ n ) l  < r," 1 /4 ' |0 ,1 < 1 '

Y (n> t f  l 7 (n ) l  > n‘ 1/4* 9 (n )  10 th0 ML"  0f e'

«here ^ (n ) is  a u p c r e f f lc le n t  a t 6 * 0 .

Theso now fa c to  have s tlm u lc tn d  nonds fo r  m o d if ic a t io n s  of

F is h e r 's  d e f in i t io n  of e f f i c ie n c y .

We r e c a l l  the fo llo w in g  m o d if ic a t io n s :

ml) an oo tim ato r T (n ) is  so ld  to bo a s y m p to t ic a lly  e f f i c i e n t  

fo r  a p a ram etr ic  fu n c tio n  g (0 ) i f f :

Urn i ( T (n )) -  9( 8 ) .  lim  |v a r  ( T ( n ))-  ° '

n-»oo n+oo

u n less  *< T ( n )* v a r  ( T (n p  do not ®x i9 t l
m2 ) a fam ily  of e s t im a to rs  0£ lo  so ld  to be w£ - asym pto ti­

c a l l y  e f f i c i e n t  w ith in  the sub3pace K c  0 e  R1 (a s y m p to t ic a lly  

e f f i c i e n t  w ith  resp ect to (w ( J )  I f  f ° r “ och non-void op>in i.ot

K c  K tho fo llo w in g  r e la t io n  
o

(3 )  lim  [ in f  sup B(eC) wt (T£-0) - sup i lQ£) w£ (§ £ - 8 ) ]  - 0 .

£+0 "t £ 0«Ko 9«Kq

h o ld s , where T£ is  any e s t im a to r , ond E i s  equa l fo r  example

m3) a c o n s is te n t  e s tim a to r  of 0 i s  sa id  to bo f i r s t  o r ­

der e f f i c i e n t  ( f . o . e . )  i f f

(4 )  lim  V«? | T , v - 9 - a ( 6 ) * n I ■ 0»

П-+00

In  p r o b a b i l i t y ,  where a  does not depend on o b se rva t io n s  and

• • * • ’ - ... • ? > . . . .
L alog f y (yj0>

zn “  n --- W  ‘

A l l  p resen ted  d e f in i t io n s  of e f f i c ie n c y  ere  q u a l i t a t iv e  in  

natu re  and d ea l w ith  the asym p to tic  behaviour of estim ato r® . They 

can be g e n e ra liz e d  in to  the case of 0 с R , R being the Eu-



tfiatdyatitw Milo. 2ttl(?iiow Wasilovoki

c lid s a n  ppaco w ith  the dim ension k , by in c lu d in g  o i l  the r o e t r i-  

c t io n o  im p lied  by the n u lt i- d im o n e io n a llty  of the considered  pro­

blems. Though the whole asym p to tics  of e f f i c ie n c y  is  lnd ispens-  

b io  (botl> in  K1 nnd R*1,) «a e brckground knowlodgo fo r  sm all sam­

p le  a n a ly s is  o f e f f i c ie n c y ,  in  p r a c t ic e  we nood some measures of 

e f f i c ie n c y  fo r  sm a ll »am ple», and tho knowledge how they behave 

in  dependence on changes of assum ptions which u n d e r lie  tho mo-

d,>J. g enera tin g  the o b se rva tio n s  Y.

Tho purpose of th is  paper i s  to p resen t one o f p o s s ib le  

ways 6f measuring the e f f ic ie n c y  and to ona lyza  sqme p ro p e rt ­

ie s  of the p resented  ¡¿»term inantal e f f ic ie n c y  measure.

In  S 2 we prosont on a n a ly s is  of the p ro p e r t ie s  of weight»- 

ed e s tim a to rs  in  the c«*»e o f a g en e ra l l in e a r  model.

In  § 3 wa p resen t a d e te rm in a n ta l e f f i c ie n c y  measure and 

prove th a t i t s  range belongs to < 0 ,1  > c r | ,

In  S 4 wo d e r iv e  lower bounds of the d e te rm in a n ta l e f f i c i e ­

ncy measure.

2. Some P ro p e r t ie s  of Weighted E s tim a to rs  

in  the Case of a G en e ra l L in e a r  Model

By a g en e ra l l in e a r  model we understand the fo llo w in g  modelt

« ( * " , k , S ,Y  - X(J + S ,  k0 - k,n0 - n, 9y  - Jfy ( X(3, a ) ) ,

wherat •

r 1Xi- - the se t  of nxk r e a l m a tr ic e s ,

S - a p r o b a b i l i t y  space, & - ( t l ,  * F , 9 ) ,

U  - a se t of e lem en tary  e v e n ts ,

'¡F - tho tf- e o re l f i e ld  of It  su b se ts ,

9  - a  complete p r o b a b i l i t y  measure,

X/J - 8 (Y ) ,  0 « A ( Y )  .  fc(Y - tt(Y )) ( Y - f c ( y ) ) # - *> ( s ) ,

X e Rnxk, ft 6 f t* ,

" 9., - Ji*r ( Xf3, n ) “ = “ the p r o b a b i l i t y  d is t r ib u t io n  of Y is  n- 

••dirsanoional normal d is t r ib u t io n  w ith  ? ( Y )  • X|3, & (Y )  ■ n  • d 20*.

One of the p o s s ib le  e s t im a tio n  q u a l i t y  fu n c t io n a ls  fo r  the 

modal i s  of the form



( 5 )  (p - | i i ‘ 1/2 (Y  - X ( 3 ) J  2 .

where | • || denotes E u c lid e a n  norm in  R1’.

About n  vre assume fu r th e r

A l )  n  ie  n on s in g u la r p o s it iv e  d e f in i t e  r e n l m a tr ix , i . e .

a  « Rnxn. det n  * 0.

By co n ve x ity  of <p and (A l )  I t  is  easy to f in d  tbots

( 6 )  erg mln | i l ' 1/2 (Y  - x p ) |2 - D - (x 'f l  “ 1X ) ’ 1 x ' a " XY
(3

and by the d e f in i t io n  of Y and assumptions of we 9et

(7) A ( i )  - (x'rf’x)'1 x'a"1j&( Y)n~1x(x'a"lx)'’ - ( x ' a ’ x)*1 

Denoting

L - ( x ' n “ 1x ) " 1x 'n " 1< L% - L ♦ C. C « Rkxn

we have

(8 )  B - LY,

fo r  tha n-w eigh ted  le a s t- sq u a re s  (a-V ILS) e s t im a to r , and

(B a )  ^  - L1Y,

fo r  any o th e r  weighted le a 3 t squares es tim a to r.

To be unbiased the e s tim a to r  must f u l f i l  £ (8 ^ )»  L^X(3 ■

■ (3, I . e .  L^X ■ l ( j ( )* The la s t  r e la t io n  ho lds i f f  CX ■ 0. By 

the la s t  o o n d itlo n  the e s t im a to r  B^ can be w r it t e n  as

(8 b )  B4 - (1 ♦ L j S .

By (8 b ) end the p ro p e r t ie s  o f the d is p e rs io n  o p e ra to r Si we

heve

£  (&:l) m U j f t  ^  -  L A I . '  ♦ L A C '  ♦ C f t L '  * C f l C ' .

S in c e  L A C *  - ( X ' i T ^ r V  - ( X ' o " 1X )“ 1X 'C '# then by CX -

■ 0 we o b ta in



L ftC  « 0, m d by the same orgumonts C f t L '  » 0.

Thus

(9 )  ¿ ( S j )  » I f l L *  ♦ C i lC ' .

By (7 ) and (9 )  we ob ta in  

U o>  A (6 ^  - JB (6 ) - C A C '.

By. ( A l )  and p ro p e rt ie s  of Grom m a tr ic e s , the m atrix  C n C ' I s

a ls o  p o s it iv e  d e f in i t e  i f f  rank C » rank X ■ k .
o

We have proved th e re fo re

T h e o r e m  1. Under the model JCtll ln  , the l in e a r  e s t i ­

mator is  o f f i c io n t  in  the aenso th a t any o th e r l in e a r  e e tlm a to r 

Ba ■ (L  ♦ C )Y  has the d is p e rs io n  m atrix  S K & j) d e fin ed  by (9 )  and 

such that A (B ^ )> A (D ), i . e .  4 (6^ ) — A (B )  i s  a p o s it iv e  d e f in i t e  

m a tr ix . ♦

The e s t im a to r  B is  the fl-VVLS e s t im a to r  w ith  the w eight ma­

t r ix  f t .  I t  can be used o n ly  i f  t h is  m atrix  i s  e x a c t ly  known 

in  p r a c t ic e .  In  most p r a c t ic a l  s i tu a t io n s  we do not know the 

m atrix  but i t 3  approx im ation , i . e .  the m atrix  a ^ g • where £ 

rung the in d ic e s  of e s t im a to rs  of a u to c o r re la t io n  c o e f f ic ie n t s  

of g , and 5 runs the in d ic e s  of a u to c o r re la t io n  schemes. The 

concrete  form offt^g depends on the assumed a u to c o r re la t io n  sche­

mes about the components of the v e c to r  2 as w e ll as e s t im a tio n  

methods fo r ’ the a u to c o r re la t io n  c o e f f ic ie n t  £ in  a s p e c if ie d  

a u to c o r re la t io n  schema. The most o ften  used schemes in  p r a c t i ­

c a l econom etric end s t a t i s t i c a l  a p p lic a t io n s  a re  as fo llo w s :

- f i r s t  o rd er a u to re g re s s iv e  schemes,

- second order a u to re g re s s iv e  schemes,

- fo u rth  o rd er a u to re g re s s iv e  schemes ( fo r  a q u a r t e r ly  data  ),

- f i r s t  o rder m oving-average scheme,

- combining a u to re g re s s iv e  moving-average scheme.

The above mentioned types o f schemes, as w e l l  as o th e r  sche- 

m'js, form the f i r s t  c r i t o r lo n  of the d i f f e r e n t ia t io n  of fta . The 

secord c r i t e r io n  i s  formed by d i f f e r e n t  types of e s t im a tio n  me­

thods fo r  the a u to c o r re la t io n  c o e f f ic ie n t  £ ,  i . e .  fo r  example, 

the fo llo w in g  e s t im a to rs !



a ) the sample f i r s t  o rd er a u to c o rre la t io n  c o e f f ic ie n t  (o r  the 

cample c o r r e la t io n  between the su cce ss ive  r e s id u a ls )

X !  E t E t- l
A .  ----------

1 A  ?
52 E 2 
t-1

where 3 (u n o b se rvab le ) were rop laced  by tho LS re e ld u a la  E^ ■

• Yt - X* p , x ; - (X t l ........... X t k ). B - ( X ' X ) " V y ,  t - 1,...,
n - lT ' n'j

b ) T h e l l 's  m o d if lco t io n  of £ j, j

n

(n-k) E  E E

A* t*2  1
P I  “  n '

(n-1) Ë  e2 
t - l  r

c ) the e s t im a to r

n n

? !  ■ 1 - Ï-  d ■ Z ( E .  - S J - / Z  
t«2  t - l

d) T h e ll^ s- N a g a r 's  m o d if ic a tio n  of i . e .

- * .  f  k* 

f l  "  n2 - k2

e) Dent's adjustment of Thell-Negar estimator

ex u)*

u „ .s — ~2 Гk2 — ~  (m - U1 • * " (ł *
n2 -  kZ  L n -  к J n -  к



m - t r  [ ( X 'H X X X 'X ) " 1 ] ,

H is  tho m atrix  from an approxim ation  of the invars©  of d2F «

■ A , i . e .  H t F " 1 ■ (1 H.

Gxcopt fo r  v o ry  r e s t r i c t i v e  coses th e re  is  no s u f f ic ie n t  

knowledge about behaviour of tho b iaa- ro b u stn ess , mean square 

o r ro r  (M SE l- ro b ustness , e f f i c ie n c y  robustness o f Aag-WLS e s t i ­

mators on the changes of assum ptions dof ln in g  fo r  each known 

( c x ,5 ) .  Th ie  c a l l s  fo r  e x ten s ive  s tu d ie s  on num orica l s im u la tio n  

rob ustness. In  th ie  p ap er, however, we w i l l  not qnalyze the
*

problems of s tudying  rob ustness. In s tea d  o f t h is  we w i l l  study 

oome p ro p e r t ie s  of ft^g-WLS e s t im a to r  w ith  resp ec t to  ft-WLS- 

-o e tim a to r. One of such p ro p e r t ie s  concerns tho co n d it io n s  o f e- 

q u a l l t y  of d is p e rs io n  m a tr ice s  of A ^ - W L S E  and A-W LSE, i . e .  

fo r  d is p e rs io n  o f Y , B ■ 6 ( a ) »

• ( X '  n “ 1X ) “ 1X ' Fo r the b r e v it y  of n o ta t io n  v*e denote a *

- (-yv 5 ), A ^  - Qq, .

By (7 )  and the p ro p e r t ie s  o f the o p e ra to r it we have

■6(8^) • ( X ' û ' ^ ^ X ' û ^ û û ^ X ' n ^ X ) 'JîiO q ,; • i *  A 11 a  u  “ a  * VA i 1” 1“ ' “ 1

and

U r l* ( B )  - (X * a _1 x )

We s h a l l  f i x  the co n d it io n s  of e q u a l i t y  J6 ( B q, ) » A ( B ). Such con­

d it io n s  are  g iven  in

T h e o r e m  2. If .

a ) i l  i l  q j  — ^ot ̂  i

b) V I s  the m atrix  o f the a igen  v e c to rs  of û a  and A , I . e .  

V 'V  * W '  - I ;

c )  V «  RnXK is  of the form V ■ ( v  - ♦ V . » . , v  . ♦
O , O • JL # fl • Iv

♦ v  . « )  whpre v  . ( i  - 1, n ) le  the i- th  column o f V and

v ; v o ■ « e u -  w i  • « i n ) 1
d ) the m atrix  X s a t i s f i e s ,  ‘ a l t e r n a t i v e ly ,  one o f the f o l ­

low ing c o n d it io n s ]

d l )  X - Vo ,

L  y  L

d3 ) X - VQG, G 'G  - GG' - I ( k ) , G « R*XKî

® L v|/
d2) X » V G, det G * O, G « R



than

(11 ) A ( B W) - A ( B ) .  ♦

To prove t h is  theorem one needs to use co n d it io n s  ( a ) - ( d ) ,  

the p ro p e r t ie s  o f symmetry, p o s it iv e  d e f in ite n e s s  of fta , ft, the ­

orem of S t o l l  ond W o n g  [6 ,  p . 227] ond the r e s u l t ­

ing fe c te  th a t f tV  • VA, ft '^ V  ■ V A V i l  1 » A , f lav  *

• VF , fta *v  "  VF” 1 « v # f ta *  “  F ” l v * »»her# A ,  F aro the d iago ­

n a l m atrices  of e ig e n va lu es  of U and f t« , and A , F a re  

the e ig e n va lu es  m atrlcoo fo r  f t ” '  and ft^  . A d e ta ile d  proof i s  

g iven  in  the work [ 5 ] .

Another t r i v i a l  a lt u e t io n  when JB (6 a ) - JJ(6 ) h o ld s , la  d e te r ­

mined by the co n d it io n  f t a *  ft, i . e .  then ( X ' f t  1X ) X ft ftft

x ( x ' f t “ 1x ) " 1 - ( x ' f t “ 1x )“ 1.

3. A P e te c y ln a n ta l E f f i c i e n c y  Measure

We r e c a l l  th a t the most e f f i c i e n t  e s tim a to r  In  the co3e of 

<JTcUA la  the e s t im a to r  3 • B< ft)ond any o th e r  e s tim a to r In c lu d in g  

B tt i s  le s s  e f f i c i e n t .  In  o rd er to a r r iv e  a t  t h le  co n c lu s io n  we 

rep resen t the m atrix  n a  as f t a - ft ♦ A, I t  1» easy to  f in d  th a t

( f t *  A )’ 1 - f t " 1 - f t ” 1 ( f t “ 1 ♦ A "1 ) “ 1«,” 1 - ft“ 1 - G,

where G • f t "1 ( f t "1 ♦ A- 1 ) " 1 f t “ 1 .

By d e f in i t io n  of B we now have

B a - ( x #( f t -1 - G )x )“ 1x '( f t “ 1 - G )Y ,

end s in ce

( x ' i f t “ 1 - O x ) “ 1 - ( x '  ft-1x - X 'G X )“ 1 - ( x 'a “ 1x ) " 1 - 

- (X # f t ” 1X ) " 1 [ ( X '  f t ^ x ) “ 1 - (X 'G X ) " 1] “ 1 ( X ' f t ^ X ) “ 1 , 

x '(ft-1 - G )Y  - X ' f t ' V  - X 'G Y ,



th e re fo re

(12 ) Da  ■ ( L ♦ C)Y

(1 3 ) L - ( X # A * ł X )“ V  f t " 1

(1 3 a ) C - - ( x ' n " 1X ) “ 1X 'G  - ( X ' f t " 1X ) " 1 [ ( X '  f t ’ 1X ) " 1 -

- ( X ' C X )“ 1 ] “ 1 ( X ' f t ' 1X ) “ 1 ( X ' f t " 1 - X ' G ) .

By (12 ) and Thoorem 1 we o b ta in  th a t * ( B a ) > & (§ ), i . e .  6 i e 

leoa  e f f i c i e n t  than B. Fo r f ix e d  f i n i t e  «ample s iz e s  (e s p e c ia l ly  

sm a ll sample s iz e s )  I t  I s  v e ry  Im portant to havo a measure of 

e. f lc le n c y  of the g iven  e s t im a to r  . Such a moaeuro I s  de­

f ir ,  ad in

D e f i n i t i o n  1. The d e te rm ln an ta l e f f i c ie n c y  measu­

re of the e s tim a to r  6^  fo r  (3 in  <M<Mn Is  the q u o tien t o f the 

determ inant of the m atrix  A (B )  to  the determ inant of the m atrix  

£(8^), i . e .

/.here ^ B q, "  ( X , i y i a ) denotes the d e te rm ln a n ta l e f f i c ie n c y

measure o f B a  ae the fu n c tio n  o f X, A ,A a . ♦

Let us assume th a t t

A2) f t*  Is  n o n s in g u la r p o s it iv e  d e f in i t e  r e a l  m atrix  (rank  Aa-

- nQ s n ),

A3) f t f ta  - Aa  a  .

By ( a i ) ,  (A 2 ),  (A3) the f a c t s  th a t the in v e rs e  o f p o s it iv e  

d e f in i t e  m atrix  I s  a ls o  a p o s it iv e  d e f in i t e  m atrix  and the p ro ­

duct o f p o s it iv e  d e f in i t e  m a tr ice s  is  a ls o  a p o s it iv e  d e f in i t e  

m atrix  - ( f o r  p ro o fs  of t h is  statem ents see [ l ] ,  ch ap te rs  4 , 6 ) 

wo o b ta in  th a t

(1 5 ) A  , A a  a re  p o s it iv e  d e f in i t e  (p .d . )  r e a l  m a tr ic e s .

(1 4 )
Ч  • • ” в а (Х ’ Л , Л “ )

__________da t ^ U 'f l^ X )  ___  __

dot ( Х ' л ~ 1Х)  det ( X ' ^ f l f t j x )  '



(1 6 ) A  f l " 1 i s  p .d . m a tr ix , 

and by the p ro p e r t ie s  of Gram m otrlces

(1 7 ) X ' a “ *X . X* A ^ X ,  X 'A ” 1 f lA ^ X  ore p .d . m atrices.

By the p ro p e r t ie s  o f Gram determ inants wo get

*

(1 8 ) d e t (x 'A " ax )  > 0 , dot (x ' n ^ x )  > o , I x ' a ^ a a ^ x  |> 0 .

From (18 ) ond (1 4 ) we have th e re fo re

(1 9 )  > 0
Bot

and

(2 0 )  V- .  0 i f  det (X 'A -1X ) A 0, dot (X 'A "^ A A * ^ X ) 4 0,

det (X '  A ^ X )  - 0.

Fo r k < k , V i  ■ — eo the meoeuro makes no sense and
o 0

the re  a r i3 o s  a need fo r  m o d if ic a t io n s  - one of eoch m o d ifica ­

t io n s  can bo based on tak ing

V 6 a  ■ V r i l n ^  •

Now we e s ta b l is h  th a t  Vg < 1.

Because fo r  p o s it iv e  d e f in i t e  m atrix  the determ inant i s  oqual 

to the p roduct of i t e  p o s it iv e  e ig e n va lu e s , th e re fo re  by the 

f a c t  th a t JBXBqi) 5 & (B )  we coma to the con c lu s ion

(2 1 ) detteK&Qj)) > do t(X> (B )).

Hence e f f *  “ V* < l .
ot ot

We have proved the fo llo w in g  theorem.

T h e o r e m  3. Under the assum ptions of dfcttrt, ( A l ) ,  (A2) 

the range of the d e te rm ln an ta l e f f i c ie n c y  measure Vg is  the in ­

t e r v a l  < 0 ,1>.

N o te : I t  is  easy  to check th a t fo r  A a - A  , Vg * 1.

In  p r a c t ic e  i t  i s  worth knowing the va lu es  o f low er bounds of

Va  determ ined fo r  some t y p ic a l  a  » (y ,6 )  com binations of auto-
01



c o r r e la t io n  schencc and ostim o to rs  of /p. We d e r iv e  these 

bounds In  this nu;<t s e c t io n .

4. Lower Bounda of V*
—  ------------- ------------- ------- £a

Cno of the p o so lb le  ways of d e r iv in g  lower bounds of V*
0 ®0f

in  the C 8 6 o  of X ■ V , i . e .  X X »  cen k °doc* on *he

method of Lagrange m u lt ip l ie r s .  Let

% )ml m 2 ‘• "V o  '  ~ ( k )
(2 2 )  g - In  (V *  ) -1 - 2 t r  L ( v 'v rt - 21 ,-0 ,

whorei

In  ( Y a  ) _1 - In  d e t (V ' a -1V ) ♦ In  dot ( V '  f t*1A f l* 1V ) -
O O o or 01 o

- 2 In  det (V '  A “ XV ) 
o a  o

und L is  the upper t r ia n g u la r  m atrix  o f k (k + l)/2  of Lag range 'e  

m u lt ip l ie r » .  From (A l)- (A 3 )  I t  fo llo w s

(2 2a ) n a l n “ 1 "  a_1 . ^ A  - ft a ” 1 - H*1 ,

n ” l a a  "  * H» H "  H#*

( 22b ) ( n “ 1 A  (T *  ) A "1 - A^1 ( A “ 1 A  A ; 1 )  ,

( 22C ) ' ( A “ 1 A A ' J  )  A " 1 - Sl~J ( A ^ 1 A  A “ 1 ),

( ¿2d ) ( A ” aA A "a )H  - H (A "a* A  A " 1 ),

( A “ 1 A  Afl1) « 2 - H2 (A * 1 A  a 1̂1 ) ,

( 22e) (A ^ 1 A  A ^ J H '1 - H“ 1 ( A ^ 1 a  A ^ ) .

VSte can fo rm u late  now ■

T h e o r e m  4 . I f  V^VQ ■* 2 1 ^  and (2 2 a )- (2 2 e ) hold 

and the fu n c tio n  g i s  continuous tw ofo ld  d i f f a r e n t la b le ,  then

k

(2 3 ) in f  « „ » > ¡ 1  » X . i . 1  (l> J •

i- l

\



(24 ) . Vo , v ; v 0 - 2 I (k )

where 2H# ■ V'HV te the m atrix  of the form H - d iag  I h j ,

*  0 0  
h j ) .  ♦

P r o o f .  D i f f e r e n t ia t in g  g w ith  resp ect to X ond L ( c f .  

[ 4 ] .  p . 616) and p o tt in g  9g/dX - 0 and g/L - 0. where 0 deno­

tes  zero m a tr ix , wo have

(2 4a ) fta l f t A e v e ( v ; * ; 1 A r f * v e r 1 -

- a"'«4(vi ûe 4 ri - 2Vo(L + L#)‘ °*

(2 4 b ) v ;V o - 21 (k ) - ° .

P re m u lt ip ly in g  (2 4 a ) by v '  and using (24b) we have 

(2 4 c )  L ♦ L ' « 0

and hence

<2*d) 0' \  (v ;  .  л^‘ л п '* » 0 ( v ;  -

• 2na4(v;na4r‘-
P ra m u lt ip ly in g  (24d ) by Л а and using the d e f in i t io n  of H wo ob­

ta in

( 2 « )  » » д Л , ) - 1 ♦ H-‘ ye( v ;n ;1nn-M1v0r ‘  • » .< » ; < » e r ‘ .

P ro m u lt ip ly in g  (24e) by H and using the ru le s  o f the a d d it io n  

of the m a tr ice s  wo o b ta in

(2 4 0  H ^ C V ^ A - ^ ) * 1 - 2HV0 (V ;  Л * \ ) _1 ♦ Vfl( v ;  Л ^ П ^ Г ^ О .

From Theorem 2 and c o r o l la r y  1 (From [7 ] ,  § 6 .6 , p . 228) i t  

fo llo w s  th a t  m a tr ice s  H2 , H, a re  s im u ltan eo u s ly

d iag on a lizod  by the m atrix  VQ of the sem i-orthogonal transfo rm a­

t io n  V*. Hence, 
о

(249 ) A î t ^ i  - ^ (»?1 *



+ v!i(v^ n;lAft-« v!irl - o. i - 1.....k

and by v i r t u e  o f the theorem, th a t tho determ inant o f the d iago ­

n a l m atrix  is  equal to the product of i t s  main d iagon a l e lem ents

wo get
k

<vft  % ‘ v : , ) 2 ^ ;  n - 1 v » t )- ‘  ( v f a i  n o i S j r » .

X - l

Prem uH rlp ly ing  (24g) by v ^ C v ^  n “ I v ° 1) wo o b ta in  * •

(2 5 a ) > 2h " ( v ^  n - V ^ o '  ^ y ^ - 1  f

* ( v ° ;  o - y ^ v j ;  - o i . i .........k.

V/hen A o f th is  squarod-equation in  resp ect to h* la  g re a te r  than

0 , i . e .

4 ( v ° ; n  v p 2 ^ ;  n - ^ y . r 2 - e ^ ;  n - y ^ ;  * ? a < c y t r * x >

equation  (25a) has two ro o ts , d i f f e r e n t  from ze ro , tho sum of

then bning of the form

( 23b) „ *  .  hj 2 .  <v»; o - y t )  t v » ;  .

and t h e ir  p roduct has. tho form

< 250 .  J ( v » ;  n ’ V , )  < v °;  n ^ n r i- ^ v - ) “ .

Fron  (25b) and (25c) i t  fo llo w s  d i r e c t l y

< 2M ) c v ° ;  . ^ v ^ ) 2 ,  ( v ° ;  a - y p 2 ^  ♦ h*  r 2

(25  e) ( v f  OTj- - 2 ( y ° '  h ^ h * .

Using ( 25d) and (25e) we can re w r ite  (2 5 ) in  the form

k

( 26 )  . f 6 Cvtfn ,n a > .  f l  2h *  h* Cl>* .  h *  r 2 .



In  order to f in d  In f  of A (V wo must choose two d la jo im -
OL

subgroups { h ^ ........... h j j .  { h j 2 .............. h*2 }  from the ac t { h * .

. . . .  h£ }  ln  8uch 8 w®y thnt tho r e la t io n  d e fin in g  e i 3& a ’a o)

in  (2 6 ) reaches i t s  minimum. In  accordance w ith  the com blnato ri-  

ce l d i s c u s s i o n  ( s im i la r  to thot o f  B l o o m ?  i e l  d-v< a t- 

a o n [2 ]) we have th a t the exp ress ion  e fg  reaches i t s  minimum 

fo r  h*x - h*. h*2 - h *_1+1. i . e .

k o
in f  • f6a( Voln 1n a ) *  H  2h > * _ u l (h* ♦ h *_ t+1)- ‘ .

i-1

which com pletes the p roo f.

R e la t io n  (2 3 ) may be used fo r  examining the runs of rnngo of 

tho lower bound of the do le rm ino n tn l e f f i c ie n c y  measure of tho 

e s tim a to r  Ba .

I t  ia  in te r e s t in g  to determ ine o thor lower bounds ra th e r  than 

these from Theorem 4 fo r  X » VQ. To f ix  thorn on the b as is  

s t a t lo n a r l t y  co n d it io n s  fo r Vg one has to f in d  s o lu t io n s  ot 

the fo llo w in g  eq u a tio n s :

dVA
(2 7 ) - ^ - " (2  d e t (x #a “ 1x )d o t2 ( x ' ^ 1x ) )A ;1x (x 'n ’ 1x r 1- ( d c t ( x 'A '1x3i),

ft“ 1X (X #0-1X )- 1 -<dat<X'a-1X ) ) o ; 1 ^ X ) “ 1 - 0,

3Vn
(2 8 ) r r r - 2 .  (d e t2 ( x 'n ; 1x )) i l ^ X U 'n , « 1X )’ 1X'ft” 1 - n t t f x ,

( X ' n ; l A n ; 1X ) " 1X ' - 0,

av*

(29) _ !S ! .  n - ix (x* n ^ x r V  n " 1 ♦ ^ x i x ' ^ A ^ x r ^ ' f t ; 1 - o.
oi*

Whether there  a re  g en e ra l s o lu t io n s  of (2 7 )- (2 9 )?  I> they e- 

x l s t ,  they  in v o lv e  a d d it io n a l assumptions about tho ex tensions  

of dot fu n c tio n s  w ith  resp ect to a  or f i^ o r  X o r tho r e s t r i c t i v e  

form o f X. Duo to space l im it a t io n s  we w i l l  not con tinue the d i ­

scuss ion  of t h is  problem and leBve  the problem open.



5. F in a l  Remarks
■ i  r f » w ; m -  i i i i w i i i  tw — m

Tho r e s u l t s  ob ta ined  in  t h is  paper w i l l  be uaod in  our s tu ­

d ios  on robustness o f v/LS e s t im a to rs  os w o ll os fo r  the con stru ­

c t io n  of o f f i c io n c y  to b ie s  fo r  d i f fo r e n t  com binations of p a ir s  

(? »  6 ) •

Tho a n a ly s is  p resen ted  in  the paper does not in c lu d e  the co­

se when k < k end n < n in  the model tV’tW.rt.
o o A
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W ładysław  M ilo , Zb ign iew  W ss ilew sk l

O EFEKTYWNOŚCI WAŻONYCH ESTYMATORÓW 
NAJMNIEJSZYCH KWADRATÓW 

W PRZYPADKU OGÓLNEGO MODELU LINIOWEGO

Głównym calem p rocy Je s t  zaprezentowanie jednego z możliwych 
sposobów m ierzen ia  e fek tyw n o śc i w mołych próbach i  zana lizow an ie  
n iek tó rych  w ła sn o śc i ważonych estymatorów no Jw n le jozych  kwadratów
1 p rzed staw ione j wyznacznikowej m iary  e fe k tyw n o śc i. W szczególno- 
ś c i  p rzedstaw iono :

a) a n a l iz ?  w ła sn o śc i estymatorów ważonych w przypadku ogólno- 
go modelu lin io w e g o , , .

b) dowód, że m iaro e fek tyw n o śc i zn a jd u je  s ię  w p rz e d z ia le

< 0 . * > .  X  .  i  -
c ) wyznaczanie dolnego kresu  wyznacznikowej m iary e fek tyw no śc i.


