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QUALIFIED DEFINITENESS

Abstract

According to Russell, the definite article ‘the’ in a definite description ‘the F”’
is used strictly in case there is a unique F' and it is used loosely in case there
is more than one F'. Russell’s analysis of constructions of the form ‘the F' is
G’ is concerned only with the strict use. We modify this analysis so as to al-
low also for the loose use. This is achieved essentially by replacing the usual
undefined notion of identity in Russell’s uniqueness clause with the defined no-
tion of qualified identity (i.e., ‘a is the same as b in all O-respects’, where Q
is a subset of the set of predicate constants P) proposed in earlier work. This
modification gives us qualified notions of uniqueness and definiteness. A qual-
ified definiteness statement ‘the Q-unique F' is G’ is strict in case Q@ = P and
loose in case Q is a proper subset of P. The account is made formally precise in
terms of proof theory and proof-theoretic semantics. The framework is intended
to be acceptable from a foundational intuitionistic point of view. It is applied to
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$[-\varphi _{1}(\alpha _{1})]^{(1_{1})}$


   [  −    𝜑  1   (    𝛼  2   )    ]    (    1  2   )   


$[-\varphi _{1}(\alpha _{2})]^{(1_{2})}$


$\mathcal {D}_{1_{1}}$


$\mathcal {D}_{1_{2}}$


   −    𝜑  1   (    𝛼  2   ) 


$-\varphi _{1}(\alpha _{2})$


   −    𝜑  1   (    𝛼  1   ) 


$-\varphi _{1}(\alpha _{1})$


$...$


   [  −    𝜑  𝑘   (    𝛼  1   )    ]    (    𝑘  1   )   


$[-\varphi _{k}(\alpha _{1})]^{(k_{1})}$


   [  −    𝜑  𝑘   (    𝛼  2   )    ]    (    𝑘  2   )   


$[-\varphi _{k}(\alpha _{2})]^{(k_{2})}$


$\mathcal {D}_{k_{1}}$


$\mathcal {D}_{k_{2}}$


   −    𝜑  𝑘   (    𝛼  2   ) 


$-\varphi _{k}(\alpha _{2})$


   −    𝜑  𝑘   (    𝛼  1   ) 


$-\varphi _{k}(\alpha _{1})$


$\overset {-}{=}_{\mathcal {Q}}$


$1_{1}, ..., k_{2}$


     𝛼  1         =  −   𝒬       𝛼  2  


$\alpha _{1}\overset {-}{=}_{\mathcal {Q}}\alpha _{2}$


$\mathcal {D}_{1}$


     𝛼  1         =  −   𝒬       𝛼  2  


$\alpha _{1} \overset {-}{=}_{\mathcal {Q}}\alpha _{2}$


$\mathcal {D}_{i_{1}}$


   −    𝜑  𝑖   (    𝛼  1   ) 


$-\varphi _{i}(\alpha _{1})$


$\overset {-}{=}_{\mathcal {Q}}$


$_{i}$


   −    𝜑  𝑖   (    𝛼  2   ) 


$-\varphi _{i}(\alpha _{2})$


$\mathcal {D}_{1}$


$\alpha _{1} \overset {-}{=}_{\mathcal {Q}}\alpha _{2}$


$\mathcal {D}_{i_{2}}$


$-\varphi _{i}(\alpha _{2})$


$\overset {-}{=}_{\mathcal {Q}}$


$_{i}$


$-\varphi _{i}(\alpha _{1})$


$\varphi _{i} \in \mathcal {Q}$


$i \in \{1, ..., k\}$


$\varphi _{i}(\alpha _{1})$


$\varphi _{i}(\alpha _{2})$


   {  𝒟  } 


$\{\mathcal {D}\}$


     𝒟    2  1    ,    𝒟    2  2    ,  .  .  .  ,    𝒟    𝑘  1    ,    𝒟    𝑘  2   


$\mathcal {D}_{2_{1}}, \mathcal {D}_{2_{2}}, ..., \mathcal {D}_{k_{1}}, \mathcal {D}_{k_{2}}$


       ′  


$^{\prime }$


$a = b$


$=_{def} \forall F(Fa \leftrightarrow Fb)$


$F$


   𝐹  𝑎 


$Fa$


$\mathcal {D}_{1}$


   𝐹  𝑏 


$Fb$


$a = b$


$Fa$


$\mathcal {D}_{1}$


$Fb$


$Fb$


     𝒟  2  


$\mathcal {D}_{2}$


$Fa$


$^{\prime }$


$a = b$


$F$


$Fa$


$^{\prime }$


$F$


   ∀ 


$\forall $


$^{\prime }$


$^{\prime }$


$\textbf {I0}(\mathcal {S}^{=}_{b})$


$\mathcal {S}^{=}_{b}$


   𝐴 


$A$


$A$


$\textbf {I0}(\mathcal {S}^{=}_{b})$


$\mathcal {D}_{1}$


$\mathcal {D}_{2}$


     𝒟  3  


$\mathcal {D}_{3}$


$\textbf {I0}(\mathcal {S}^{=}_{b})$


   𝐶 


$C$


$\textbf {I0}(\mathcal {S}^{=}_{b})$


$\mathcal {D}_{1}$


$A$


$\mathcal {D}_{2}$


   𝐵 


$B$


$\&$


   𝐴  &  𝐵 


$A \& B$


$\mathcal {D}_{1}$


$A \& B$


$\&$


$A$


$\mathcal {D}_{1}$


$A \& B$


$\&$


$B$


$\mathcal {D}_{1}$


$A$


   ∨ 


$\vee $


   𝐴  ∨  𝐵 


$A \vee B$


$\mathcal {D}_{1}$


$B$


$\vee $


$A \vee B$


$\mathcal {D}_{1}$


$A \vee B$


   [  𝐴    ]    (  𝑢  )   


$[A]^{(u)}$


$\mathcal {D}_{2}$


$C$


   [  𝐵    ]    (  𝑣  )   


$[B]^{(v)}$


$\mathcal {D}_{3}$


$C$


$\vee $


   𝑢  ,  𝑣 


$u, v$


$C$


$[A]^{(u)}$


$\mathcal {D}_{1}$


$B$


   ⊃ 


$\supset $


   𝑢 


$u$


   𝐴  ⊃  𝐵 


$A \supset B$


$\mathcal {D}_{1}$


$A \supset B$


$\mathcal {D}_{2}$


$A$


$\supset $


$B$


$\mathcal {D}_{1}$


   𝐴  (  𝑥  /  𝑜  ) 


$A(x/o)$


$\forall $


   ∀  𝑥  𝐴 


$\forall x A$


$\mathcal {D}_{1}$


$\forall x A$


$\forall $


$A(x/o)$


$\mathcal {D}_{1}$


$A(x/o)$


   ∃ 


$\exists $


   ∃  𝑥  𝐴 


$\exists x A$


$\mathcal {D}_{1}$


$\exists x A$


   [  𝐴  (  𝑥  /  𝑜  )    ]    (  𝑢  )   


$[A(x/o)]^{(u)}$


$\mathcal {D}_{2}$


$C$


$\exists $


$u$


$C$


$\mathcal {D}_{1}$


   ⊥ 


$\bot $


$\bot $


$A$


$\forall $


   𝑜 


$o$


$y$


   𝑜  ≡  𝑥 


$o \equiv x$


$o$


$A$


$o$


$A(x/o)$


$o$


$o$


$\forall x A$


   𝑜  Γ 


$o\Gamma $


$o$


$\mathcal {D}_{1}$


$A(x/o)$


   𝑜  ∈  𝒞 


$o \in \mathcal {C}$


$\forall $


$o$


$x$


$A$


$\exists $


$o$


$y$


$o \equiv x$


$o$


$A$


$o$


$C$


$C$


$[A(x/o)]^{(u)}$


$o$


$o$


$\exists x A$


$C$


$o\Gamma $


$\exists $


$o$


$x$


$A$


    M0   (    𝒮  𝑏  =   ) 


$\textbf {M0}(\mathcal {S}^{=}_{b})$


$\textbf {I0}(\mathcal {S}^{=}_{b})$


$\bot $


$\forall $


$\forall $


$\forall $


$\forall $


$\exists $


$\exists $


$\exists $


$\textbf {I0}(\mathcal {S}^{=}_{b})$


   𝒟 


$\mathcal {D}$


$\textbf {I0}(\mathcal {S}^{=}_{b})$


$\textbf {I0}(\mathcal {S}^{=}_{b})$


$\textbf {I0}(\mathcal {S}^{=}_{b})$


$\tau \Gamma $


$\tau $


$\tau \Gamma $


$\mathcal {D}$


   𝑈 


$U$


   Γ 


$\Gamma $


$\textbf {I0}(\mathcal {S}^{=}_{b})$


$\mathcal {D}$


   Γ  ∪  {  𝑈  } 


$\Gamma \cup \{U\}$


$\mathcal {D}$


$\textbf {I0}(\mathcal {S}^{=}_{b})$


$A$


$\Gamma $


$\mathcal {D}$


   Γ  ∪  {  𝐴  } 


$\Gamma \cup \{A\}$


$\textbf {I0}(\mathcal {S}^{=}_{b})$


   I  (    𝒮  𝑏  =   ) 


$\textbf {I}(\mathcal {S}^{=}_{b})$


   𝑐 


$c$


$c$


$\textbf {I}(\mathcal {S}^{=}_{b})$


$\mathcal {D}$


$\Gamma \cup \{U\}$


$\mathcal {D}$


$\Gamma \cup \{A\}$


$-as$


$U$


$A$


$\textbf {I0}(\mathcal {S}^{=}_{b})$


$\textbf {I0}(\mathcal {S}^{=}_{b})\iota $


$\mathcal {Q} \subseteq \mathcal {P}$


     𝜄  𝒬  


$\iota _{\mathcal {Q}}$


$\mathcal {D}_{1}$


$\mathcal {D}_{2}$


$\mathcal {D}_{3}$


     𝜄  𝒬   − 


$\iota _{\mathcal {Q}}-$


$\mathcal {D}_{1}$


$\exists x \varphi (x)$


$\mathcal {D}_{2}$


   ∀  𝑢  ∀  𝑣  (  (  𝜑  (  𝑢  ) 


$\forall u \forall v((\varphi (u)$


$\&$


   𝜑  (  𝑣  )  )  ⊃  𝑢        =  +   𝒬     𝑣  ) 


$\varphi (v)) \supset u \overset {+}{=}_{\mathcal {Q}} v)$


$\mathcal {D}_{3}$


$\forall w(\varphi (w) \supset \psi (w))$


$\iota _{\mathcal {Q}}$


   𝜓  (    𝜄  𝒬   𝑥  𝜑  (  𝑥  )  ) 


$\psi (\iota _{\mathcal {Q}} x\varphi (x))$


$\mathcal {D}_{1}$


$\psi (\iota _{\mathcal {Q}} x\varphi (x))$


$\iota _{\mathcal {Q}}$


$\exists x \varphi (x)$


$\mathcal {D}_{1}$


$\psi (\iota _{\mathcal {Q}} x\varphi (x))$


$\iota _{\mathcal {Q}}$


$\forall u \forall v((\varphi (u)$


$\&$


$\varphi (v)) \supset u \overset {+}{=}_{\mathcal {Q}} v)$


$\mathcal {D}_{1}$


$\psi (\iota _{\mathcal {Q}} x\varphi (x))$


$\iota _{\mathcal {Q}}$


$\forall w(\varphi (w) \supset \psi (w))$


$\iota _{\mathcal {Q}}$


$-\psi (\iota _{\mathcal {Q}} x\varphi (x))$


$\mathcal {D}_{1}$


$\exists x -\varphi (x)$


$\mathcal {D}_{2}$


   ∀  𝑢  ∀  𝑣  (  (  −  𝜑  (  𝑢  ) 


$\forall u \forall v((-\varphi (u)$


$\&$


   −  𝜑  (  𝑣  )  )  ⊃  𝑢        =  −   𝒬     𝑣  ) 


$-\varphi (v)) \supset u \overset {-}{=}_{\mathcal {Q}} v)$


$\mathcal {D}_{3}$


$\forall w(-\varphi (w) \supset \psi (w))$


$\iota _{\mathcal {Q}}-$


   𝜓  (    𝜄  𝒬   𝑥  −  𝜑  (  𝑥  )  ) 


$\psi (\iota _{\mathcal {Q}} x-\varphi (x))$


$\mathcal {D}_{1}$


$\psi (\iota _{\mathcal {Q}} x-\varphi (x))$


$\iota _{\mathcal {Q}}-$


$\exists x -\varphi (x)$


$\mathcal {D}_{1}$


$\psi (\iota _{\mathcal {Q}} x-\varphi (x))$


$\iota _{\mathcal {Q}}-$


$\forall u \forall v((-\varphi (u)$


$\&$


$-\varphi (v)) \supset u \overset {-}{=}_{\mathcal {Q}} v)$


$\mathcal {D}_{1}$


$\psi (\iota _{\mathcal {Q}} x-\varphi (x))$


$\iota _{\mathcal {Q}}-$


$\forall w(-\varphi (w) \supset \psi (w))$


$\iota _{\mathcal {Q}}-$


$-\psi (\iota _{\mathcal {Q}} x-\varphi (x))$


   𝒬  =  {    𝜑  1   ,  .  .  .  ,    𝜑  𝑘   } 


$\mathcal {Q} = \{\varphi _{1}, ..., \varphi _{k}\}$


$\mathcal {Q} \subseteq \mathcal {P}$


     𝜑  𝑖   ,    𝜑  𝑗   ∈  𝒬 


$\varphi _{i}, \varphi _{j} \in \mathcal {Q}$


   𝑖  ,  𝑗  ∈  {  1  ,  .  .  .  ,  𝑘  } 


$i, j \in \{1, ..., k\}$


   𝑖  ≠  𝑗 


$i \not = j$


                � 


\begin {equation}\label {eq::3.1} {\footnotesize { \AXC {$\varphi _{i}\Gamma $} \AXC {$...$} \AXC {$\alpha \Gamma $} \TIC {$\varphi _{i}(\alpha )$} \LeftLabel {$\mathcal {D}_{1} =$} \UIC {$\exists x \varphi _{i}(x)$} \DP }}\end {equation}


                � 


\begin {equation}{\footnotesize { \AXC {$[\varphi _{1}(\alpha )]^{(1_{1})}$} \UIC {$\varphi _{1}\Gamma $} \AXC {\!\!\!\!\!\!$...$\!\!\!\!\!\!} \AXC {$[\varphi _{i}(\alpha ) \& \varphi _{i}(\beta )]^{(1)}$} \UIC {$\varphi _{i}(\beta )$} \UIC {$\beta \Gamma $} \TIC {$\varphi _{1}(\beta )$} \AXC {$[\varphi _{1}(\beta )]^{(1_{2})}$} \UIC {$\varphi _{1}\Gamma $} \AXC {\!\!\!\!\!\!$...$\!\!\!\!\!\!} \AXC {$[\varphi _{i}(\alpha ) \& \varphi _{i}(\beta )]^{(1)}$} \UIC {$\varphi _{i}(\alpha )$} \UIC {$\alpha \Gamma $} \TIC {$\varphi _{1}(\alpha )$} \AXC {\!\!\!\!\!\!\!$\{\mathcal {D}\}$} \RightLabel {$1_{1}, ..., k_{2}$} \TIC {$\alpha \overset {+}{=}_{\mathcal {Q}} \beta $} \RightLabel {$1$} \UIC {$(\varphi _{i}(\alpha ) \& \varphi _{i}(\beta )) \supset \alpha \overset {+}{=}_{\mathcal {Q}} \beta $} \RightLabel {iii} \UIC {$\forall v((\varphi _{i}(\alpha ) \& \varphi _{i}(v)) \supset \alpha \overset {+}{=}_{\mathcal {Q}} v)$} \LeftLabel {$\mathcal {D}_{2} =$} \RightLabel {iii} \UIC {$\forall u\forall v((\varphi _{i}(u) \& \varphi _{i}(v)) \supset u \overset {+}{=}_{\mathcal {Q}} v)$} \DP }}\label {eq::3.2}\end {equation}


                � 


\begin {equation}{\footnotesize { \AXC {$\varphi _{j}\Gamma $} \AXC {$...$} \AXC {$[\varphi _{i}(\alpha )]^{(2)}$} \UIC {$\alpha \Gamma $} \TIC {$\varphi _{j}(\alpha )$} \RightLabel {2} \UIC {$\varphi _{i}(\alpha ) \supset \varphi _{j}(\alpha )$} \LeftLabel {$\mathcal {D}_{3} =$} \RightLabel {iii} \UIC {$\forall w(\varphi _{i}(w) \supset \varphi _{j}(w))$} \DP }} \label {eq::3.3}\end {equation}


                � 


\begin {equation}{\footnotesize { \AXC {$\mathcal {D}_{1}$} \noLine \UIC {$\exists x \varphi _{i}(x)$} \AXC {$\mathcal {D}_{2}$} \noLine \UIC {$\forall u\forall v((\varphi _{i}(u) \& \varphi _{i}(v)) \supset u \overset {+}{=}_{\mathcal {Q}} v)$} \AXC {$\mathcal {D}_{3}$} \noLine \UIC {$\forall w(\varphi _{i}(w) \supset \varphi _{j}(w))$} \RightLabel {($\iota _{\mathcal {Q}}$I)} \TIC {$\varphi _{j}(\iota _{\mathcal {Q}} x\varphi _{i}(x))$} \DP }}\end {equation}


$\textbf {I0}(\mathcal {S}^{=}_{b})\iota $


$\textbf {I0}(\mathcal {S}^{=}_{b})\iota $


$\textbf {I0}(\mathcal {S}^{=}_{b})$


$\iota _{\mathcal {Q}}$


$\mathcal {D}_{1}$


$\exists x \varphi (x)$


$\mathcal {D}_{2}$


$\forall u \forall v((\varphi (u)$


$\&$


$\varphi (v)) \supset u \overset {+}{=}_{\mathcal {Q}} v)$


$\mathcal {D}_{3}$


$\forall w(\varphi (w) \supset \psi (w))$


$\iota _{\mathcal {Q}}$


$\psi (\iota _{\mathcal {Q}} x\varphi (x))$


$\iota _{\mathcal {Q}}$


$\exists x \varphi (x)$


$\mathcal {D}_{1}$


$\exists x \varphi (x)$


$\mathcal {D}_{1}$


$\exists x \varphi (x)$


$\mathcal {D}_{2}$


$\forall u \forall v((\varphi (u)$


$\&$


$\varphi (v)) \supset u \overset {+}{=}_{\mathcal {Q}} v)$


$\mathcal {D}_{3}$


$\forall w(\varphi (w) \supset \psi (w))$


$\iota _{\mathcal {Q}}$


$\psi (\iota _{\mathcal {Q}} x\varphi (x))$


$\iota _{\mathcal {Q}}$


$\forall u \forall v((\varphi (u)$


$\&$


$\varphi (v)) \supset u \overset {+}{=}_{\mathcal {Q}} v)$


$\mathcal {D}_{2}$


$\forall u \forall v((\varphi (u)$


$\&$


$\varphi (v)) \supset u \overset {+}{=}_{\mathcal {Q}} v)$


$\mathcal {D}_{1}$


$\exists x \varphi (x)$


$\mathcal {D}_{2}$


$\forall u \forall v((\varphi (u)$


$\&$


$\varphi (v)) \supset u \overset {+}{=}_{\mathcal {Q}} v)$


$\mathcal {D}_{3}$


$\forall w(\varphi (w) \supset \psi (w))$


$\iota _{\mathcal {Q}}$


$\psi (\iota _{\mathcal {Q}} x\varphi (x))$


$\iota _{\mathcal {Q}}$


$\forall w(\varphi (w) \supset \psi (w))$


$\mathcal {D}_{3}$


$\forall w(\varphi (w) \supset \psi (w))$


$\iota _{\mathcal {Q}}-$


   𝜄 


$\iota $


$\mathcal {D}$


$\textbf {I0}(\mathcal {S}^{=}_{b})\iota $


$\textbf {I0}(\mathcal {S}^{=}_{b})\iota $


$\textbf {I0}(\mathcal {S}^{=}_{b})$


   ^^03 


$\relax \square $


$\mathcal {D}$


$U$


$\Gamma $


$\textbf {I0}(\mathcal {S}^{=}_{b})\iota $


$\mathcal {D}$


$\Gamma \cup \{U\}$


$\textbf {I0}(\mathcal {S}^{=}_{b})$


$\mathcal {D}$


$\mathcal {D}$


$\relax \square $


$\mathcal {D}$


$\textbf {I0}(\mathcal {S}^{=}_{b})\iota $


$A$


$\Gamma $


$\mathcal {D}$


$\Gamma \cup \{A\}$


$\textbf {I0}(\mathcal {S}^{=}_{b})\iota $


$\mathcal {D}$


$A$


$\textbf {I0}(\mathcal {S}^{=}_{b})\iota $


$A$


$\mathcal {D}$


$\mathcal {D}$


$A$


$\textbf {I0}(\mathcal {S}^{=}_{b})\iota $


$A$


$as$


$-as$


$\mathcal {D}$


$\mathcal {D}$


$\textbf {I0}(\mathcal {S}^{=}_{b})\iota $


$\textbf {I0}(\mathcal {S}^{=}_{b})\iota $


$\textbf {I0}(\mathcal {S}^{=}_{b})\iota $


$\textbf {I0}(\mathcal {S}^{=}_{b})\iota $


   𝐼 


$I$


$\textbf {I0}(\mathcal {S}^{=}_{b})\iota $


$\tau $


$\tau \Gamma $


$\tau $


$\mathcal {S}^{=}_{b}$


$I$


$A$


$\mathcal {L}\iota $


$A$


$I$


$\exists $


   ∃  𝑥  𝐴 


$\exists xA$


$x$


$A$


$x$


$\mathcal {C}$


   {    𝜑  𝑖   }  ⊂    𝒬  ′   ⊂  𝒫 


$\{\varphi _{i}\} \subset \mathcal {Q}^{\prime } \subset \mathcal {P}$


     𝜑  𝑖   ∈  𝒫 


$\varphi _{i} \in \mathcal {P}$


   𝑖  ∈  {  1  ,  .  .  .  ,  𝑘  } 


$i\in \{1, ..., k\}$


$\mathcal {Q} = \mathcal {P}$


$\mathcal {Q} = \mathcal {Q}^{\prime }$


   𝒬  =  {    𝜑  𝑖   } 


$\mathcal {Q} = \{\varphi _{i}\}$


$\mathcal {Q}$


$\mathcal {P}$


$x$


$y$


$\varphi _{i}$


$\mathcal {P}$


$\mathcal {Q}^{\prime }$


$\{\mathcal {D}\}$


   {  𝒟    }  ′  


$\{\mathcal {D}\}^{\prime }$


   {  𝒟    }  ′   ⊂  {  𝒟  } 


$\{\mathcal {D}\}^{\prime } \subset \{\mathcal {D}\}$


$x$


$y$


$\varphi _{i}$


$\mathcal {Q}^{\prime }$


$\mathcal {Q}^{\prime }$


$\mathcal {P}\setminus \mathcal {Q}^{\prime }$


                � 


\begin {equation}{\footnotesize { \AXC {$[\varphi _{i}(\alpha )]^{(1_{1})}$} \UIC {$\varphi _{i}\Gamma $} \AXC {$...$} \AXC {$[\varphi _{i}(\alpha ) \& \varphi _{i}(\beta )]^{(1)}$} \UIC {$\varphi _{i}(\beta )$} \UIC {$\beta \Gamma $} \TIC {$\varphi _{i}(\beta )$} \AXC {$[\varphi _{i}(\beta )]^{(1_{2})}$} \UIC {$\varphi _{i}\Gamma $} \AXC {$...$} \AXC {$[\varphi _{i}(\alpha ) \& \varphi _{i}(\beta )]^{(1)}$} \UIC {$\varphi _{i}(\alpha )$} \UIC {$\alpha \Gamma $} \TIC {$\varphi _{i}(\alpha )$} \RightLabel {$1_{1}, 1_{2}$} \BIC {$\alpha \overset {+}{=}_{\{\varphi _{i}\}} \beta $} \RightLabel {$1$} \UIC {$(\varphi _{i}(\alpha ) \& \varphi _{i}(\beta )) \supset \alpha \overset {+}{=}_{\{\varphi _{i}\}} \beta $} \RightLabel {iii} \UIC {$\forall y((\varphi _{i}(\alpha ) \& \varphi _{i}(y)) \supset \alpha \overset {+}{=}_{\{\varphi _{i}\}} y)$} \RightLabel {iii} \UIC {$\forall x\forall y((\varphi _{i}(x) \& \varphi _{i}(y)) \supset x \overset {+}{=}_{\{\varphi _{i}\}} y)$} \DP }}\end {equation}


$x$


$y$


$\varphi _{i}$


   {    𝜑  𝑖   } 


$\{\varphi _{i}\}$


$\varphi _{i}$


   𝒫  ∖  {    𝜑  𝑖   } 


$\mathcal {P}\setminus \{\varphi _{i}\}$


$\{\varphi _{i}\} \subset \mathcal {Q}^{\prime } \subset \mathcal {P}$


   𝑃  =    𝜑  𝑖  


$P = \varphi _{i}$


   𝐵  =    𝜑  𝑗  


$B = \varphi _{j}$


     𝜑  𝑖   ,    𝜑  𝑗   ∈    𝒬  ′  


$\varphi _{i}, \varphi _{j} \in \mathcal {Q}^{\prime }$


$i, j \in \{1, ..., k\}$


$i \not = j$


   𝑃 


$P$


$B$


     𝒟  2   (  𝑖  ) 


$\mathcal {D}_{2}(i)$


     𝒟  2   (  𝑖  𝑖  ) 


$\mathcal {D}_{2}(ii)$


     𝒟  2   (  𝑖  𝑖  𝑖  ) 


$\mathcal {D}_{2}(iii)$


                � 


\begin {equation}{\footnotesize { \AXC {$\mathcal {D}_{1}$} \noLine \UIC {$\exists x \varphi _{i}(x)$} \AXC {$\mathcal {D}_{2(i)}$} \noLine \UIC {$\forall u\forall v((\varphi _{i}(u) \& \varphi _{i}(v)) \supset u \overset {+}{=}_{\mathcal {P}} v)$} \AXC {$\mathcal {D}_{3}$} \noLine \UIC {$\forall w(\varphi _{i}(w) \supset \varphi _{j}(w))$} \RightLabel {($\iota _{\mathcal {P}}$I)} \TIC {$\varphi _{j}(\iota _{\mathcal {P}} x\varphi _{i}(x))$} \DP }}\end {equation}


     𝜄  𝒫  


$\iota _{\mathcal {P}}$


$\varphi _{i}$


$\varphi _{i}$


$\varphi _{i}$


     𝜑  𝑗  


$\varphi _{j}$


     𝜑  𝑗   (    𝜄  𝒫   𝑥    𝜑  𝑖   (  𝑥  )  ) 


$\varphi _{j}(\iota _{\mathcal {P}} x\varphi _{i}(x))$


$\mathcal {P}$


$x$


$\varphi _{i}$


$\varphi _{j}$


$\varphi _{i}$


$\varphi _{j}$


$x$


$\varphi _{i}$


                � 


\begin {equation}{\footnotesize { \AXC {$\mathcal {D}_{1}$} \noLine \UIC {$\exists x \varphi _{i}(x)$} \AXC {$\mathcal {D}_{2(ii)}$} \noLine \UIC {$\forall u\forall v((\varphi _{i}(u) \& \varphi _{i}(v)) \supset u \overset {+}{=}_{\mathcal {Q}^{\prime }} v)$} \AXC {$\mathcal {D}_{3}$} \noLine \UIC {$\forall w(\varphi _{i}(w) \supset \varphi _{j}(w))$} \RightLabel {($\iota _{\mathcal {Q}^{\prime }}$I)} \TIC {$\varphi _{j}(\iota _{\mathcal {Q}^{\prime }} x\varphi _{i}(x))$} \DP }}\end {equation}


     𝜄    𝒬  ′   


$\iota _{\mathcal {Q}^{\prime }}$


$\varphi _{i}$


$\varphi _{i}$


$\mathcal {Q}^{\prime }$


$\varphi _{i}$


$\varphi _{j}$


     𝜑  𝑗   (    𝜄    𝒬  ′    𝑥    𝜑  𝑖   (  𝑥  )  ) 


$\varphi _{j}(\iota _{\mathcal {Q}^{\prime }} x\varphi _{i}(x))$


$\mathcal {Q}^{\prime }$


$x$


$\varphi _{i}$


$\varphi _{j}$


$\varphi _{i}$


$\varphi _{j}$


$\varphi _{i}$


$\mathcal {P}\setminus \mathcal {Q}^{\prime }$


                � 


\begin {equation}{\footnotesize { \AXC {$\mathcal {D}_{1}$} \noLine \UIC {$\exists x \varphi _{i}(x)$} \AXC {$\mathcal {D}_{2(iii)}$} \noLine \UIC {$\forall u\forall v((\varphi _{i}(u) \& \varphi _{i}(v)) \supset u \overset {+}{=}_{\{\varphi _{i}\}} v)$} \AXC {$\mathcal {D}_{3}$} \noLine \UIC {$\forall w(\varphi _{i}(w) \supset \varphi _{j}(w))$} \RightLabel {($\iota _{\{\varphi _{i}\}}$I)} \TIC {$\varphi _{j}(\iota _{\{\varphi _{i}\}} x\varphi _{i}(x))$} \DP }}\end {equation}


     𝜄    {    𝜑  𝑖   }   


$\iota _{\{\varphi _{i}\}}$


$\varphi _{i}$


$\varphi _{i}$


$\{\varphi _{i}\}$


$\varphi _{i}$


$\varphi _{j}$


     𝜑  𝑗   (    𝜄    {    𝜑  𝑖   }    𝑥    𝜑  𝑖   (  𝑥  )  ) 


$\varphi _{j}(\iota _{\{\varphi _{i}\}} x\varphi _{i}(x))$


$\{\varphi _{i}\}$


$x$


$\varphi _{i}$


$\varphi _{j}$


$\varphi _{i}$


$\mathcal {P}\setminus \{\varphi _{i}\}$


$\varphi _{i}$


$\varphi _{j}$


   𝐵  𝑎  𝑙  𝑑  (    𝜄  𝒫   𝑥  𝑃  𝑜  𝑝  𝑒  (  𝑥  )  ) 


$Bald(\iota _{\mathcal {P}} x Pope(x))$


   −  𝑅  𝑒  𝑎  𝑙  (    𝜄  𝒫   𝑥  (  𝐾  𝑖  𝑛  𝑔 


$-Real(\iota _{\mathcal {P}} x(King$


   𝑜    𝑓  2   (  𝑥  ,  𝐹  𝑟  𝑎  𝑛  𝑐  𝑒  )  )  ) 


$of^{2}(x, France)))$


   𝐵  𝑎  𝑙  𝑑  (    𝜄    𝒬  ′    𝑥  𝐵  𝑖  𝑠  ℎ  𝑜  𝑝  (  𝑥  )  ) 


$Bald(\iota _{\mathcal {Q}^{\prime }} x Bishop(x))$


   𝐵  𝑟  𝑎  𝑣  𝑒  (    𝜄    {  𝐸  𝑛  𝑔  𝑙  𝑖  𝑠  ℎ  𝑚  𝑎  𝑛  }    𝑥  (  𝐸  𝑛  𝑔  𝑙  𝑖  𝑠  ℎ  𝑚  𝑎  𝑛  (  𝑥  )  ) 


$Brave(\iota _{\{Englishman\}} x (Englishman(x))$


   𝐻  𝑒  𝑎  𝑙  𝑡  ℎ  𝑦  (    𝜄    {  𝑆  𝑚  𝑜  𝑘  𝑒  𝑟  }    𝑥  (  −  𝑆  𝑚  𝑜  𝑘  𝑒  𝑟  (  𝑥  )  )  ) 


$Healthy(\iota _{\{Smoker\}} x(-Smoker(x)))$


$\textbf {I0}(\mathcal {S}^{=}_{b})\iota $


$\iota _{\mathcal {Q}}$


   ℒ    𝜄  a  


$\mathcal {L}\iota ^{\textsc {a}}$


   𝜑  (    𝑥  1   ,  .  .  .  ,    𝑥  𝑚   ) 


$\varphi (x_{1}, ..., x_{m})$


$\varphi $


$\varphi ^{n}o_{1} ... o_{n}$


$x_{i}$


   𝑖  ∈  {  1  ,  .  .  .  ,  𝑚  } 


$i \in \{1, ..., m\}$


     𝒬  1   ,  .  .  .  ,    𝒬  𝑛   ⊆  𝒫 


$\mathcal {Q}_{1}, ..., \mathcal {Q}_{n} \subseteq \mathcal {P}$


   𝜓  (    𝜄    𝒬  1      𝑥  1     𝜑  1   (    𝑥  1   )  ,  .  .  .  ,    𝜄    𝒬  𝑛      𝑥  𝑛     𝜑  𝑛   (    𝑥  𝑛   )  ) 


$\psi (\iota _{\mathcal {Q}_{1}} x_{1}\varphi _{1}(x_{1}), ..., \iota _{\mathcal {Q}_{n}} x_{n}\varphi _{n}(x_{n}))$


     =    𝑑  𝑒  𝑓   


$=_{def}$


   (  ∃    𝑥  1     𝜑  1   (    𝑥  1   ) 


$(\exists x_{1} \varphi _{1}(x_{1})$


$\&$


$\&$


   ∃    𝑥  𝑛     𝜑  𝑛   (    𝑥  𝑛   )  ) 


$\exists x_{n} \varphi _{n}(x_{n}))$


$\&$


   (  ∀    𝑢  1   ∀    𝑣  1   (  (    𝜑  1   (    𝑢  1   )  &    𝜑  1   (    𝑣  1   )  )  ⊃    𝑢  1         =  +     𝒬  1        𝑣  1   ) 


$(\forall u_{1} \forall v_{1}((\varphi _{1}(u_{1}) \& \varphi _{1}(v_{1})) \supset u_{1} \overset {+}{=}_{\mathcal {Q}_{1}} v_{1})$


$\&$


$\&$


     ∀    𝑢  𝑛   ∀    𝑣  𝑛   (  (    𝜑  𝑛   (    𝑢  𝑛   )  &    𝜑  𝑛   (    𝑣  𝑛   )  )  ⊃    𝑢  𝑛         =  +     𝒬  𝑛        𝑣  𝑛   )  ) 


$\quad \forall u_{n} \forall v_{n}((\varphi _{n}(u_{n}) \& \varphi _{n}(v_{n})) \supset u_{n} \overset {+}{=}_{\mathcal {Q}_{n}} v_{n}))$


$\&$


   (  ∀    𝑤  1   .  .  .  ∀    𝑤  𝑛   (  (    𝜑  1   (    𝑤  1   ) 


$(\forall w_{1}...\forall w_{n}((\varphi _{1}(w_{1})$


$\&$


$\&$


     𝜑  𝑛   (    𝑤  𝑛   )  )  ⊃  𝜓  (    𝑤  1   ,  .  .  .  ,    𝑤  𝑛   )  )  ) 


$\varphi _{n}(w_{n})) \supset \psi (w_{1}, ..., w_{n})))$


   𝜓  (    𝜄    𝒬  1      𝑥  1   −    𝜑  1   (    𝑥  1   )  ,  .  .  .  ,    𝜄    𝒬  𝑛      𝑥  𝑛   −    𝜑  𝑛   (    𝑥  𝑛   )  ) 


$\psi (\iota _{\mathcal {Q}_{1}} x_{1}-\varphi _{1}(x_{1}), ..., \iota _{\mathcal {Q}_{n}} x_{n}-\varphi _{n}(x_{n}))$


$=_{def}$


   (  ∃    𝑥  1   −    𝜑  1   (    𝑥  1   ) 


$(\exists x_{1} -\varphi _{1}(x_{1})$


$\&$


$\&$


   ∃    𝑥  𝑛   −    𝜑  𝑛   (    𝑥  𝑛   )  ) 


$\exists x_{n} -\varphi _{n}(x_{n}))$


$\&$


   (  ∀    𝑢  1   ∀    𝑣  1   (  (  −    𝜑  1   (    𝑢  1   )  &  −    𝜑  1   (    𝑣  1   )  )  ⊃    𝑢  1         =  −     𝒬  1        𝑣  1   ) 


$(\forall u_{1} \forall v_{1}((-\varphi _{1}(u_{1}) \& -\varphi _{1}(v_{1})) \supset u_{1} \overset {-}{=}_{\mathcal {Q}_{1}} v_{1})$


$\&$


$\&$


     ∀    𝑢  𝑛   ∀    𝑣  𝑛   (  (  −    𝜑  𝑛   (    𝑢  𝑛   )  &  −    𝜑  𝑛   (    𝑣  𝑛   )  )  ⊃    𝑢  𝑛         =  −     𝒬  𝑛        𝑣  𝑛   )  ) 


$\quad \forall u_{n} \forall v_{n}((-\varphi _{n}(u_{n}) \& -\varphi _{n}(v_{n})) \supset u_{n} \overset {-}{=}_{\mathcal {Q}_{n}} v_{n}))$


$\&$


   (  ∀    𝑤  1   .  .  .  ∀    𝑤  𝑛   (  (  −    𝜑  1   (    𝑤  1   ) 


$(\forall w_{1}...\forall w_{n}((-\varphi _{1}(w_{1})$


$\&$


$\&$


   −    𝜑  𝑛   (    𝑤  𝑛   )  )  ⊃  𝜓  (    𝑤  1   ,  .  .  .  ,    𝑤  𝑛   )  )  ) 


$-\varphi _{n}(w_{n})) \supset \psi (w_{1}, ..., w_{n})))$


   −  𝜓 


$-\psi $


   𝐵  𝑙  𝑒  𝑠  𝑠  𝑒    𝑠  2   (    𝜄  𝒫   𝑥  (  𝑃  𝑜  𝑝  𝑒  (  𝑥  )  )  ,    𝜄  𝒬   𝑦  (  𝐵  𝑖  𝑠  ℎ  𝑜  𝑝  (  𝑦  )  )  ) 


$Blesses^{2}(\iota _{\mathcal {P}} x(Pope(x)), \iota _{\mathcal {Q}} y(Bishop(y)))$


   𝐷  𝑒  𝑠  𝑐  𝑒  𝑛  𝑑  𝑠 


$Descends$


   𝑓  𝑟  𝑜    𝑚  2   (    𝜄    {  𝐷  𝑜  𝑔  }    𝑥  (  𝐷  𝑜  𝑔  (  𝑥  )  )  ,    𝜄    {  𝑊  𝑜  𝑙  𝑓  }    𝑦  (  𝑊  𝑜  𝑙  𝑓  (  𝑦  )  )  ) 


$from^{2}(\iota _{\{Dog\}} x(Dog(x)), \iota _{\{Wolf\}} y(Wolf(y)))$


   𝑃  𝑢  𝑡  𝑠 


$Puts$


   𝑜    𝑛  3   (    𝜄  𝒫   𝑥  (  𝑃  𝑜  𝑝  𝑒  (  𝑥  )  )  ,    𝜄    𝒬  ′    𝑦  (  𝑍  𝑢  𝑐  𝑐  ℎ  𝑒  𝑡  𝑡  𝑜  (  𝑦  )  )  ,    𝜄    𝒬    ′  ′     𝑧  (  𝑍  𝑢  𝑐  𝑐  ℎ  𝑒  𝑡  𝑡  𝑜  (  𝑧  )  )  ) 


$on^{3}( \iota _{\mathcal {P}} x(Pope(x)), \iota _{\mathcal {Q}^{\prime }} y(Zucchetto(y)), \iota _{\mathcal {Q}^{\prime \prime }} z(Zucchetto(z)))$


$\iota _{\mathcal {Q}}$


     𝜄  𝒬   𝐴 


$\iota _{\mathcal {Q}}A$


$\iota _{\mathcal {Q}}A$


     𝒬  𝑘   ⊆  𝒫 


$\mathcal {Q}_{k} \subseteq \mathcal {P}$


   𝑘  ∈  {  1  ,  .  .  .  ,  𝑛  } 


$k \in \{1, ..., n\}$


     𝐸  𝑘  


$E_{k}$


   ∃    𝑥  𝑘     𝜑  𝑘   (    𝑥  𝑘   ) 


$\exists x_{k} \varphi _{k}(x_{k})$


   𝑄    𝑈  𝑘  


$QU_{k}$


   ∀    𝑢  𝑘   ∀    𝑣  𝑘   (  (    𝜑  𝑘   (    𝑢  𝑘   )  &    𝜑  𝑘   (    𝑣  𝑘   )  )  ⊃    𝑢  𝑘         =  +     𝒬  𝑘        𝑣  𝑘   ) 


$\forall u_{k} \forall v_{k}((\varphi _{k}(u_{k}) \& \varphi _{k}(v_{k})) \supset u_{k} \overset {+}{=}_{\mathcal {Q}_{k}} v_{k})$


$P$


   ∀    𝑤  1   .  .  .  ∀    𝑤  𝑛   (  (    𝜑  1   (    𝑤  1   )  &  .  .  .  &    𝜑  𝑛   (    𝑤  𝑛   )  )  ⊃  𝜓  (    𝑤  1   ,  .  .  .  ,    𝑤  𝑛   )  ) 


$\forall w_{1}...\forall w_{n}((\varphi _{1}(w_{1})\&...\& \varphi _{n}(w_{n})) \supset \psi (w_{1}, ..., w_{n}))$


   −    𝐸  𝑘  


$-E_{k}$


   ∃    𝑥  𝑘   −    𝜑  𝑘   (    𝑥  𝑘   ) 


$\exists x_{k} -\varphi _{k}(x_{k})$


   −  𝑄    𝑈  𝑘  


$-QU_{k}$


   ∀    𝑢  𝑘   ∀    𝑣  𝑘   (  (  −    𝜑  𝑘   (    𝑢  𝑘   )  &  −    𝜑  𝑘   (    𝑣  𝑘   )  )  ⊃    𝑢  𝑘         =  −     𝒬  𝑘        𝑣  𝑘   ) 


$\forall u_{k} \forall v_{k}((-\varphi _{k}(u_{k}) \& -\varphi _{k}(v_{k})) \supset u_{k} \overset {-}{=}_{\mathcal {Q}_{k}} v_{k})$


   −  𝑃 


$-P$


   ∀    𝑤  1   .  .  .  ∀    𝑤  𝑛   (  (  −    𝜑  1   (    𝑤  1   )  &  .  .  .  &  −    𝜑  𝑛   (    𝑤  𝑛   )  )  ⊃  𝜓  (    𝑤  1   ,  .  .  .  ,    𝑤  𝑛   )  ) 


$\forall w_{1}...\forall w_{n}((-\varphi _{1}(w_{1})\&...\& -\varphi _{n}(w_{n})) \supset \psi (w_{1}, ..., w_{n}))$


$-\psi $


$\iota _{\mathcal {Q}}A$


$\mathcal {D}_{1_{1}}$


     𝒟    1  𝑛   


$\mathcal {D}_{1_{n}}$


     𝐸  1  


$E_{1}$


     𝐸  𝑛  


$E_{n}$


     𝒟    2  1   


$\mathcal {D}_{2_{1}}$


     𝒟    2  𝑛   


$\mathcal {D}_{2_{n}}$


   𝑄    𝑈  1  


$QU_{1}$


   𝑄    𝑈  𝑛  


$QU_{n}$


$\mathcal {D}_{3}$


$P$


$\iota _{\mathcal {Q}}$


       𝑖  a  


$^{\textsc {a}}_{i}$


$\psi (\iota _{\mathcal {Q}_{1}} x_{1}\varphi _{1}(x_{1}), ..., \iota _{\mathcal {Q}_{n}} x_{n}\varphi _{n}(x_{n}))$


$\mathcal {D}_{1}$


$\psi (\iota _{\mathcal {Q}_{1}} x_{1}\varphi _{1}(x_{1}), ..., \iota _{\mathcal {Q}_{n}} x_{n}\varphi _{n}(x_{n}))$


$\iota _{\mathcal {Q}}$


       𝑘  a  


$^{\textsc {a}}_{k}$


$E_{k}$


$\mathcal {D}_{1}$


$\psi (\iota _{\mathcal {Q}_{1}} x_{1}\varphi _{1}(x_{1}), ..., \iota _{\mathcal {Q}_{n}} x_{n}\varphi _{n}(x_{n}))$


$\iota _{\mathcal {Q}}$


$^{\textsc {a}}_{k}$


$QU_{k}$


$\mathcal {D}_{1}$


$\psi (\iota _{\mathcal {Q}_{1}} x_{1}\varphi _{1}(x_{1}), ..., \iota _{\mathcal {Q}_{n}} x_{n}\varphi _{n}(x_{n}))$


$\iota _{\mathcal {Q}}$


$^{\textsc {a}}_{i}$


$P$


   𝑖  ∈  {  1  ,  .  .  .  ,  𝑛  } 


$i \in \{1, ..., n\}$


$\psi $


$k \in \{1, ..., n\}$


$\mathcal {D}_{1_{1}}$


$\mathcal {D}_{1_{n}}$


   −    𝐸  1  


$-E_{1}$


   −    𝐸  𝑛  


$-E_{n}$


$\mathcal {D}_{2_{1}}$


$\mathcal {D}_{2_{n}}$


   −  𝑄    𝑈  1  


$-QU_{1}$


   −  𝑄    𝑈  𝑛  


$-QU_{n}$


$\mathcal {D}_{3}$


$-P$


     𝜄    𝒬  −   


$\iota _{\mathcal {Q}-}$


$^{\textsc {a}}_{i}$


$\psi (\iota _{\mathcal {Q}_{1}} x_{1}-\varphi _{1}(x_{1}), ..., \iota _{\mathcal {Q}_{n}} x_{n}-\varphi _{n}(x_{n}))$


$\mathcal {D}_{1}$


$\psi (\iota _{\mathcal {Q}_{1}} x_{1}-\varphi _{1}(x_{1}), ..., \iota _{\mathcal {Q}_{n}} x_{n}-\varphi _{n}(x_{n}))$


$\iota _{\mathcal {Q}-}$


$^{\textsc {a}}_{k}$


$-E_{k}$


$\mathcal {D}_{1}$


$\psi (\iota _{\mathcal {Q}_{1}} x_{1}-\varphi _{1}(x_{1}), ..., \iota _{\mathcal {Q}_{n}} x_{n}-\varphi _{n}(x_{n}))$


$\iota _{\mathcal {Q}-}$


$^{\textsc {a}}_{k}$


$-QU_{k}$


$\mathcal {D}_{1}$


$\psi (\iota _{\mathcal {Q}_{1}} x_{1}-\varphi _{1}(x_{1}), ..., \iota _{\mathcal {Q}_{n}} x_{n}-\varphi _{n}(x_{n}))$


$\iota _{\mathcal {Q}-}$


$^{\textsc {a}}_{i}$


$-P$


$i \in \{1, ..., n\}$


$\psi $


$k \in \{1, ..., n\}$


$-\psi $


$\iota _{\mathcal {Q}}A$


$\mathcal {D}_{1_{1}}$


$\mathcal {D}_{1_{n}}$


$E_{1}$


$E_{n}$


$\mathcal {D}_{2_{1}}$


$\mathcal {D}_{2_{n}}$


$QU_{1}$


$QU_{n}$


$\mathcal {D}_{3}$


$P$


$\iota _{\mathcal {Q}}$


$^{\textsc {a}}_{i}$


$\psi (\iota _{\mathcal {Q}_{1}} x_{1}\varphi _{1}(x_{1}), ..., \iota _{\mathcal {Q}_{n}} x_{n}\varphi _{n}(x_{n}))$


$\iota _{\mathcal {Q}}$


$^{\textsc {a}}_{k}$


$E_{k}$


     𝒟    1  𝑘   


$\mathcal {D}_{1_{k}}$


$E_{k}$


$\mathcal {D}_{1_{1}}$


$\mathcal {D}_{1_{n}}$


$E_{1}$


$E_{n}$


$\mathcal {D}_{2_{1}}$


$\mathcal {D}_{2_{n}}$


$QU_{1}$


$QU_{n}$


$\mathcal {D}_{3}$


$P$


$\iota _{\mathcal {Q}}$


$^{\textsc {a}}_{i}$


$\psi (\iota _{\mathcal {Q}_{1}} x_{1}\varphi _{1}(x_{1}), ..., \iota _{\mathcal {Q}_{n}} x_{n}\varphi _{n}(x_{n}))$


$\iota _{\mathcal {Q}}$


$^{\textsc {a}}_{k}$


$QU_{k}$


     𝒟    2  𝑘   


$\mathcal {D}_{2_{k}}$


$QU_{k}$


$\mathcal {D}_{1_{1}}$


$\mathcal {D}_{1_{n}}$


$E_{1}$


$E_{n}$


$\mathcal {D}_{2_{1}}$


$\mathcal {D}_{2_{n}}$


$QU_{1}$


$QU_{n}$


$\mathcal {D}_{3}$


$P$


$\iota _{\mathcal {Q}}$


$^{\textsc {a}}_{i}$


$\psi (\iota _{\mathcal {Q}_{1}} x_{1}\varphi _{1}(x_{1}), ..., \iota _{\mathcal {Q}_{n}} x_{n}\varphi _{n}(x_{n}))$


$\iota _{\mathcal {Q}}$


$^{\textsc {a}}_{i}$


$P$


$\mathcal {D}_{3}$


$P$


$\iota _{\mathcal {Q}}A$


     𝑃  3   (    𝜄  𝒫   𝑥  (    𝑃  1   (  𝑥  )  )  ,    𝜄    𝒬  ′    𝑦  (    𝑍  1   (  𝑦  )  )  ,    𝜄    𝒬    ′  ′     𝑧  (    𝑍  1   (  𝑧  )  )  ) 


$P^{3}( \iota _{\mathcal {P}} x(P^{1}(x)), \iota _{\mathcal {Q}^{\prime }} y(Z^{1}(y)), \iota _{\mathcal {Q}^{\prime \prime }} z(Z^{1}(z)))$


     𝒬  ′   ,    𝒬    ′  ′    ⊂  𝒫 


$\mathcal {Q}^{\prime }, \mathcal {Q}^{\prime \prime } \subset \mathcal {P}$


     𝒬  ′   ≠    𝒬    ′  ′   


$\mathcal {Q}^{\prime } \not = \mathcal {Q}^{\prime \prime }$


                  �    �    �  


\begin {equation}{\footnotesize { \AXC {$\mathcal {D}_{1(E)}$} \noLine \UIC {$\exists x P^{1}(x)$} \DP \quad \AXC {$\mathcal {D}_{2(E)}$} \noLine \UIC {$\exists y Z^{1}(y)$} \DP \quad \AXC {$\mathcal {D}_{3(E)}$} \noLine \UIC {$\exists z Z^{1}(z)$} \DP }}\end {equation}


     𝒟    1  (  𝑄  𝑈  )   


$\mathcal {D}_{1(QU)}$


   ∀    𝑢  1   ∀    𝑣  1   (  (    𝑃  1   (    𝑢  1   )  &    𝑃  1   (    𝑣  1   )  )  ⊃    𝑢  1         =  +   𝒫       𝑣  1   ) 


$\forall u_{1} \forall v_{1} ((P^{1}(u_{1}) \& P^{1}(v_{1})) \supset u_{1} \overset {+}{=}_{\mathcal {P}} v_{1})$


     𝒟    2  (  𝑄  𝑈  )   


$\mathcal {D}_{2(QU)}$


   ∀    𝑢  2   ∀    𝑣  2   (  (    𝑍  1   (    𝑢  2   )  &    𝑍  1   (    𝑣  2   )  )  ⊃    𝑢  2         =  +     𝒬  ′        𝑣  2   ) 


$\forall u_{2} \forall v_{2} ((Z^{1}(u_{2}) \& Z^{1}(v_{2})) \supset u_{2} \overset {+}{=}_{\mathcal {Q}^{\prime }} v_{2})$


                � 


\begin {equation}{\footnotesize { \AXC {$\mathcal {D}_{3(QU)}$} \noLine \UIC {$\forall u_{3} \forall v_{3} ((Z^{1}(u_{3}) \& Z^{1}(v_{3})) \supset u_{3} \overset {+}{=}_{\mathcal {Q}^{\prime \prime }} v_{3})$ } \DP }}\end {equation}


$\mathcal {D}_{1(QU)}$


$\mathcal {P}$


$\mathcal {D}_{2(QU)}$


$\mathcal {Q}^{\prime }$


     𝒟    3  (  𝑄  𝑈  )   


$\mathcal {D}_{3(QU)}$


     𝒬    ′  ′   


$\mathcal {Q}^{\prime \prime }$


                � 


\begin {equation}{\footnotesize { \AXC {$\mathcal {D}_{(P)}$} \noLine \UIC {$\forall w_{1}\forall w_{2}\forall w_{3}(( P^{1}(w_{1}) \& Z^{1}(w_{2}) \& Z^{1}(w_{3})) \supset P^{3}(w_{1}, w_{2}, w_{3}))$} \DP }}\end {equation}


   {    𝒟    (  𝐸  )    }  =  {    𝒟    1  (  𝐸  )    ,    𝒟    2  (  𝐸  )    ,    𝒟    3  (  𝐸  )    } 


$\{\mathcal {D}_{(E)}\} = \{\mathcal {D}_{1(E)}, \mathcal {D}_{2(E)}, \mathcal {D}_{3(E)}\}$


   {    𝒟    (  𝑄  𝑈  )    }  =  {    𝒟    1  (  𝑄  𝑈  )    ,    𝒟    2  (  𝑄  𝑈  )    ,    𝒟    3  (  𝑄  𝑈  )    } 


$\{\mathcal {D}_{(QU)}\} = \{\mathcal {D}_{1(QU)}, \mathcal {D}_{2(QU)},\linebreak \mathcal {D}_{3(QU)}\}$


                � 


\begin {equation}{\footnotesize { \AXC {$\{\mathcal {D}_{(E)}\}$} \AXC {$\{\mathcal {D}_{(QU)}\}$} \AXC {$\mathcal {D}_{(P)}$} \RightLabel {($\iota _{\mathcal {Q}}$I$^{\textsc {a}}_{3}$)} \TIC {$P^{3}( \iota _{\mathcal {P}} x(P^{1}(x)), \iota _{\mathcal {Q}^{\prime }} y(Z^{1}(y)), \iota _{\mathcal {Q}^{\prime \prime }} z(Z^{1}(z)))$} \DP }}\end {equation}


   ℒ    𝜄  b  


$\mathcal {L}\iota ^{\textsc {b}}$


$\mathcal {Q}_{1_{1}},\ldots , \mathcal {Q}_{n_{m}} \subseteq \mathcal {P}$


   𝜓  (    𝜄    𝒬    𝑛  1       𝑥    𝑛  1      𝜑    𝑛  1    (    𝑥    𝑛  1    ,  .  .  .  ,    𝜄    𝒬    2  1       𝑥    2  1      𝜑    2  1    (    𝑥    2  1    ,  .  .  .  ,    𝜄    𝒬    1  1       𝑥    1  1      𝜑    1  1    (    𝑥    1  1    )  )  .  .  .  )  ,  .  .  .  ,    𝜄    𝒬    𝑛  𝑚       𝑥    𝑛  𝑚      𝜑    𝑛  𝑚    (    𝑥    𝑛  𝑚    ,  .  .  .  ,    𝜄    𝒬    2  𝑚       𝑥    2  𝑚      𝜑    2  𝑚    (    𝑥    2  𝑚    ,  .  .  .  ,    𝜄    𝒬    1  𝑚       𝑥    1  𝑚      𝜑    1  𝑚    (    𝑥    1  𝑚    )  )  .  .  .  )  ) 


$\psi ( \iota _{\mathcal {Q}_{n_{1}}}x_{n_{1}}\varphi _{n_{1}}(x_{n_{1}}, ..., \iota _{\mathcal {Q}_{2_{1}}}x_{2_{1}}\varphi _{2_{1}}(x_{2_{1}}, ..., \iota _{\mathcal {Q}_{1_{1}}}x_{1_{1}}\varphi _{1_{1}}(x_{1_{1}})) ...), ...,\\ \iota _{\mathcal {Q}_{n_{m}}}x_{n_{m}}\varphi _{n_{m}}(x_{n_{m}}, ..., \iota _{\mathcal {Q}_{2_{m}}}x_{2_{m}}\varphi _{2_{m}}(x_{2_{m}}, ..., \iota _{\mathcal {Q}_{1_{m}}}x_{1_{m}}\varphi _{1_{m}}(x_{1_{m}})) ...))$


$=_{def}$


   (  ∃    𝑥    𝑛  1      𝜑    𝑛  1    (    𝑥    𝑛  1    ,  .  .  .  ,    𝜄    𝒬    2  1       𝑥    2  1      𝜑    2  1    (    𝑥    2  1    ,  .  .  .  ,    𝜄    𝒬    1  1       𝑥    1  1      𝜑    1  1    (    𝑥    1  1    )  )  )  &  .  .  .  &  ∃    𝑥    𝑛  𝑚      𝜑    𝑛  𝑚    (    𝑥    𝑛  𝑚    ,  .  .  .  ,    𝜄    𝒬    2  𝑚       𝑥    2  𝑚      𝜑    2  𝑚    (    𝑥    2  𝑚    ,  .  .  .  ,    𝜄    𝒬    1  𝑚       𝑥    1  𝑚      𝜑    1  𝑚    (    𝑥    1  𝑚    )  )  )  )  & 


$(\exists x_{n_{1}} \varphi _{n_{1}}(x_{n_{1}}, ..., \iota _{\mathcal {Q}_{2_{1}}}x_{2_{1}}\varphi _{2_{1}}(x_{2_{1}}, ..., \iota _{\mathcal {Q}_{1_{1}}}x_{1_{1}}\varphi _{1_{1}}(x_{1_{1}}))) \& ... \&\\ \exists x_{n_{m}} \varphi _{n_{m}}(x_{n_{m}}, ..., \iota _{\mathcal {Q}_{2_{m}}}x_{2_{m}}\varphi _{2_{m}}(x_{2_{m}}, ..., \iota _{\mathcal {Q}_{1_{m}}}x_{1_{m}}\varphi _{1_{m}}(x_{1_{m}})))) \&$


   (  ∀    𝑢    𝑛  1    ∀    𝑣    𝑛  1    (  (    𝜑    𝑛  1    (    𝑢    𝑛  1    ,  .  .  .  ,    𝜄    𝒬    2  1       𝑥    2  1      𝜑    2  1    (    𝑥    2  1    ,  .  .  .  ,    𝜄    𝒬    1  1       𝑥    1  1      𝜑    1  1    (    𝑥    1  1    )  )  )  &    𝜑    𝑛  1    (    𝑣    𝑛  1    ,  .  .  .  ,    𝜄    𝒬    2  1       𝑥    2  1      𝜑    2  1    (    𝑥    2  1    ,  .  .  .  ,    𝜄    𝒬    1  1       𝑥    1  1      𝜑  𝑛   (    𝑥    1  1    )  )  )  )  ⊃    𝑢    𝑛  1          =  +     𝒬    𝑛  1         𝑣    𝑛  1    )  &  .  .  .  &  ∀    𝑢    𝑛  𝑚    ∀    𝑣    𝑛  𝑚    (  (    𝜑    𝑛  𝑚    (    𝑢    𝑛  𝑚    ,  .  .  .  ,    𝜄    𝒬    2  𝑚       𝑥    2  𝑚      𝜑    2  𝑚    (    𝑥    2  𝑚    ,  .  .  .  ,    𝜄    𝒬    1  𝑚       𝑥    1  𝑚      𝜑    1  𝑚    (    𝑥    1  𝑚    )  )  )  &    𝜑    𝑛  𝑚    (    𝑣    𝑛  𝑚    ,  .  .  .  ,    𝜄    𝒬    2  𝑚       𝑥    2  𝑚      𝜑    2  𝑚    (    𝑥    2  𝑚    ,  .  .  .  ,    𝜄    𝒬    1  𝑚       𝑥    1  𝑚      𝜑    1  𝑚    (    𝑥    1  𝑚    )  )  )  )  ⊃    𝑢    𝑛  𝑚          =  +     𝒬    𝑛  𝑚         𝑣    𝑛  𝑚    )  )  & 


$(\forall u_{n_{1}}\forall v_{n_{1}} ((\varphi _{n_{1}}(u_{n_{1}}, ..., \iota _{\mathcal {Q}_{2_{1}}}x_{2_{1}}\varphi _{2_{1}}(x_{2_{1}}, ..., \iota _{\mathcal {Q}_{1_{1}}}x_{1_{1}}\varphi _{1_{1}}(x_{1_{1}}))) \&\\ \varphi _{n_{1}}(v_{n_{1}}, ..., \iota _{\mathcal {Q}_{2_{1}}}x_{2_{1}}\varphi _{2_{1}}(x_{2_{1}}, ..., \iota _{\mathcal {Q}_{1_{1}}}x_{1_{1}}\varphi _{n}(x_{1_{1}})))) \supset u_{n_{1}} \overset {+}{=}_{\mathcal {Q}_{n_{1}}} v_{n_{1}}) \& ... \&\\ \forall u_{n_{m}}\forall v_{n_{m}} ((\varphi _{n_{m}}(u_{n_{m}}, ..., \iota _{\mathcal {Q}_{2_{m}}}x_{2_{m}}\varphi _{2_{m}}(x_{2_{m}}, ..., \iota _{\mathcal {Q}_{1_{m}}}x_{1_{m}}\varphi _{1_{m}}(x_{1_{m}}))) \&\\ \varphi _{n_{m}}(v_{n_{m}}, ..., \iota _{\mathcal {Q}_{2_{m}}}x_{2_{m}}\varphi _{2_{m}}(x_{2_{m}}, ..., \iota _{\mathcal {Q}_{1_{m}}}x_{1_{m}}\varphi _{1_{m}}(x_{1_{m}}))))\\ \supset u_{n_{m}} \overset {+}{=}_{\mathcal {Q}_{n_{m}}} v_{n_{m}})) \&$


   (  ∀    𝑤    𝑛  1    .  .  .  ∀    𝑤    𝑛  𝑚    (    𝜑    𝑛  1    (    𝑤    𝑛  1    ,  .  .  .  ,    𝜄    𝒬    2  1       𝑥    2  1      𝜑    2  1    (    𝑥    2  1    ,  .  .  .  ,    𝜄    𝒬    1  1       𝑥    1  1      𝜑    1  1    (    𝑥    1  1    )  )  )  &  .  .  .  &    𝜑    𝑛  𝑚    (    𝑤    𝑛  𝑚    ,  .  .  .  ,    𝜄    𝒬    2  𝑚       𝑥    2  𝑚      𝜑    2  𝑚    (    𝑥    2  𝑚    ,  .  .  .  ,    𝜄    𝒬    1  𝑚       𝑥    1  𝑚      𝜑    1  𝑚    (    𝑥    1  𝑚    )  )  )  ) 


$( \forall w_{n_{1}} ... \forall w_{n_{m}} (\varphi _{n_{1}}(w_{n_{1}}, ..., \iota _{\mathcal {Q}_{2_{1}}}x_{2_{1}}\varphi _{2_{1}}(x_{2_{1}}, ..., \iota _{\mathcal {Q}_{1_{1}}}x_{1_{1}}\varphi _{1_{1}}(x_{1_{1}}))) \& ... \&\\ \varphi _{n_{m}}(w_{n_{m}}, ..., \iota _{\mathcal {Q}_{2_{m}}}x_{2_{m}}\varphi _{2_{m}}(x_{2_{m}}, ..., \iota _{\mathcal {Q}_{1_{m}}}x_{1_{m}}\varphi _{1_{m}}(x_{1_{m}}))))$


$\supset $


   𝜓  (    𝑤    𝑛  1    ,  .  .  .  ,    𝑤    𝑛  𝑚    )  )  ) 


$\psi (w_{n_{1}}, ..., w_{n_{m}})) )$


   𝜓  (    𝜄    𝒬    𝑛  1       𝑥    𝑛  1    −    𝜑    𝑛  1    (    𝑥    𝑛  1    ,  .  .  .  ,    𝜄    𝒬    2  1       𝑥    2  1    −    𝜑    2  1    (    𝑥    2  1    ,  .  .  .  ,    𝜄    𝒬    1  1       𝑥    1  1    −    𝜑    1  1    (    𝑥    1  1    )  )  .  .  .  )  ,  .  .  .  ,    𝜄    𝒬    𝑛  𝑚       𝑥    𝑛  𝑚    −    𝜑    𝑛  𝑚    (    𝑥    𝑛  𝑚    ,  .  .  .  ,    𝜄    𝒬    2  𝑚       𝑥    2  𝑚    −    𝜑    2  𝑚    (    𝑥    2  𝑚    ,  .  .  .  ,    𝜄    𝒬    1  𝑚       𝑥    1  𝑚    −    𝜑    1  𝑚    (    𝑥    1  𝑚    )  )  .  .  .  )  ) 


$\psi ( \iota _{\mathcal {Q}_{n_{1}}}x_{n_{1}}-\varphi _{n_{1}}(x_{n_{1}}, ..., \iota _{\mathcal {Q}_{2_{1}}}x_{2_{1}}-\varphi _{2_{1}}(x_{2_{1}}, ..., \iota _{\mathcal {Q}_{1_{1}}}x_{1_{1}}-\varphi _{1_{1}}(x_{1_{1}})) ...), ...,\\ \iota _{\mathcal {Q}_{n_{m}}}x_{n_{m}}-\varphi _{n_{m}}(x_{n_{m}}, ..., \iota _{\mathcal {Q}_{2_{m}}}x_{2_{m}}-\varphi _{2_{m}}(x_{2_{m}}, ..., \iota _{\mathcal {Q}_{1_{m}}}x_{1_{m}}-\varphi _{1_{m}}(x_{1_{m}})) ...))$


$=_{def}$


   (  ∃    𝑥    𝑛  1    −    𝜑    𝑛  1    (    𝑥    𝑛  1    ,  .  .  .  ,    𝜄    𝒬    2  1       𝑥    2  1    −    𝜑    2  1    (    𝑥    2  1    ,  .  .  .  ,    𝜄    𝒬    1  1       𝑥    1  1    −    𝜑    1  1    (    𝑥    1  1    )  )  )  &  .  .  .  &  ∃    𝑥    𝑛  𝑚    −    𝜑    𝑛  𝑚    (    𝑥    𝑛  𝑚    ,  .  .  .  ,    𝜄    𝒬    2  𝑚       𝑥    2  𝑚    −    𝜑    2  𝑚    (    𝑥    2  𝑚    ,  .  .  .  ,    𝜄    𝒬    1  𝑚       𝑥    1  𝑚    −    𝜑    1  𝑚    (    𝑥    1  𝑚    )  )  )  )  & 


$(\exists x_{n_{1}} -\varphi _{n_{1}}(x_{n_{1}}, ..., \iota _{\mathcal {Q}_{2_{1}}}x_{2_{1}}-\varphi _{2_{1}}(x_{2_{1}}, ..., \iota _{\mathcal {Q}_{1_{1}}}x_{1_{1}}-\varphi _{1_{1}}(x_{1_{1}}))) \& ... \&\\ \exists x_{n_{m}} -\varphi _{n_{m}}(x_{n_{m}}, ..., \iota _{\mathcal {Q}_{2_{m}}}x_{2_{m}}-\varphi _{2_{m}}(x_{2_{m}}, ..., \iota _{\mathcal {Q}_{1_{m}}}x_{1_{m}}-\varphi _{1_{m}}(x_{1_{m}})))) \&$


   (  ∀    𝑢    𝑛  1    ∀    𝑣    𝑛  1    (  (  −    𝜑    𝑛  1    (    𝑢    𝑛  1    ,  .  .  .  ,    𝜄    𝒬    2  1       𝑥    2  1    −    𝜑    2  1    (    𝑥    2  1    ,  .  .  .  ,    𝜄    𝒬    1  1       𝑥    1  1    −    𝜑    1  1    (    𝑥    1  1    )  )  )  &  −    𝜑    𝑛  1    (    𝑣    𝑛  1    ,  .  .  .  ,    𝜄    𝒬    2  1       𝑥    2  1    −    𝜑    2  1    (    𝑥    2  1    ,  .  .  .  ,    𝜄    𝒬    1  1       𝑥    1  1    −    𝜑  𝑛   (    𝑥    1  1    )  )  )  )  ⊃    𝑢    𝑛  1          =  −     𝒬    𝑛  1         𝑣    𝑛  1    )  &  .  .  .  &  ∀    𝑢    𝑛  𝑚    ∀    𝑣    𝑛  𝑚    (  (  −    𝜑    𝑛  𝑚    (    𝑢    𝑛  𝑚    ,  .  .  .  ,    𝜄    𝒬    2  𝑚       𝑥    2  𝑚    −    𝜑    2  𝑚    (    𝑥    2  𝑚    ,  .  .  .  ,    𝜄    𝒬    1  𝑚       𝑥    1  𝑚    −    𝜑    1  𝑚    (    𝑥    1  𝑚    )  )  )  &  −    𝜑    𝑛  𝑚    (    𝑣    𝑛  𝑚    ,  .  .  .  ,    𝜄    𝒬    2  𝑚       𝑥    2  𝑚    −    𝜑    2  𝑚    (    𝑥    2  𝑚    ,  .  .  .  ,    𝜄    𝒬    1  𝑚       𝑥    1  𝑚    −    𝜑    1  𝑚    (    𝑥    1  𝑚    )  )  )  )  ⊃    𝑢    𝑛  𝑚          =  −     𝒬    𝑛  𝑚         𝑣    𝑛  𝑚    )  )  & 


$(\forall u_{n_{1}}\forall v_{n_{1}} ((-\varphi _{n_{1}}(u_{n_{1}}, ..., \iota _{\mathcal {Q}_{2_{1}}}x_{2_{1}}-\varphi _{2_{1}}(x_{2_{1}}, ..., \iota _{\mathcal {Q}_{1_{1}}}x_{1_{1}}-\varphi _{1_{1}}(x_{1_{1}}))) \&\\ -\varphi _{n_{1}}(v_{n_{1}}, ..., \iota _{\mathcal {Q}_{2_{1}}}x_{2_{1}}-\varphi _{2_{1}}(x_{2_{1}}, ..., \iota _{\mathcal {Q}_{1_{1}}}x_{1_{1}}-\varphi _{n}(x_{1_{1}})))) \supset u_{n_{1}} \overset {-}{=}_{\mathcal {Q}_{n_{1}}} v_{n_{1}}) \& ... \&\\ \forall u_{n_{m}}\forall v_{n_{m}} ((-\varphi _{n_{m}}(u_{n_{m}}, ..., \iota _{\mathcal {Q}_{2_{m}}}x_{2_{m}}-\varphi _{2_{m}}(x_{2_{m}}, ..., \iota _{\mathcal {Q}_{1_{m}}}x_{1_{m}}-\varphi _{1_{m}}(x_{1_{m}}))) \&\\ -\varphi _{n_{m}}(v_{n_{m}}, ..., \iota _{\mathcal {Q}_{2_{m}}}x_{2_{m}}-\varphi _{2_{m}}(x_{2_{m}}, ..., \iota _{\mathcal {Q}_{1_{m}}}x_{1_{m}}-\varphi _{1_{m}}(x_{1_{m}}))))\\ \supset u_{n_{m}} \overset {-}{=}_{\mathcal {Q}_{n_{m}}} v_{n_{m}})) \&$


   (  ∀    𝑤    𝑛  1    .  .  .  ∀    𝑤    𝑛  𝑚    (  −    𝜑    𝑛  1    (    𝑤    𝑛  1    ,  .  .  .  ,    𝜄    𝒬    2  1       𝑥    2  1    −    𝜑    2  1    (    𝑥    2  1    ,  .  .  .  ,    𝜄    𝒬    1  1       𝑥    1  1    −    𝜑    1  1    (    𝑥    1  1    )  )  )  &  .  .  .  &  −    𝜑    𝑛  𝑚    (    𝑤    𝑛  𝑚    ,  .  .  .  ,    𝜄    𝒬    2  𝑚       𝑥    2  𝑚    −    𝜑    2  𝑚    (    𝑥    2  𝑚    ,  .  .  .  ,    𝜄    𝒬    1  𝑚       𝑥    1  𝑚    −    𝜑    1  𝑚    (    𝑥    1  𝑚    )  )  )  ) 


$( \forall w_{n_{1}} ... \forall w_{n_{m}} (-\varphi _{n_{1}}(w_{n_{1}}, ..., \iota _{\mathcal {Q}_{2_{1}}}x_{2_{1}}-\varphi _{2_{1}}(x_{2_{1}}, ..., \iota _{\mathcal {Q}_{1_{1}}}x_{1_{1}}-\varphi _{1_{1}}(x_{1_{1}}))) \& ... \&\\ -\varphi _{n_{m}}(w_{n_{m}}, ..., \iota _{\mathcal {Q}_{2_{m}}}x_{2_{m}}-\varphi _{2_{m}}(x_{2_{m}}, ..., \iota _{\mathcal {Q}_{1_{m}}}x_{1_{m}}-\varphi _{1_{m}}(x_{1_{m}}))))$


   ⊃  𝜓  (    𝑤    𝑛  1    ,  .  .  .  ,    𝑤    𝑛  𝑚    )  )  ) 


$\supset \psi (w_{n_{1}}, ..., w_{n_{m}})) )$


$-\psi $


   𝐿  𝑜  𝑣  𝑒    𝑠  2   (    𝜄    𝒬    2  1     𝑥  (  𝐾  𝑖  𝑛  𝑔 


$Loves^{2}( \iota _{\mathcal {Q}_{2_{1}}} x(King$


   𝑜    𝑓  2   (  𝑥  ,    𝜄    𝒬    1  1     𝑦  (  𝐽  𝑢  𝑛  𝑔  𝑙  𝑒  (  𝑦  )  )  )  )  ,    𝜄    𝒬    2  2     𝑧  (  𝑄  𝑢  𝑒  𝑒  𝑛 


$of^{2}(x, \iota _{\mathcal {Q}_{1_{1}}} y(Jungle(y)))),\\ \iota _{\mathcal {Q}_{2_{2}}} z(Queen$


   𝑜    𝑓  2   (  𝑧  ,    𝜄    𝒬    1  2     𝑢  (  𝐷  𝑒  𝑠  𝑒  𝑟  𝑡  (  𝑢  )  )  )  )  ) 


$of^{2}(z, \iota _{\mathcal {Q}_{1_{2}}} u(Desert(u)))))$


   𝐻  𝑜  𝑙  𝑑    𝑠  2   (  𝐿  𝑒  𝑜  𝑋  𝐼  𝑉  ,    𝜄  𝒫   𝑥  (  𝑂  𝑓  𝑓  𝑖  𝑐  𝑒 


$Holds^{2}(Leo XIV, \iota _{\mathcal {P}}x(Office$


   𝑜    𝑓  2   (  𝑥  ,    𝜄  𝒫   𝑦  (  𝐵  𝑖  𝑠  ℎ  𝑜  𝑝 


$of^{2}(x, \iota _{\mathcal {P}}y(Bishop$


   𝑜    𝑓  2   (  𝑦  ,  𝑅  𝑜  𝑚  𝑒  )  )  )  )  ) 


$of^{2}(y, Rome)))))$


     𝜄  𝒬   𝐵 


$\iota _{\mathcal {Q}}B$


$\iota _{\mathcal {Q}}A$


$\iota _{\mathcal {Q}}B$


   {    𝐸    1  𝑘    } 


$\{E_{1_{k}}\}$


         ∃    𝑥    1  1      𝜑    1  1    (    𝑥    1  1    )   ⏟     𝐸    1  1    


$\underbrace {\exists x_{1_{1}}\varphi _{1_{1}}(x_{1_{1}})}_{E_{1_{1}}}$


   ,  .  .  .  , 


$, ...,$


         ∃    𝑥    1  𝑚      𝜑    1  𝑚    (    𝑥    1  𝑚    )   ⏟     𝐸    1  𝑚    


$\underbrace {\exists x_{1_{m}}\varphi _{1_{m}}(x_{1_{m}})}_{E_{1_{m}}}$


   {    𝐸    2  𝑘    } 


$\{E_{2_{k}}\}$


         ∃    𝑥    2  1      𝜑    2  1    (    𝑥    2  1    ,  .  .  .  ,    𝜄    𝒬    1  1       𝑥    1  1      𝜑    1  1    (    𝑥    1  1    )  )   ⏟     𝐸    2  1    


$\underbrace {\exists x_{2_{1}} \varphi _{2_{1}}(x_{2_{1}}, ..., \iota _{\mathcal {Q}_{1_{1}}}x_{1_{1}}\varphi _{1_{1}}(x_{1_{1}}))}_{E_{2_{1}}}$


$, ...,$


         ∃    𝑥    2  𝑚      𝜑    2  𝑚    (    𝑥    2  𝑚    ,  .  .  .  ,    𝜄    𝒬    1  𝑚       𝑥    1  𝑚      𝜑  1   (    𝑥    1  𝑚    )  )   ⏟     𝐸    2  𝑚    


$\underbrace {\exists x_{2_{m}} \varphi _{2_{m}}(x_{2_{m}}, ...,\iota _{\mathcal {Q}_{1_{m}}}x_{1_{m}}\varphi _{1}(x_{1_{m}}))}_{E_{2_{m}}}$


   ⋮ 


$\vdots $


   {    𝐸    𝑛  𝑘    } 


$\{E_{n_{k}}\}$


         ∃    𝑥    𝑛  1      𝜑    𝑛  1    (    𝑥    𝑛  1    ,  .  .  .  ,    𝜄    𝒬    2  1       𝑥    2  1      𝜑    2  1    (    𝑥    2  1    ,  .  .  .  ,    𝜄    𝒬    1  1       𝑥    1  1      𝜑    1  1    (    𝑥    1  1    )  )  )   ⏟     𝐸    𝑛  1    


$\underbrace {\exists x_{n_{1}} \varphi _{n_{1}}(x_{n_{1}}, ..., \iota _{\mathcal {Q}_{2_{1}}}x_{2_{1}}\varphi _{2_{1}}(x_{2_{1}}, ..., \iota _{\mathcal {Q}_{1_{1}}}x_{1_{1}} \varphi _{1_{1}}(x_{1_{1}})))}_{E_{n_{1}}}$


$, ...,$


         ∃    𝑥    𝑛  𝑚      𝜑    𝑛  𝑚    (    𝑥    𝑛  𝑚    ,  .  .  .  ,    𝜄    𝒬    2  𝑚       𝑥    2  𝑚      𝜑    2  𝑚    (    𝑥    2  𝑚    ,  .  .  .  ,    𝜄    𝒬    1  𝑚       𝑥    1  𝑚      𝜑    1  𝑚    (    𝑥    1  𝑚    )  )  )   ⏟     𝐸    𝑛  𝑚    


$\underbrace {\exists x_{n_{m}} \varphi _{n_{m}}(x_{n_{m}}, ..., \iota _{\mathcal {Q}_{2_{m}}}x_{2_{m}}\varphi _{2_{m}}(x_{2_{m}}, ..., \iota _{\mathcal {Q}_{1_{m}}}x_{1_{m}} \varphi _{1_{m}}(x_{1_{m}})))}_{E_{n_{m}}}$


     𝑃  1  


$P_{1}$


   ∀    𝑤    1  1    .  .  .  ∀    𝑤    1  𝑚    (  (    𝜑    1  1    (    𝑤    1  1    )  &  .  .  .  &    𝜑    1  𝑚    (    𝑤    1  𝑚    )  )  ⊃    𝜓  1   (    𝑤    1  1    ,  .  .  .  ,    𝑤    1  𝑚    )  ) 


$\forall w_{1_{1}} ... \forall w_{1_{m}}(( \varphi _{1_{1}}(w_{1_{1}}) \& ... \& \varphi _{1_{m}}(w_{1_{m}})) \supset \psi _{1}(w_{1_{1}}, ..., w_{1_{m}}))$


     𝑃  2  


$P_{2}$


   ∀    𝑤    2  1    .  .  .  ∀    𝑤    2  𝑚    (  (    𝜑    2  1    (    𝑤    2  1    ,  .  .  .  ,    𝜄    𝒬    1  1       𝑥    1  1      𝜑    1  1    (    𝑥    1  1    )  )  &  .  .  .  &    𝜑    2  𝑚    (    𝑤    2  𝑚    ,  .  .  .  ,    𝜄    𝒬    1  𝑚       𝑥    1  𝑚      𝜑    1  𝑚    (    𝑥    1  𝑚    )  )  )  ⊃    𝜓  2   (    𝑤    2  1    ,  .  .  .  ,    𝑤    2  𝑚    )  ) 


$\forall w_{2_{1}} ... \forall w_{2_{m}}(( \varphi _{2_{1}}(w_{2_{1}}, ..., \iota _{\mathcal {Q}_{1_{1}}}x_{1_{1}}\varphi _{1_{1}}(x_{1_{1}})) \& ... \&\\ \varphi _{2_{m}}(w_{2_{m}}, ..., \iota _{\mathcal {Q}_{1_{m}}}x_{1_{m}}\varphi _{1_{m}}(x_{1_{m}}))) \supset \psi _{2}(w_{2_{1}}, ..., w_{2_{m}}))$


$\vdots $


     𝑃  𝑛  


$P_{n}$


   ∀    𝑤    𝑛  1    .  .  .  ∀    𝑤    𝑛  𝑚    (  (    𝜑    𝑛  1      (    𝑤    𝑛  1      ,  .  .  .  ,    𝜄      𝒬    2  1          𝑥    2  1      𝜑    2  1      (    𝑤    2  1      ,  .  .  .  ,    𝜄      𝒬    1  1          𝑥    1  1      𝜑    1  1      (    𝑥    1  1    )  )  )  &  .  .  .  &    𝜑    𝑛  𝑚    (    𝑤    𝑛  𝑚    ,  .  .  .  ,    𝜄      𝒬    2  𝑚          𝑥    2  𝑚      𝜑    2  𝑚      (    𝑤    2  𝑚    ,  .  .  .  ,    𝜄      𝒬    1  𝑚          𝑥    1  𝑚      𝜑    1  𝑚      (    𝑥    1  𝑚      )  )  )  ) 


$\forall w_{n_{1}} ... \forall w_{n_{m}}(( \varphi _{n_{1}}\!(w_{n_{1}}\!, ..., \iota _{\mathcal {Q}_{2_{1}}\!}x_{2_{1}}\varphi _{2_{1}}\!(w_{2_{1}}\!, ..., \iota _{\mathcal {Q}_{1_{1}}\!}x_{1_{1}}\varphi _{1_{1}}\!(x_{1_{1}}))) \& ... \&\\ \varphi _{n_{m}}(w_{n_{m}}, ..., \iota _{\mathcal {Q}_{2_{m}}\!}x_{2_{m}}\varphi _{2_{m}}\!(w_{2_{m}}, ..., \iota _{\mathcal {Q}_{1_{m}}\!}x_{1_{m}}\varphi _{1_{m}}\!(x_{1_{m}}\!))))$


   ⊃    𝜓  𝑛   (    𝑤    𝑛  1    ,  .  .  .    𝑤    𝑛  𝑚    )  ) 


$\supset \psi _{n}(w_{n_{1}}, ... w_{n_{m}}))$


   −    𝜓  𝑗  


$-\psi _{j}$


   𝑄    𝐷  1  


$QD_{1}$


     𝜓  1   (    𝜄    𝒬    1  1       𝑥    1  1      𝜑    1  1    (    𝑥    1  1    )  ,  .  .  .  ,    𝜄    𝒬    1  𝑚       𝑥    1  𝑚      𝜑    1  𝑚    (    𝑥    1  𝑚    )  ) 


$\psi _{1}( \iota _{\mathcal {Q}_{1_{1}}}x_{1_{1}}\varphi _{1_{1}}(x_{1_{1}}), ..., \iota _{\mathcal {Q}_{1_{m}}}x_{1_{m}}\varphi _{1_{m}}(x_{1_{m}}))$


   𝑄    𝐷  2  


$QD_{2}$


     𝜓  2   (    𝜄    𝒬    2  1       𝑥    2  1      𝜑    2  1    (    𝑥    2  1    ,  .  .  .  ,    𝜄    𝒬    1  1       𝑥    1  1      𝜑    1  1    (    𝑥    1  1    )  )  ,  .  .  .  ,    𝜄    𝒬    2  𝑚       𝑥    2  𝑚      𝜑    2  𝑚    (    𝑥    2  𝑚    ,  .  .  .  ,    𝜄    𝒬    1  𝑚       𝑥    1  𝑚      𝜑  1   (    𝑥    1  𝑚    )  )  ) 


$\psi _{2}( \iota _{\mathcal {Q}_{2_{1}}}x_{2_{1}}\varphi _{2_{1}}(x_{2_{1}}, ..., \iota _{\mathcal {Q}_{1_{1}}}x_{1_{1}}\varphi _{1_{1}}(x_{1_{1}})), ...,\\ \iota _{\mathcal {Q}_{2_{m}}}x_{2_{m}}\varphi _{2_{m}}(x_{2_{m}}, ..., \iota _{\mathcal {Q}_{1_{m}}}x_{1_{m}}\varphi _{1}(x_{1_{m}})))$


$\vdots $


   𝑄    𝐷  𝑛  


$QD_{n}$


     𝜓  𝑛   (    𝜄    𝒬    𝑛  1       𝑥    𝑛  1      𝜑    𝑛  1    (    𝑥    𝑛  1    ,  .  .  .  ,    𝜄    𝒬    2  1       𝑥    2  1      𝜑    2  1    (    𝑥    2  1    ,  .  .  .  ,    𝜄    𝒬    1  1       𝑥    1  1      𝜑    1  1    (    𝑥    1  1    )  )  .  .  .  )  ,  .  .  .  ,    𝜄    𝒬    𝑛  𝑚       𝑥    𝑛  𝑚      𝜑  𝑛   (    𝑥    𝑛  𝑚    ,  .  .  .  ,    𝜄    𝒬    2  𝑚       𝑥    2  𝑚      𝜑    2  𝑚    (    𝑥    2  𝑚    ,  .  .  .  ,    𝜄    𝒬    1  𝑚       𝑥    1  𝑚      𝜑  1   (    𝑥    1  𝑚    )  )  .  .  .  )  ) 


$\psi _{n}( \iota _{\mathcal {Q}_{n_{1}}}x_{n_{1}}\varphi _{n_{1}}(x_{n_{1}}, ..., \iota _{\mathcal {Q}_{2_{1}}}x_{2_{1}}\varphi _{2_{1}}(x_{2_{1}}, ..., \iota _{\mathcal {Q}_{1_{1}}}x_{1_{1}}\varphi _{1_{1}}(x_{1_{1}})) ...), ...,\\ \iota _{\mathcal {Q}_{n_{m}}}x_{n_{m}}\varphi _{n}(x_{n_{m}}, ..., \iota _{\mathcal {Q}_{2_{m}}}x_{2_{m}}\varphi _{2_{m}}(x_{2_{m}}, ..., \iota _{\mathcal {Q}_{1_{m}}}x_{1_{m}}\varphi _{1}(x_{1_{m}})) ...))$


$-\psi _{j}$


   {  𝑄    𝑈    1  𝑘    } 


$\{QU_{1_{k}}\}$


         ∀    𝑢    1  1    ∀    𝑣    1  1    (  (    𝜑    1  1    (    𝑢    1  1    )  &    𝜑    1  1    (    𝑣    1  1    )  )    ⊃      𝑢    1  1            =  +     𝒬    1  1         𝑣    1  1    )   ⏟     𝑄    𝑈    1  1      ,  .  .  .  ,        ∀    𝑢    1  𝑚    ∀    𝑣    1  𝑚    (  (    𝜑    1  𝑚    (    𝑢    1  𝑚    )  &    𝜑    1  𝑚    (    𝑣    1  𝑚    )  )    ⊃      𝑢    1  𝑚            =  +     𝒬    1  𝑚         𝑣    1  𝑚    )   ⏟     𝑄    𝑈    1  𝑚     


$\underbrace {\forall u_{1_{1}}\forall v_{1_{1}} ((\varphi _{1_{1}}(u_{1_{1}}) \& \varphi _{1_{1}}(v_{1_{1}})) \!\supset \! u_{1_{1}}\! \overset {+}{=}_{\mathcal {Q}_{1_{1}}} v_{1_{1}})}_{QU_{1_{1}}} , ..., \underbrace {\forall u_{1_{m}}\forall v_{1_{m}} ((\varphi _{1_{m}}(u_{1_{m}}) \& \varphi _{1_{m}}(v_{1_{m}})) \!\supset \! u_{1_{m}}\! \overset {+}{=}_{\mathcal {Q}_{1_{m}}} v_{1_{m}})}_{QU_{1_{m}}}$


   {  𝑄    𝑈    2  𝑘    } 


$\{QU_{2_{k}}\}$


         ∀    𝑢    2  1    ∀    𝑣    2  1    (  (    𝜑    2  1    (    𝑢    2  1    ,  .  .  .  ,    𝜄    𝒬    1  1       𝑥    1  1      𝜑    1  1    (    𝑥    1  1    )  )  &    𝜑    2  1    (    𝑣    2  1    ,  .  .  .  ,    𝜄    𝒬    1  1       𝑥    1  1      𝜑    1  1    (    𝑥    1  1    )  )  )  ⊃    𝑢    2  1          =  +     𝒬    2  1         𝑣    2  1    )   ⏟     𝑄    𝑈    2  1     


$\underbrace {\forall u_{2_{1}}\forall v_{2_{1}} ((\varphi _{2_{1}}(u_{2_{1}}, ..., \iota _{\mathcal {Q}_{1_{1}}}x_{1_{1}}\varphi _{1_{1}}(x_{1_{1}})) \& \varphi _{2_{1}}(v_{2_{1}}, ..., \iota _{\mathcal {Q}_{1_{1}}}x_{1_{1}}\varphi _{1_{1}}(x_{1_{1}}))) \supset u_{2_{1}} \overset {+}{=}_{\mathcal {Q}_{2_{1}}} v_{2_{1}})}_{QU_{2_{1}}}$


$, ...,$


         ∀    𝑢    2  𝑚    ∀    𝑣    2  𝑚    (  (    𝜑    2  𝑚    (    𝑢    2  𝑚    ,  .  .  .  ,    𝜄    𝒬    1  𝑚       𝑥    1  𝑚      𝜑    1  𝑚    (    𝑥    1  𝑚    )  )  &    𝜑    2  𝑚    (    𝑣    2  𝑚    ,  .  .  .  ,    𝜄    𝒬    1  𝑚       𝑥    1  𝑚      𝜑    1  𝑚    (    𝑥    1  𝑚    )  )  )  ⊃    𝑢    2  𝑚          =  +     𝒬    2  𝑚         𝑣    2  𝑚    )   ⏟     𝑄    𝑈    2  𝑚     


$\underbrace {\forall u_{2_{m}}\forall v_{2_{m}} ((\varphi _{2_{m}}(u_{2_{m}}, ..., \iota _{\mathcal {Q}_{1_{m}}}x_{1_{m}}\varphi _{1_{m}}(x_{1_{m}})) \& \varphi _{2_{m}}(v_{2_{m}}, ..., \iota _{\mathcal {Q}_{1_{m}}}x_{1_{m}}\varphi _{1_{m}}(x_{1_{m}}))) \supset u_{2_{m}} \overset {+}{=}_{\mathcal {Q}_{2_{m}}} v_{2_{m}})}_{QU_{2_{m}}}$


$\vdots $


   {  𝑄    𝑈    𝑛  𝑘    } 


$\{QU_{n_{k}}\}$


                          |        {              𝑄    𝑈    𝑛  1             z          …                  ,  .  .  .  ,                 |        {              𝑄    𝑈    𝑛  𝑚             z          …                      


\begin {multline*}\aunderbrace [l1D1@{~\ldots }]{ \forall u_{n_{1}}\forall v_{n_{1}} ((\varphi _{n_{1}}(u_{n_{1}}, ..., \iota _{\mathcal {Q}_{2_{1}}}x_{2_{1}}\varphi _{2_{1}}(x_{2_{1}}, ..., \iota _{\mathcal {Q}_{1_{1}}}x_{1_{1}}\varphi _{1_{1}}(x_{1_{1}}))) \& \varphi _{n_{1}}(v_{n_{1}}, ..., \iota _{\mathcal {Q}_{2_{1}}}x_{2_{1}}\varphi _{2_{1}}(x_{2_{1}}, ..., }_{\text {$QU_{n_{1}}$}} \\[\jot ] \aunderbrace [@{\ldots ~}1r]{ \iota _{\mathcal {Q}_{1_{1}}}x_{1_{1}}\varphi _{1_{1}}(x_{1_{1}})))) \supset u_{n_{1}} \overset {+}{=}_{\mathcal {Q}_{n_{1}}} v_{n_{1}}) } , ..., \aunderbrace [l1D1@{~\ldots }]{ \forall u_{n_{m}}\forall v_{n_{m}} ((\varphi _{n_{m}}(u_{n_{m}}, ..., \iota _{\mathcal {Q}}x_{2_{m}}\varphi _{2_{m}}(x_{2_{m}}, ..., }_{\text {$QU_{n_{m}}$}} \\[\jot ] \aunderbrace [@{\ldots ~}1r]{ \iota _{\mathcal {Q}_{1_{m}}}x_{1_{m}}\varphi _{1_{m}}(x_{1_{m}}))) \& \varphi _{n_{m}}(v_{n_{m}}, ..., \iota _{\mathcal {Q}_{2_{m}}}x_{2_{m}}\varphi _{2_{m}}(x_{2_{m}}, ..., \iota _{\mathcal {Q}_{1_{m}}}x_{1_{m}}\varphi _{1_{m}}(x_{1_{m}})))) \supset u_{n_{m}} \overset {+}{=}_{\mathcal {Q}_{n_{m}}} v_{n_{m}}) }\end {multline*}


$\iota _{\mathcal {Q}}B$


   {    𝒟    1  1    } 


$\{\mathcal {D}_{1_{1}}\}$


$\{E_{1_{k}}\}$


   {    𝒟    2  1    } 


$\{\mathcal {D}_{2_{1}}\}$


$\{QU_{1_{k}}\}$


     𝒟    3  1   


$\mathcal {D}_{3_{1}}$


$P_{1}$


$\iota _{\mathcal {Q}}$


         𝑖  ,  1   b  


$^{\textsc {b}}_{i, 1}$


$QD_{1}$


$\vdots $


   {    𝒟    1  𝑛    } 


$\{\mathcal {D}_{1_{n}}\}$


$\{E_{n_{k}}\}$


   {    𝒟    2  𝑛    } 


$\{\mathcal {D}_{2_{n}}\}$


$\{QU_{n_{k}}\}$


     𝒟    3  𝑛   


$\mathcal {D}_{3_{n}}$


$P_{n}$


$\iota _{\mathcal {Q}}$


         𝑖  ,  𝑛   b  


$^{\textsc {b}}_{i, n}$


$QD_{n}$


$\mathcal {D}_{1}$


   𝑄    𝐷  𝑗  


$QD_{j}$


$\iota _{\mathcal {Q}}$


         𝑘  ,  𝑗   b  


$^{\textsc {b}}_{k, j}$


     𝐸    𝑗  𝑘   


$E_{j_{k}}$


$\mathcal {D}_{1}$


$QD_{j}$


$\iota _{\mathcal {Q}}$


$^{\textsc {b}}_{k, j}$


   𝑄    𝑈    𝑗  𝑘   


$QU_{j_{k}}$


$\mathcal {D}_{1}$


$QD_{j}$


$\iota _{\mathcal {Q}}$


         𝑖  ,  𝑗   b  


$^{\textsc {b}}_{i, j}$


     𝑃  𝑗  


$P_{j}$


$i \in \{1, ..., m\}$


$QD_{j}$


   𝑗  ∈  {  1  ,  .  .  .  ,  𝑛  } 


$j \in \{1, ..., n\}$


   𝑘  ∈  {  1  ,  .  .  .  ,  𝑚  } 


$k \in \{1, ..., m\}$


$\{\mathcal {D}_{1_{1}}\}$


   {  −    𝐸    1  𝑘    } 


$\{-E_{1_{k}}\}$


$\{\mathcal {D}_{2_{1}}\}$


   {  −  𝑄    𝑈    1  𝑘    } 


$\{-QU_{1_{k}}\}$


$\mathcal {D}_{3_{1}}$


   −    𝑃  1  


$-P_{1}$


$\iota _{\mathcal {Q}-}$


$^{\textsc {b}}_{i, 1}$


   −  𝑄    𝐷  1  


$-QD_{1}$


$\vdots $


$\{\mathcal {D}_{1_{n}}\}$


   {  −    𝐸    𝑛  𝑘    } 


$\{-E_{n_{k}}\}$


$\{\mathcal {D}_{2_{n}}\}$


   {  −  𝑄    𝑈    𝑛  𝑘    } 


$\{-QU_{n_{k}}\}$


$\mathcal {D}_{3_{n}}$


   −    𝑃  𝑛  


$-P_{n}$


$\iota _{\mathcal {Q}-}$


$^{\textsc {b}}_{i, n}$


   −  𝑄    𝐷  𝑛  


$-QD_{n}$


$\mathcal {D}_{1}$


   −  𝑄    𝐷  𝑗  


$-QD_{j}$


$\iota _{\mathcal {Q}-}$


$^{\textsc {b}}_{k, j}$


   −    𝐸    𝑗  𝑘   


$-E_{j_{k}}$


$\mathcal {D}_{1}$


$-QD_{j}$


$\iota _{\mathcal {Q}-}$


$^{\textsc {b}}_{k, j}$


   −  𝑄    𝑈    𝑗  𝑘   


$-QU_{j_{k}}$


$\mathcal {D}_{1}$


$-QD_{j}$


$\iota _{\mathcal {Q}-}$


$^{\textsc {b}}_{i, j}$


   −    𝑃  𝑗  


$-P_{j}$


$i \in \{1, ..., m\}$


$QD_{j}$


$j \in \{1, ..., n\}$


$k \in \{1, ..., m\}$


$-\psi _{j}$


$\iota _{\mathcal {Q}}B$


$\{\mathcal {D}_{1_{1}}\}$


$\{E_{1_{k}}\}$


$\{\mathcal {D}_{2_{1}}\}$


$\{QU_{1_{k}}\}$


$\mathcal {D}_{3_{1}}$


$P_{1}$


$\iota _{\mathcal {Q}}$


$^{\textsc {b}}_{i, 1}$


$QD_{1}$


$\vdots $


$\{\mathcal {D}_{1_{n}}\}$


$\{E_{n_{k}}\}$


$\{\mathcal {D}_{2_{n}}\}$


$\{QU_{n_{k}}\}$


$\mathcal {D}_{3_{n}}$


$P_{n}$


$\iota _{\mathcal {Q}}$


$^{\textsc {b}}_{i, n}$


$QD_{n}$


$\iota _{\mathcal {Q}}$


         𝑘  ,  𝑛   b  


$^{\textsc {b}}_{k, n}$


     𝐸    𝑛  𝑘   


$E_{n_{k}}$


$\{\mathcal {D}_{1_{1}}\}$


$\{E_{1_{k}}\}$


$\{\mathcal {D}_{2_{1}}\}$


$\{QU_{1_{k}}\}$


$\mathcal {D}_{3_{1}}$


$P_{1}$


$\iota _{\mathcal {Q}}$


$^{\textsc {b}}_{i, 1}$


$QD_{1}$


$\vdots $


$\mathcal {D}_{1_{n}}$


$E_{n_{k}}$


$\{\mathcal {D}_{1_{1}}\}$


$\{E_{1_{k}}\}$


$\{\mathcal {D}_{2_{1}}\}$


$\{QU_{1_{k}}\}$


$\mathcal {D}_{3_{1}}$


$P_{1}$


$\iota _{\mathcal {Q}}$


$^{\textsc {b}}_{i, 1}$


$QD_{1}$


$\vdots $


$\{\mathcal {D}_{1_{n}}\}$


$\{E_{n_{k}}\}$


$\{\mathcal {D}_{2_{n}}\}$


$\{QU_{n_{k}}\}$


$\mathcal {D}_{3_{n}}$


$P_{n}$


$\iota _{\mathcal {Q}}$


$^{\textsc {b}}_{i, n}$


$QD_{n}$


$\iota _{\mathcal {Q}}$


$^{\textsc {b}}_{k, n}$


   𝑄    𝑈    𝑛  𝑘   


$QU_{n_{k}}$


$\mathcal {D}_{2_{n}}$


$QU_{n_{k}}$


$\{\mathcal {D}_{1_{1}}\}$


$\{E_{1_{k}}\}$


$\{\mathcal {D}_{2_{1}}\}$


$\{QU_{1_{k}}\}$


$\mathcal {D}_{3_{1}}$


$P_{1}$


$\iota _{\mathcal {Q}}$


$^{\textsc {b}}_{i, 1}$


$QD_{1}$


$\vdots $


$\{\mathcal {D}_{1_{n}}\}$


$\{E_{n_{k}}\}$


$\{\mathcal {D}_{2_{n}}\}$


$\{QU_{n_{k}}\}$


$\mathcal {D}_{3_{n}}$


$P_{n}$


$\iota _{\mathcal {Q}}$


$^{\textsc {b}}_{i, n}$


$QD_{n}$


$\iota _{\mathcal {Q}}$


$^{\textsc {b}}_{i, n}$


$P_{n}$


$\mathcal {D}_{3_{n}}$


$P_{n}$


$\iota _{\mathcal {Q}}B$


     𝐿  2   (    𝜄    𝒬    2  1     𝑥  (    𝐾  2   (  𝑥  ,    𝜄    𝒬    1  1     𝑦  (    𝐽  1   (  𝑦  )  )  )  )  ,    𝜄    𝒬    2  2     𝑧  (    𝑄  2   (  𝑧  ,    𝜄    𝒬    1  2     𝑢  (    𝐷  1   (  𝑢  )  )  )  )  ) 


$L^{2}( \iota _{\mathcal {Q}_{2_{1}}} x(K^{2}(x, \iota _{\mathcal {Q}_{1_{1}}} y(J^{1}(y)))), \iota _{\mathcal {Q}_{2_{2}}} z(Q^{2}(z, \iota _{\mathcal {Q}_{1_{2}}} u(D^{1}(u)))))$


     𝒬    1  1    ,    𝒬    1  2    ,    𝒬    2  1    ,    𝒬    2  2    ⊆  𝒫 


$\mathcal {Q}_{1_{1}}, \mathcal {Q}_{1_{2}}, \mathcal {Q}_{2_{1}}, \mathcal {Q}_{2_{2}} \subseteq \mathcal {P}$


     𝒟    1  (  𝐸  )   


$\mathcal {D}_{1(E)}$


   ∃  𝑦    𝐽  1   (  𝑦  ) 


$\exists y J^{1}(y)$


$\mathcal {D}_{2(QU)}$


   ∀    𝑢  1   ∀    𝑣  1   (  (    𝐽  1   (    𝑢  1   )  &    𝐽  1   (    𝑣  1   )  )  ⊃    𝑢  1         =  +     𝒬    1  1         𝑣  1   ) 


$\forall u_{1} \forall v_{1} ((J^{1}(u_{1}) \& J^{1}(v_{1})) \supset u_{1} \overset {+}{=}_{\mathcal {Q}_{1_{1}}} v_{1})$


     𝒟    3  (  𝑃  )   


$\mathcal {D}_{3(P)}$


   ∀    𝑤  1   (    𝐽  1   (    𝑤  1   )  ⊃    𝐾  2   (    𝛼  1   ,    𝑤  1   )  ) 


$\forall w_{1}(J^{1}(w_{1}) \supset K^{2}(\alpha _{1}, w_{1}))$


     𝒟    1  (  𝐸  )   ′  


$\mathcal {D}^{\prime }_{1(E)}$


   ∃  𝑢    𝐷  1   (  𝑢  ) 


$\exists u D^{1}(u)$


     𝒟    2  (  𝑄  𝑈  )   ′  


$\mathcal {D}^{\prime }_{2(QU)}$


   ∀    𝑢  1  ′   ∀    𝑣  1  ′   (  (    𝐷  1   (    𝑢  1  ′   )  &    𝐷  1   (    𝑣  1  ′   )  )  ⊃    𝑢  1  ′         =  +     𝒬    1  2         𝑣  1  ′   ) 


$\forall u^{\prime }_{1} \forall v^{\prime }_{1} ((D^{1}(u^{\prime }_{1}) \& D^{1}(v^{\prime }_{1})) \supset u^{\prime }_{1} \overset {+}{=}_{\mathcal {Q}_{1_{2}}} v^{\prime }_{1})$


     𝒟    3  (  𝑃  )   ′  


$\mathcal {D}^{\prime }_{3(P)}$


   ∀    𝑤  1  ′   (    𝐷  1   (    𝑤  1  ′   )  ⊃    𝑄  2   (    𝛼  2   ,    𝑤  1  ′   )  ) 


$\forall w^{\prime }_{1}(D^{1}(w^{\prime }_{1}) \supset Q^{2}(\alpha _{2}, w^{\prime }_{1}))$


$\mathcal {D}_{1(E)}$


$\mathcal {D}_{2(QU)}$


$\mathcal {D}_{3(P)}$


$\iota _{\mathcal {Q}}$


         2  ,  1   b  


$^{\textsc {b}}_{2, 1}$


     𝐾  2   (    𝛼  1   ,    𝜄    𝒬    1  1     𝑦  (    𝐽  1   (  𝑦  )  )  ) 


$K^{2}(\alpha _{1}, \iota _{\mathcal {Q}_{1_{1}}} y(J^{1}(y)))$


     𝒟    4  (  𝐸  )   


$\mathcal {D}_{4(E)}$


   ∃  𝑥  (    𝐾  2   (  𝑥  ,    𝜄    𝒬    1  1     𝑦  (    𝐽  1   (  𝑦  )  )  )  ) 


$\exists x(K^{2}(x, \iota _{\mathcal {Q}_{1_{1}}} y(J^{1}(y))))$


     𝒟    5  (  𝑄  𝑈  )   


$\mathcal {D}_{5(QU)}$


   ∀    𝑢  2   ∀    𝑣  2   (  (    𝐾  2   (    𝑢  2   ,    𝜄    𝒬    1  1     𝑦  (    𝐽  1   (  𝑦  )  )  )  &    𝐾  2   (    𝑣  2   ,    𝜄    𝒬    1  1     𝑦  (    𝐽  1   (  𝑦  )  )  )  )  ⊃    𝑢  2         =  +     𝒬    2  1         𝑣  2   ) 


$\forall u_{2} \forall v_{2} ((K^{2}(u_{2}, \iota _{\mathcal {Q}_{1_{1}}} y(J^{1}(y))) \& K^{2}(v_{2}, \iota _{\mathcal {Q}_{1_{1}}} y(J^{1}(y)))) \supset u_{2} \overset {+}{=}_{\mathcal {Q}_{2_{1}}} v_{2})$


$\mathcal {D}^{\prime }_{1(E)}$


$\mathcal {D}^{\prime }_{2(QU)}$


$\mathcal {D}^{\prime }_{3(P)}$


$\iota _{\mathcal {Q}}$


$^{\textsc {b}}_{2, 1}$


     𝑄  2   (    𝛼  2   ,    𝜄    𝒬    1  2     𝑢  (    𝐷  1   (  𝑢  )  )  ) 


$Q^{2}(\alpha _{2}, \iota _{\mathcal {Q}_{1_{2}}} u(D^{1}(u)))$


     𝒟    4  (  𝐸  )   ′  


$\mathcal {D}^{\prime }_{4(E)}$


   ∃  𝑧  (    𝑄  2   (  𝑧  ,    𝜄    𝒬    1  2     𝑢  (    𝐷  1   (  𝑢  )  )  )  ) 


$\exists z(Q^{2}(z, \iota _{\mathcal {Q}_{1_{2}}} u(D^{1}(u))))$


     𝒟    5  (  𝑄  𝑈  )   ′  


$\mathcal {D}^{\prime }_{5(QU)}$


   ∀    𝑢  2  ′   ∀    𝑣  2  ′   (  (    𝑄  2   (    𝑢  2  ′   ,    𝜄    𝒬    1  2     𝑢  (    𝐷  1   (  𝑢  )  )  )  &    𝑄  2   (    𝑣  2  ′   ,    𝜄    𝒬    1  2     𝑢  (    𝐷  1   (  𝑢  )  )  )  )  ⊃    𝑢  2  ′         =  +     𝒬    2  2         𝑣  2  ′   ) 


$\forall u^{\prime }_{2} \forall v^{\prime }_{2} ((Q^{2}(u^{\prime }_{2}, \iota _{\mathcal {Q}_{1_{2}}} u(D^{1}(u))) \& Q^{2}(v^{\prime }_{2}, \iota _{\mathcal {Q}_{1_{2}}} u(D^{1}(u)))) \supset u^{\prime }_{2} \overset {+}{=}_{\mathcal {Q}_{2_{2}}} v^{\prime }_{2})$


   {    𝒟    (  𝐸  )    }  =  {    𝒟    4  (  𝐸  )    ,    𝒟    4  (  𝐸  )   ′   }  ,  {    𝒟    (  𝑄  𝑈  )    }  =  {    𝒟    5  (  𝑄  𝑈  )    ,    𝒟    5  (  𝑄  𝑈  )   ′   } 


\begin {equation*}\{\mathcal {D}_{(E)}\} = \{\mathcal {D}_{4(E)}, \mathcal {D}^{\prime }_{4(E)}\}, \{\mathcal {D}_{(QU)}\} = \{\mathcal {D}_{5(QU)}, \mathcal {D}^{\prime }_{5(QU)}\}\end {equation*}


     𝒟    6  (  𝑃  )   


$\mathcal {D}_{6(P)}$


   ∀    𝑤  2   ∀    𝑤  3   (  (    𝐾  2   (    𝑤  2   ,    𝜄    𝒬    1  1     𝑦  (    𝐽  1   (  𝑦  )  )  )  &  (    𝑄  2   (    𝑤  3   ,    𝜄    𝒬    1  2     𝑢  (    𝐷  1   (  𝑢  )  )  )  )  ⊃    𝐿  2   (    𝑤  2   ,    𝑤  3   )  ) 


$\forall w_{2}\forall w_{3}( (K^{2}(w_{2}, \iota _{\mathcal {Q}_{1_{1}}} y(J^{1}(y))) \& (Q^{2}(w_{3}, \iota _{\mathcal {Q}_{1_{2}}} u(D^{1}(u))) ) \supset L^{2}(w_{2}, w_{3}))$


                � 


\begin {equation}{\footnotesize { \AXC {$\{\mathcal {D}_{(E)}\}$} \AXC {$\{\mathcal {D}_{(QU)}\}$} \AXC {$\mathcal {D}_{6(P)}$} \RightLabel {($\iota _{\mathcal {Q}}$I$^{\textsc {b}}_{2, 2}$)} \TIC {$L^{2}(\iota _{\mathcal {Q}_{2_{1}}} x(K^{2}(x, \iota _{\mathcal {Q}_{1_{1}}} y(J^{1}(y)))), \iota _{\mathcal {Q}_{2_{2}}} z(Q^{2}(z, \iota _{\mathcal {Q}_{1_{2}}} u(D^{1}(u)))))$} \DP }}\end {equation}


   ℒ    𝜄  c  


$\mathcal {L}\iota ^{\textsc {c}}$


     𝒬    1  1    ,  .  .  .  ,    𝒬    𝑛  𝑚    ⊆  𝒫 


$\mathcal {Q}_{1_{1}}, ..., \mathcal {Q}_{n_{m}} \subseteq \mathcal {P}$


   𝐶  (    𝑥    𝑗  𝑘    ) 


$C(x_{j_{k}})$


   −  𝐶  (    𝑥    𝑗  𝑘    ) 


$-C(x_{j_{k}})$


$j \in \{1, ..., n\}$


$k \in \{1, ..., m\}$


$\varphi $


$C$


$-\varphi $


   −  𝐶 


$-C$


$-\psi $


$\iota _{\mathcal {Q}}$


   𝐿  𝑜  𝑜  𝑘  𝑠 


$Looks$


   𝑎    𝑡  2   (    𝜄    𝒬  ′    𝑥  (  𝑅  𝑎  𝑏  𝑏  𝑖  𝑡  (  𝑥  ) 


$at^{2}( \iota _{\mathcal {Q}^{\prime }} x(Rabbit(x)$


$\&$


   𝐼    𝑛  2   (  𝑥  ,    𝜄    𝒬  1    𝑦  (  𝐵  𝑜  𝑥  (  𝑦  )  )  )  )  ,    𝜄    𝒬    ′  ′     𝑧  (  𝑅  𝑎  𝑏  𝑏  𝑖  𝑡  (  𝑧  ) 


$In^{2}(x, \iota _{\mathcal {Q}_{1}} y(Box(y)))),\\ \iota _{\mathcal {Q}^{\prime \prime }} z(Rabbit(z)$


$\&$


   𝐼    𝑛  2   (  𝑧  ,    𝜄    𝒬  2    𝑢  (  𝐻  𝑎  𝑡  (  𝑢  )  )  )  )  ) 


$In^{2}(z, \iota _{\mathcal {Q}_{2}} u(Hat(u)))))$


   𝐹  𝑟  𝑒  𝑛  𝑐  ℎ  (    𝜄    𝒬  3    𝑥  (  𝑀  𝑎  𝑛  (  𝑥  ) 


$French(\iota _{\mathcal {Q}_{3}} x(Man(x)$


$\&$


   𝑊  𝑒  𝑎  𝑟    𝑠  2   (  𝑥  ,    𝜄    𝒬  2    𝑦  (  𝐵  𝑒  𝑟  𝑒  𝑡  (  𝑦  ) 


$Wears^{2}(x, \iota _{\mathcal {Q}_{2}}y(Beret(y)$


$\&$


   𝐻  𝑎    𝑠  2   (  𝑦  ,    𝜄    𝒬  1    𝑧  (  𝐵  𝑢  𝑡  𝑡  𝑜  𝑛  (  𝑧  )  )  )  )  )  )  ) 


$Has^{2}(y,\\ \iota _{\mathcal {Q}_{1}} z(Button(z)))))))$


   𝐹  𝑟  𝑒  𝑛  𝑐  ℎ  (    𝜄    𝒬  2    𝑥  (  𝑀  𝑎  𝑛  (  𝑥  )  &  𝑊  𝑒  𝑎  𝑟    𝑠  2   (  𝑥  ,    𝜄    𝒬  1    𝑦  (  𝐵  𝑒  𝑟  𝑒  𝑡  (  𝑦  )  )  ) 


$French(\iota _{\mathcal {Q}_{2}} x(Man(x) \& Wears^{2}(x, \iota _{\mathcal {Q}_{1}} y(Beret(y)))$


$\&$


   𝐶  𝑎  𝑟  𝑟  𝑖  𝑒    𝑠  2   (  𝑥  ,    𝜄    𝒬  1  ′    𝑧  (  𝑁  𝑒  𝑤  𝑠  𝑝  𝑎  𝑝  𝑒  𝑟  (  𝑧  )  )  )  )  ) 


$Carries^{2}(x,\\ \iota _{\mathcal {Q}^{\prime }_{1}} z(Newspaper(z)))))$


   𝑊  𝑎  𝑙  𝑘    𝑠  2   (    𝜄    𝒬  2    𝑥  (  𝑀  𝑎  𝑛  (  𝑥  )  &  𝑊  𝑒  𝑎  𝑟    𝑠  2   (  𝑥  ,    𝜄    𝒬  1    𝑦  (  𝐵  𝑒  𝑟  𝑒  𝑡  (  𝑦  )  )  ) 


$Walks^{2}(\iota _{\mathcal {Q}_{2}} x(Man(x) \& Wears^{2}(x, \iota _{\mathcal {Q}_{1}} y(Beret(y)))$


$\&$


   𝐶  𝑎  𝑟  𝑟  𝑖  𝑒    𝑠  2   (  𝑥  ,    𝜄    𝒬  1  ′    𝑧  (  𝑁  𝑒  𝑤  𝑠  𝑝  𝑎  𝑝  𝑒  𝑟  (  𝑧  )  )  )  )  ,    𝜄    𝒬  3    𝑢  (  𝐷  𝑜  𝑔  (  𝑢  )  &  𝑂  𝑤  𝑛    𝑠  2   (    𝜄    𝒬  2    𝑥  (  𝑀  𝑎  𝑛  (  𝑥  )  &  (  𝑊  𝑒  𝑎  𝑟    𝑠  2   (  𝑥  ,      𝜄    𝒬  1    𝑦  (  𝐵  𝑒  𝑟  𝑒  𝑡  (  𝑦  )  )  )  &  𝐶  𝑎  𝑟  𝑟  𝑖  𝑒    𝑠  2   (  𝑥  ,      𝜄    𝒬  1  ′    𝑧  (  𝑁  𝑒  𝑤  𝑠  𝑝  𝑎  𝑝  𝑒  𝑟  (  𝑧  )  )  )  )  ,    𝑢  )  )  ) 


$Carries^{2}(x,\\ \iota _{\mathcal {Q}^{\prime }_{1}} z(Newspaper(z)))), \iota _{\mathcal {Q}_{3}} u(Dog(u) \& Owns^{2}(\iota _{\mathcal {Q}_{2}} x(Man(x) \&\\ (Wears^{2}(x,\! \iota _{\mathcal {Q}_{1}} y(Beret(y))) \& Carries^{2}(x,\! \iota _{\mathcal {Q}^{\prime }_{1}} z(Newspaper(z)))),\! u)))$


$Looks$


   𝑎    𝑡  2   (    𝜄    𝒬  2  ′    𝑥  (  𝑅  𝑎  𝑏  𝑏  𝑖  𝑡  (  𝑥  ) 


$at^{2}( \iota _{\mathcal {Q}^{\prime }_{2}} x(Rabbit(x)$


$\&$


   𝐼    𝑛  2   (  𝑥  ,    𝜄    𝒬  1    𝑦  (  𝐵  𝑜  𝑥  (  𝑦  )  )  )  )  ,    𝜄    𝒬  2    ′  ′     𝑧  (  𝑅  𝑎  𝑏  𝑏  𝑖  𝑡  (  𝑧  ) 


$In^{2}(x, \iota _{\mathcal {Q}_{1}} y(Box(y)))), \iota _{\mathcal {Q}^{\prime \prime }_{2}} z(Rabbit(z)$


$\&$


   𝐼    𝑛  2   (  𝑧  ,    𝜄    𝒬  3  ′    𝑢  (  𝐻  𝑎  𝑡  (  𝑢  )  )  )  )  ) 


$In^{2}(z, \iota _{\mathcal {Q}^{\prime }_{3}} u(Hat(u)))) )$


     𝜄  𝒬   𝐶 


$\iota _{\mathcal {Q}}C$


$\iota _{\mathcal {Q}}B$


$\varphi $


$-\varphi $


$C$


$-C$


$\iota _{\mathcal {Q}}C$


$\{\mathcal {D}_{1_{1}}\}$


$\{E_{1_{k}}\}$


$\{\mathcal {D}_{2_{1}}\}$


$\{QU_{1_{k}}\}$


$\mathcal {D}_{3_{1}}$


$P_{1}$


$\iota _{\mathcal {Q}}$


         𝑖  ,  1   c  


$^{\textsc {c}}_{i, 1}$


$QD_{1}$


$\vdots $


$\{\mathcal {D}_{1_{n}}\}$


$\{E_{n_{k}}\}$


$\{\mathcal {D}_{2_{n}}\}$


$\{QU_{n_{k}}\}$


$\mathcal {D}_{3_{n}}$


$P_{n}$


$\iota _{\mathcal {Q}}$


         𝑖  ,  𝑛   c  


$^{\textsc {c}}_{i, n}$


$QD_{n}$


$\mathcal {D}_{1}$


$QD_{j}$


$\iota _{\mathcal {Q}}$


         𝑘  ,  𝑗   c  


$^{\textsc {c}}_{k, j}$


$E_{j_{k}}$


$\mathcal {D}_{1}$


$QD_{j}$


$\iota _{\mathcal {Q}}$


$^{\textsc {c}}_{k, j}$


$QU_{j_{k}}$


$\mathcal {D}_{1}$


$QD_{j}$


$\iota _{\mathcal {Q}}$


         𝑖  ,  𝑗   c  


$^{\textsc {c}}_{i, j}$


$P_{j}$


$i \in \{1, ..., m\}$


$QD_{j}$


$j \in \{1, ..., n\}$


$k \in \{1, ..., m\}$


$\{\mathcal {D}_{1_{1}}\}$


$\{-E_{1_{k}}\}$


$\{\mathcal {D}_{2_{1}}\}$


$\{-QU_{1_{k}}\}$


$\mathcal {D}_{3_{1}}$


$-P_{1}$


$\iota _{\mathcal {Q}-}$


$^{\textsc {c}}_{i, 1}$


$-QD_{1}$


$\vdots $


$\{\mathcal {D}_{1_{n}}\}$


$\{-E_{n_{k}}\}$


$\{\mathcal {D}_{2_{n}}\}$


$\{-QU_{n_{k}}\}$


$\mathcal {D}_{3_{n}}$


$-P_{n}$


$\iota _{\mathcal {Q}-}$


$^{\textsc {c}}_{i, n}$


$-QD_{n}$


$\mathcal {D}_{1}$


$-QD_{j}$


$\iota _{\mathcal {Q}-}$


$^{\textsc {c}}_{k, j}$


$-E_{j_{k}}$


$\mathcal {D}_{1}$


$-QD_{j}$


$\iota _{\mathcal {Q}-}$


$^{\textsc {c}}_{k, j}$


$-QU_{j_{k}}$


$\mathcal {D}_{1}$


$-QD_{j}$


$\iota _{\mathcal {Q}-}$


$^{\textsc {c}}_{i, j}$


$-P_{j}$


$i \in \{1, ..., m\}$


$QD_{j}$


$j \in \{1, ..., n\}$


$k \in \{1, ..., m\}$


$-\psi _{j}$


$\iota _{\mathcal {Q}}C$


$\iota _{\mathcal {Q}}C$


     𝐹  1   (    𝜄    𝒬  3    𝑥  (    𝑀  1   (  𝑥  ) 


$F^{1}(\iota _{\mathcal {Q}_{3}} x(M^{1}(x)$


$\&$


     𝑊  2   (  𝑥  ,    𝜄    𝒬  2    𝑦  (    𝐵  1  1   (  𝑦  ) 


$W^{2}(x, \iota _{\mathcal {Q}_{2}} y(B^{1}_{1}(y)$


$\&$


     𝐻  2   (  𝑦  ,    𝜄    𝒬  1    𝑧  (    𝐵  2  1   (  𝑧  )  )  )  )  )  )  ) 


$H^{2}(y, \iota _{\mathcal {Q}_{1}} z(B^{1}_{2}(z)))))))$


     𝒬  𝑗   ,    𝒬  𝑗  ′   ⊆  𝒫 


$\mathcal {Q}_{j}, \mathcal {Q}^{\prime }_{j} \subseteq \mathcal {P}$


$\mathcal {D}_{1(E)}$


   ∃  𝑧    𝐵  2  1   (  𝑧  ) 


$\exists z B^{1}_{2}(z)$


$\mathcal {D}_{2(QU)}$


   ∀    𝑢  1   ∀    𝑣  1   (  (    𝐵  2  1   (    𝑢  1   )  &    𝐵  2  1   (    𝑣  1   )  )  ⊃    𝑢  1         =  +     𝒬  1        𝑣  1   ) 


$\forall u_{1} \forall v_{1} ((B^{1}_{2}(u_{1}) \& B^{1}_{2}(v_{1})) \supset u_{1} \overset {+}{=}_{\mathcal {Q}_{1}} v_{1})$


$\mathcal {D}_{3(P)}$


   ∀    𝑤  1   (    𝐵  2  1   (    𝑤  1   )  ⊃    𝐻  2   (    𝛼  1   ,    𝑤  1   )  ) 


$\forall w_{1}(B^{1}_{2}(w_{1}) \supset H^{2}(\alpha _{1}, w_{1}))$


     𝒟  4  


$\mathcal {D}_{4}$


     𝐵  1  1   (    𝛼  1   ) 


$B^{1}_{1}(\alpha _{1})$


$\mathcal {D}_{1(E)}$


$\mathcal {D}_{2(QU)}$


$\mathcal {D}_{3(P)}$


$\iota _{\mathcal {Q}}$


         2  ,  1   c  


$^{\textsc {c}}_{2, 1}$


     𝐻  2   (    𝛼  1   ,    𝜄    𝒬  1    𝑧  (    𝐵  2  1   (  𝑧  )  )  ) 


$H^{2}(\alpha _{1}, \iota _{\mathcal {Q}_{1}} z(B^{1}_{2}(z)))$


     𝐵  1  1   (    𝛼  1   )  &    𝐻  2   (    𝛼  1   ,    𝜄    𝒬  1    𝑧  (    𝐵  2  1   (  𝑧  )  )  ) 


$B^{1}_{1}(\alpha _{1}) \& H^{2}(\alpha _{1}, \iota _{\mathcal {Q}_{1}} z(B^{1}_{2}(z)))$


     𝒟    5  (  𝐸  )   


$\mathcal {D}_{5(E)}$


   ∃  𝑦  (    𝐵  1  1   (  𝑦  )  &    𝐻  2   (  𝑦  ,    𝜄    𝒬  1    𝑧  (    𝐵  2  1   (  𝑧  )  )  )  ) 


$\exists y (B^{1}_{1}(y) \& H^{2}(y, \iota _{\mathcal {Q}_{1}} z(B^{1}_{2}(z))))$


     𝒟    6  (  𝑄  𝑈  )   


$\mathcal {D}_{6(QU)}$


   ∀    𝑢  2   ∀    𝑣  2   (  (  (    𝐵  1  1   (    𝑢  2   )  &    𝐻  2   (    𝑢  2   ,    𝜄  𝒬   𝑧  (    𝐵  2  1   (  𝑧  )  )  )  )  &  (    𝐵  1  1   (    𝑣  2   )  &    𝐻  2   (    𝑣  2   ,    𝜄  𝒬   𝑧  (    𝐵  2  1   (  𝑧  )  )  )  )  )  ⊃    𝑢  2         =  +     𝒬  2        𝑣  2   ) 


$\forall u_{2} \forall v_{2}(((B^{1}_{1}(u_{2}) \& H^{2}(u_{2}, \iota _{\mathcal {Q}} z(B^{1}_{2}(z)))) \& (B^{1}_{1}(v_{2}) \& H^{2}(v_{2}, \iota _{\mathcal {Q}} z(B^{1}_{2}(z))))) \supset u_{2} \overset {+}{=}_{\mathcal {Q}_{2}} v_{2})$


     𝒟    7  (  𝑃  )   


$\mathcal {D}_{7(P)}$


   ∀    𝑤  2   (  (    𝐵  1  1   (    𝑤  2   )  &    𝐻  2   (    𝑤  2   ,    𝜄  𝒬   𝑧  (    𝐵  2  1   (  𝑧  )  )  )  )  ⊃    𝑊  2   (    𝛼  2   ,    𝑤  2   )  ) 


$\forall w_{2}((B^{1}_{1}(w_{2}) \& H^{2}(w_{2}, \iota _{\mathcal {Q}} z(B^{1}_{2}(z)))) \supset W^{2}(\alpha _{2}, w_{2}))$


     𝒟  8  


$\mathcal {D}_{8}$


     𝑀  1   (    𝛼  2   ) 


$M^{1}(\alpha _{2})$


$\mathcal {D}_{5(E)}$


$\mathcal {D}_{6(QU)}$


$\mathcal {D}_{7(P)}$


$\iota _{\mathcal {Q}}$


         2  ,  2   c  


$^{\textsc {c}}_{2, 2}$


     𝑊  2   (    𝛼  2   ,    𝜄    𝒬  2    𝑦  (    𝐵  1  1   (  𝑦  ) 


$W^{2}(\alpha _{2}, \iota _{\mathcal {Q}_{2}} y(B^{1}_{1}(y)$


$\&$


     𝐻  2   (  𝑦  ,    𝜄    𝒬  1    𝑧  (    𝐵  2  1   (  𝑧  )  )  )  )  ) 


$H^{2}(y, \iota _{\mathcal {Q}_{1}} z(B^{1}_{2}(z)))))$


     𝑀  1   (    𝛼  2   )  &    𝑊  2   (    𝛼  2   ,    𝜄    𝒬  2    𝑦  (    𝐵  1  1   (  𝑦  )  &    𝐻  2   (  𝑦  ,    𝜄    𝒬  1    𝑧  (    𝐵  2  1   (  𝑧  )  )  )  )  ) 


$M^{1}(\alpha _{2}) \& W^{2}(\alpha _{2}, \iota _{\mathcal {Q}_{2}} y(B^{1}_{1}(y) \& H^{2}(y, \iota _{\mathcal {Q}_{1}} z(B^{1}_{2}(z)))))$


     𝒟    9  (  𝐸  )   


$\mathcal {D}_{9(E)}$


   ∃  𝑥  (    𝑀  1   (  𝑥  )  &    𝑊  2   (  𝑥  ,    𝜄    𝒬  2    𝑦  (    𝐵  1  1   (  𝑦  )  &    𝐻  2   (  𝑦  ,    𝜄    𝒬  1    𝑧  (    𝐵  2  1   (  𝑧  )  )  )  )  )  ) 


$\exists x (M^{1}(x) \& W^{2}(x, \iota _{\mathcal {Q}_{2}} y(B^{1}_{1}(y) \& H^{2}(y, \iota _{\mathcal {Q}_{1}} z(B^{1}_{2}(z))))))$


     𝒟     10   (  𝑄  𝑈  )   


$\mathcal {D}_{10(QU)}$


   ∀    𝑢  3   ∀    𝑣  3   (  (  (    𝑀  1   (    𝑢  3   )  &    𝑊  2   (    𝑢  3   ,    𝜄    𝒬  2    𝑦  (    𝐵  1  1   (  𝑦  )  &    𝐻  2   (  𝑦  ,    𝜄    𝒬  1    𝑧  (    𝐵  2  1   (  𝑧  )  )  )  )  )  ) 


$\forall u_{3} \forall v_{3}(((M^{1}(u_{3}) \& W^{2}( u_{3}, \iota _{\mathcal {Q}_{2}} y(B^{1}_{1}(y) \& H^{2}(y, \iota _{\mathcal {Q}_{1}} z(B^{1}_{2}(z))))))$


   &  (    𝑀  1   (    𝑣  3   )  &    𝑊  2   (    𝑣  3   ,    𝜄    𝒬  2    𝑦  (    𝐵  1  1   (  𝑦  )  &    𝐻  2   (  𝑦  ,    𝜄    𝒬  1    𝑧  (    𝐵  2  1   (  𝑧  )  )  )  )  )  )  )  ⊃    𝑢  3         =  +     𝒬  3        𝑣  3   ) 


$\& (M^{1}(v_{3}) \& W^{2}(v_{3}, \iota _{\mathcal {Q}_{2}} y(B^{1}_{1}(y) \& H^{2}(y, \iota _{\mathcal {Q}_{1}} z(B^{1}_{2}(z))))))) \supset u_{3} \overset {+}{=}_{\mathcal {Q}_{3}} v_{3})$


     𝒟     11   (  𝑃  )   


$\mathcal {D}_{11(P)}$


   ∀    𝑤  3   (  (    𝑀  1   (    𝑤  3   )  &    𝑊  2   (    𝑤  3   ,    𝜄    𝒬  2    𝑦  (    𝐵  1  1   (  𝑦  )  &    𝐻  2   (  𝑦  ,    𝜄    𝒬  1    𝑧  (    𝐵  2  1   (  𝑧  )  )  )  )  )  )  ⊃    𝐹  1   (    𝑤  3   )  ) 


$\forall w_{3}((M^{1}(w_{3}) \& W^{2}(w_{3}, \iota _{\mathcal {Q}_{2}} y(B^{1}_{1}(y) \& H^{2}(y, \iota _{\mathcal {Q}_{1}} z(B^{1}_{2}(z)))))) \supset F^{1}(w_{3}))$


                � 


\begin {equation}{\footnotesize { \AXC {$\mathcal {D}_{9(E)}$} \AXC {$\mathcal {D}_{10(QU)}$} \AXC {$\mathcal {D}_{11(P)}$} \RightLabel {($\iota _{\mathcal {Q}}$I$^{\textsc {c}}_{1, 3}$)} \TIC {$F^{1}(\iota _{\mathcal {Q}_{3}} x(M^{1}(x)$ $\&$ $W^{2}(x, \iota _{\mathcal {Q}_{2}} y(B^{1}_{1}(y)$ $\&$ $H^{2}(y, \iota _{\mathcal {Q}_{1}} z(B^{1}_{2}(z)))))))$} \DP }}\end {equation}


     𝑊  1  2   (    𝜄    𝒬  2    𝑥  (    𝑀  1   (  𝑥  )  &    𝑊  2  2   (  𝑥  ,    𝜄    𝒬  1    𝑦  (    𝐵  1   (  𝑦  )  )  ) 


$W^{2}_{1}(\iota _{\mathcal {Q}_{2}} x(M^{1}(x) \& W^{2}_{2}(x, \iota _{\mathcal {Q}_{1}} y(B^{1}(y)))$


$\&$


     𝐶  2   (  𝑥  ,    𝜄    𝒬  1  ′    𝑧  (    𝑁  1   (  𝑧  )  )  )  )  ,    𝜄    𝒬  3    𝑢  (    𝐷  1   (  𝑢  )  &    𝑂  2   (    𝜄    𝒬  2    𝑥  (    𝑀  1   (  𝑥  )  &  (    𝑊  2  2   (  𝑥  ,    𝜄    𝒬  1    𝑦  (    𝐵  1   (  𝑦  )  )  ) 


$C^{2}(x, \iota _{\mathcal {Q}^{\prime }_{1}} z(N^{1}(z)))), \iota _{\mathcal {Q}_{3}} u(D^{1}(u) \&\\ O^{2}(\iota _{\mathcal {Q}_{2}} x(M^{1}(x) \& (W^{2}_{2}(x, \iota _{\mathcal {Q}_{1}} y(B^{1}(y)))$


$\&$


     𝐶  2   (  𝑥  ,    𝜄    𝒬  1  ′    𝑧  (    𝑁  1   (  𝑧  )  )  )  )  ,  𝑢  )  )  ) 


$C^{2}(x, \iota _{\mathcal {Q}^{\prime }_{1}} z(N^{1}(z)))), u)))$


$\&$
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$\mathcal {D}_{1(E)}$


   ∃  𝑦    𝐵  1   (  𝑦  ) 


$\exists y B^{1}(y)$


$\mathcal {D}_{2(QU)}$


   ∀    𝑢  1   ∀    𝑣  1   (  (    𝐵  1   (    𝑢  1   )  &    𝐵  1   (    𝑣  1   )  )  ⊃    𝑢  1         =  +     𝒬  1        𝑣  1   ) 


$\forall u_{1} \forall v_{1} ((B^{1}(u_{1}) \& B^{1}(v_{1})) \supset u_{1} \overset {+}{=}_{\mathcal {Q}_{1}} v_{1})$


$\mathcal {D}_{3(P)}$


   ∀    𝑤  1   (    𝐵  1   (    𝑤  1   )  ⊃    𝑊  2  2   (    𝛼  1   ,    𝑤  1   )  ) 


$\forall w_{1}(B^{1}(w_{1}) \supset W^{2}_{2}(\alpha _{1}, w_{1}))$


$\mathcal {D}^{\prime }_{1(E)}$


   ∃  𝑧    𝑁  1   (  𝑧  ) 


$\exists z N^{1}(z)$


$\mathcal {D}^{\prime }_{2(QU)}$


   ∀    𝑢  1  ′   ∀    𝑣  1  ′   (  (    𝑁  1   (    𝑢  1  ′   )  &    𝑁  1   (    𝑣  1  ′   )  )  ⊃    𝑢  1  ′         =  +     𝒬  1  ′        𝑣  1  ′   ) 


$\forall u^{\prime }_{1} \forall v^{\prime }_{1} ((N^{1}(u^{\prime }_{1}) \& N^{1}(v^{\prime }_{1})) \supset u^{\prime }_{1} \overset {+}{=}_{\mathcal {Q}^{\prime }_{1}} v^{\prime }_{1})$


$\mathcal {D}^{\prime }_{3(P)}$


   ∀    𝑤  1  ′   (    𝑁  1   (    𝑤  1  ′   )  ⊃    𝐶  2   (    𝛼  1   ,    𝑤  1  ′   )  ) 


$\forall w^{\prime }_{1}(N^{1}(w^{\prime }_{1}) \supset C^{2}(\alpha _{1}, w^{\prime }_{1}))$


$\mathcal {D}_{4}$


     𝑀  1   (    𝛼  1   ) 


$M^{1}(\alpha _{1})$


$\mathcal {D}_{1(E)}$


$\mathcal {D}_{2(QU)}$


$\mathcal {D}_{3(P)}$


$\iota _{\mathcal {Q}}$


$^{\textsc {c}}_{2, 1}$


     𝑊  2  2   (    𝛼  1   ,    𝜄    𝒬  1    𝑦  (    𝐵  1   (  𝑦  )  )  ) 


$W^{2}_{2}(\alpha _{1}, \iota _{\mathcal {Q}_{1}} y(B^{1}(y)))$


$\mathcal {D}^{\prime }_{1(E)}$


$\mathcal {D}^{\prime }_{2(QU)}$


$\mathcal {D}^{\prime }_{3(P)}$


$\iota _{\mathcal {Q}}$


$^{\textsc {c}}_{2, 1}$


     𝐶  2   (    𝛼  1   ,    𝜄    𝒬  1  ′    𝑧  (    𝑁  1   (  𝑧  )  )  ) 


$C^{2}(\alpha _{1}, \iota _{\mathcal {Q}^{\prime }_{1}} z(N^{1}(z)))$


$\&$


     𝑊  2  2   (    𝛼  1   ,    𝜄    𝒬  1    𝑦  (    𝐵  1   (  𝑦  )  )  )  &    𝐶  2   (    𝛼  1   ,    𝜄    𝒬  1  ′    𝑧  (    𝑁  1   (  𝑧  )  )  ) 


$W^{2}_{2}(\alpha _{1}, \iota _{\mathcal {Q}_{1}} y(B^{1}(y))) \& C^{2}(\alpha _{1}, \iota _{\mathcal {Q}^{\prime }_{1}} z(N^{1}(z)))$


$\&$


     𝑀  1   (    𝛼  1   )  &    𝑊  2  2   (    𝛼  1   ,    𝜄    𝒬  1    𝑦  (    𝐵  1   (  𝑦  )  )  )  &    𝐶  2   (    𝛼  1   ,    𝜄    𝒬  1  ′    𝑧  (    𝑁  1   (  𝑧  )  )  ) 


$M^{1}(\alpha _{1}) \& W^{2}_{2}(\alpha _{1}, \iota _{\mathcal {Q}_{1}} y(B^{1}(y))) \& C^{2}(\alpha _{1}, \iota _{\mathcal {Q}^{\prime }_{1}} z(N^{1}(z)))$


$\mathcal {D}_{5(E)}$


   ∃  𝑥  (          𝑀  1   (  𝑥  )  &    𝑊  2  2   (  𝑥  ,    𝜄    𝒬  1    𝑦  (    𝐵  1   (  𝑦  )  )  )  &    𝐶  2   (  𝑥  ,    𝜄    𝒬  1  ′    𝑧  (    𝑁  1   (  𝑧  )  )  )   ⏟     =    𝐴  1   (  𝑥  )    ) 


$\exists x(\underbrace {M^{1}(x) \& W^{2}_{2}(x, \iota _{\mathcal {Q}_{1}} y(B^{1}(y))) \& C^{2}(x, \iota _{\mathcal {Q}^{\prime }_{1}} z(N^{1}(z)))}_{= A_{1}(x)})$


$\mathcal {D}_{6(QU)}$


   ∀    𝑢  2   ∀    𝑣  2   (  (    𝐴  1   (    𝑢  2   ) 


$\forall u_{2} \forall v_{2}((A_{1}(u_{2})$


$\&$


     𝐴  1   (    𝑣  2   )  ) 


$A_{1}(v_{2}))$


$\supset $


     𝑢  2         =  +     𝒬  2        𝑣  2   ) 


$u_{2} \overset {+}{=}_{\mathcal {Q}_{2}} v_{2})$


$\mathcal {D}_{7(P)}$


   ∀    𝑤  2   (  (    𝑀  1   (    𝑤  2   )  &    𝑊  2  2   (    𝑤  2   ,    𝜄    𝒬  1    𝑦  (    𝐵  1   (  𝑦  )  )  )  &    𝐶  2   (    𝑤  2   ,    𝜄    𝒬  1  ′    𝑧  (    𝑁  1   (  𝑧  )  )  )  )  ⊃    𝑂  2   (    𝑤  2   ,    𝛼  2   )  ) 


$\forall w_{2}((M^{1}(w_{2}) \& W^{2}_{2}(w_{2}, \iota _{\mathcal {Q}_{1}} y(B^{1}(y))) \& C^{2}(w_{2}, \iota _{\mathcal {Q}^{\prime }_{1}} z(N^{1}(z)))) \supset O^{2}(w_{2}, \alpha _{2}))$


$\mathcal {D}_{8}$


     𝐷  1   (    𝛼  2   ) 


$D^{1}(\alpha _{2})$


$\mathcal {D}_{5(E)}$


$\mathcal {D}_{6(QU)}$


$\mathcal {D}_{7(P)}$


$\iota _{\mathcal {Q}}$


$^{\textsc {c}}_{2, 2}$


     𝑂  2     (    𝜄    𝒬  2      𝑥  (    𝑀  1     (  𝑥  )  &    𝑊  2  2     (  𝑥  ,      𝜄    𝒬  1      𝑦  (    𝐵  1     (  𝑦  )  )  )  &    𝐶  2     (  𝑥  ,      𝜄    𝒬  1  ′      𝑧  (    𝑁  1     (  𝑧  )  )  )  )  ,      𝛼  2   ) 


$O^{2}\!(\iota _{\mathcal {Q}_{2}}\! x(M^{1}\!(x) \& W^{2}_{2}\!(x,\! \iota _{\mathcal {Q}_{1}}\! y(B^{1}\!(y))) \& C^{2}\!(x,\! \iota _{\mathcal {Q}^{\prime }_{1}}\! z(N^{1}\!(z)))),\! \alpha _{2})$


$\&$


     𝐷  1     (    𝛼  2   )  &    𝑂  2     (    𝜄    𝒬  2      𝑥  (    𝑀  1     (  𝑥  )  &    𝑊  2  2     (  𝑥  ,    𝜄    𝒬  1      𝑦  (    𝐵  1     (  𝑦  )  )  )  &    𝐶  2     (  𝑥  ,      𝜄    𝒬  1  ′      𝑧  (    𝑁  1     (  𝑧  )  )  )  )  ,      𝛼  2   ) 


$D^{1}\!(\alpha _{2}) \& O^{2}\!(\iota _{\mathcal {Q}_{2}}\! x(M^{1}\!(x) \& W^{2}_{2}\!(x, \iota _{\mathcal {Q}_{1}}\! y(B^{1}\!(y))) \& C^{2}\!(x,\! \iota _{\mathcal {Q}^{\prime }_{1}}\! z(N^{1}\!(z)))),\! \alpha _{2})$


$\mathcal {D}_{9(E)}$


   ∃  𝑢  (          𝐷  1     (  𝑢  )  &    𝑂  2     (    𝜄    𝒬  2      𝑥  (    𝑀  1     (  𝑥  )  &    𝑊  2  2     (  𝑥  ,      𝜄    𝒬  1      𝑦  (    𝐵  1     (  𝑦  )  )  )  &    𝐶  2     (  𝑥  ,      𝜄    𝒬  1  ′      𝑧  (    𝑁  1     (  𝑧  )  )  )  )  ,    𝑢  )   ⏟       𝐴  2     (  𝑢  )    ) 


$\exists u (\underbrace {D^{1}\!(u) \& O^{2}\!( \iota _{\mathcal {Q}_{2}}\! x(M^{1}\!(x) \& W^{2}_{2}\!(x,\! \iota _{\mathcal {Q}_{1}}\! y(B^{1}\!(y))) \& C^{2}\!(x,\! \iota _{\mathcal {Q}^{\prime }_{1}}\! z(N^{1}\!(z)))),\! u)}_{A_{2}\!(u)})$


$\mathcal {D}_{10(QU)}$


   ∀    𝑢  3   ∀    𝑣  3   (  (    𝐴  2   (    𝑢  3   )  &    𝐴  2   (    𝑣  3   )  )  ⊃    𝑢  3         =  +     𝒬  3        𝑣  3   ) 


$\forall u_{3} \forall v_{3}((A_{2}(u_{3}) \& A_{2}(v_{3})) \supset u_{3} \overset {+}{=}_{\mathcal {Q}_{3}} v_{3})$


$\mathcal {D}_{11(P)}$


   ∀    𝑤  3   ∀    𝑤  4   (  (    𝑀  1   (    𝑤  3   )  &    𝑊  2  2   (    𝑤  3   ,    𝜄    𝒬  1    𝑦  (    𝐵  1   (  𝑦  )  )  )  &    𝐶  2   (    𝑤  3   ,    𝜄    𝒬  1  ′    𝑧  (    𝑁  1   (  𝑧  )  )  )  ) 


$\forall w_{3}\forall w_{4}((M^{1}(w_{3}) \& W^{2}_{2}(w_{3}, \iota _{\mathcal {Q}_{1}} y(B^{1}(y))) \& C^{2}(w_{3}, \iota _{\mathcal {Q}^{\prime }_{1}} z(N^{1}(z))))$


$\&$


   (    𝐷  1   (    𝑤  4   )  &    𝑂  2   (    𝜄    𝒬  2    𝑥  (    𝑀  1   (  𝑥  )  &    𝑊  2  2   (  𝑥  ,    𝜄    𝒬  1    𝑦  (    𝐵  1   (  𝑦  )  )  &    𝐶  2   (  𝑥  ,    𝜄    𝒬  1  ′    𝑧  (    𝑁  1   (  𝑧  )  )  )  )  ,    𝑤  4   )  )  ) 


$(D^{1}(w_{4}) \& O^{2}(\iota _{\mathcal {Q}_{2}} x(M^{1}(x) \& W^{2}_{2}(x, \iota _{\mathcal {Q}_{1}} y(B^{1}(y)) \& C^{2}(x, \iota _{\mathcal {Q}^{\prime }_{1}} z(N^{1}(z)))), w_{4})))$


   ⊃    𝑊  1  2   (    𝑤  3   ,    𝑤  4   )  ) 


$\supset W^{2}_{1}(w_{3}, w_{4}))$
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$W^{2}_{1}(\iota _{\mathcal {Q}_{2}} x(M^{1}(x) \& W^{2}_{2}(x, \iota _{\mathcal {Q}_{1}} y(B^{1}(y)))$


$\&$


     𝐶  2   (  𝑥  ,    𝜄    𝒬  1  ′    𝑧  (    𝑁  1   (  𝑧  )  )  )  )  , 


$C^{2}(x, \iota _{\mathcal {Q}^{\prime }_{1}} z(N^{1}(z)))),$
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natural language constructions with complete, incomplete, and generic definite
descriptions. Also constructions with nested and with predicatively used definite
descriptions are considered as well as constructions involving possessives. This
work incorporates and extends my NCL’2/-paper ‘Incomplete descriptions and
qualified definiteness’.

Keywords: definite descriptions (generic, incomplete, nested, Haddock, predica-
tive), identity, intuitionistic logic, proof-theoretic semantics, uniqueness.
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1. Introduction

Sometimes we use the definite description ‘the F’ in cases in which there is
a unique F. According to Russell, the definite article ‘the’ is used strictly
in such cases.! For example, speaking about Leo XIV, we use ‘the pope’
in (1) in this way.

(1) The pope is bald.

Sometimes, as Russell notes, we use ‘the F’ also in cases, in which there
is more than one F. For example, ‘the bishop’ in (2) is used in this loose
way (as would be ‘the pope’ during a schism).

(2) The pope blesses the bishop.

According to Russell, such loose uses of ‘the F’ should be avoided in favour
of the indefinite description ‘an F’. It seems, though, that Russell’s advice
is not entirely adequate. For example, in case multiple F's are present and
one intends to say something about a particular F (e.g., [20]).

In this paper, we propose a formal account of both uses of ‘the F’ in
terms of qualified definiteness. On a Russellian analysis, a construction of

TRussell ([16]: 481): “Now the, when it is strictly used, involves uniqueness; we do,
it is true, speak of “the son of So-and-so” even when So-and-so has several sons, but it
would be more correct to say “a son of So-and-so”. Thus for our purposes we take the
as involving uniqueness.”
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the form ‘the F' is G’ is explained in terms of an existence, a uniqueness,
and a predication clause:

(E) There is at least one F.
(U) There is at most one F.
(P) Every F is G.

We modify this analysis mainly by replacing the usual undefined notion of
identity in the definition of uniqueness with the defined notion of qualified
identity proposed in [24], i.e., ‘a is the same as b in all Q-respects’, where
Q is a subset of the set of predicate constants P. The notion of qualified
uniqueness that results from this replacement says:

(QU) For every x and y, if they are F', then they are identical with respect
to every predicate in Q.

Finally, a statement of qualified definiteness says, combining the three Rus-
sellian components:

(QD) The Q-unique z which is F'is G.

Qualified definiteness, unlike standard definiteness, allows for fine-tuning.
Let Q' be a proper subset of P (i.e., @ C P). If Q = P in (QD), then
we get the reading ‘the only x which is F' is G. We may use this reading
only in case there is a single x that is F'. This is definiteness proper. If, on
the other hand, we put @ = Q’, then we get: ‘the x which is F' is G". We
may use this reading only in case there are at least two things which are
F that are indiscernible with respect to @', but discernible with respect to
P\ Q. This is restricted definiteness. What is subject to restriction, on
this account, is thus the set of O-respects (rather than, e.g., a domain of
quantifiers [18]).

Below, we provide the details of this proposal. It will differ from
competing semantic analyses of incomplete descriptions also in that it will
be couched in a framework of proof-theoretic semantics (see [17] for an
overview) rather than in some version of model-theoretic semantics. (For
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an overview of the literature on incomplete descriptions see, e.g., [1, ch. 9],
[12, sect. 5.3]. An elaborate model-theoretic account is [2].)

Sect. 2 defines the formal language. Sect. 3 recapitulates the relevant
fragment of the intuitionistic bipredicational natural deduction systems de-
fined in [24] and combines it with the rules for definiteness proposed in [3, 4]
into proof systems for qualified definiteness, establishing normalization and
the subexpression (incl. subformula) property for them. Sect. 4 defines an
intuitionistic proof-theoretic semantics for qualified definiteness in terms of
canonical derivations, and Sect. 5 applies this semantics to complete, in-
complete, and generic definite descriptions in the manner suggested above.
In Sect. 6 this account of definiteness is generalized so as to allow also
for the analysis of natural language constructions with nested and with
predicative uses of definite descriptions. Also constructions involving pos-
sessives are considered. This work incorporates [25] and extends that paper
essentially with the generalizations described in Sect. 6.

2. The language

We extend the bipredicational language £ motivated and defined in [24]
with contextually defined operators for qualified definiteness and call the
extended language L.

L is a first-order language. It is bipredicational, since it allows for
both predication and predication failure. We first recapitulate those parts
of its definition which are relevant for present purposes.

DEFINITION 2.1. C is the set of individual (or nominal) constants (form:
«;) and P is the set of n-ary predicate constants (form: ¢) of £. Moreover,
Atm is the set of atomic sentences (form: ¢™aj...a,) of L. Atm(a) =gy
{A € Atm : A contains at least one occurrence of a € C} and Atm(p™) =gy
{A € Atm : A contains an occurrence of ¢ € P}. A nominal term o; is
either a nominal constant or a nominal variable x;. Atomic formulae have
the form ¢"0;...0, and are used for predication. Negative predications
(or predication failures) take the form —¢™0;...0,, (reading: ‘the ascriptive
combination of ¢™ with o1, ..., 0, fails’).
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DEFINITION 2.2. Defined symbols of L:
1. mA =4y AD L (negation)
2. A+ B =45 (AD B)&(B D A) (equivalence)
3. Let ¢™ be an n-ary predicate constant.

P (01,02) =dey
V1. Ve, Ve, ((e"0122...2, > @ 02X...2,)
& (P10 < P X109...2y)
& ... & (1. 101 > O"T1..Tp_102))

N;Ln (01,02) =def
V1. Ve, 1Va, ((—e"0122...2, > —@"02x2...2,)
& (—p"z101...y < —P"T109...2,)
& ... & (—¢"r..xp_101 & —Q"T1...Tp_102))

Let cp’fl, ..., pkm be all the predicate constants in Q, where ¢; is k;-ary
and Q C P.

Positive qualified identity:

+
01 =Q 02 =(ef Pf;i (01,00) & ... & Pf;:;’(ol,OQ)
(‘o1 is the same as 09 in all Q-respects’)
Negative qualified identity:

01 ;Q 02 =def N’L;i (01,02) & ... & N{;Z (01702)
(‘o1 is the same as oy in no Q-respect’)

Remark 2.3. Note that, in contrast to —, the operator for predication failure
— is primitive. Moreover, unlike the former, it is sensitive to the internal
structure of the formula to which it is prefixed. See [24] for the motivation
of —.

Remark 2.4. Being a defined notion, qualified identity differs not only from
standard identity, but also from the notion of relative identity introduced
by Geach in [5]. For a more detailed comparison see [24].
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Remark 2.5. If the stroke for predication failure were not present in the
language, £ would be the language of plain first-order logic without stan-
dard identity. Importantly, the definition of qualified identity does not
appeal to second-order quantification. In this respect our notion differs
from the notion of identity considered, for example, by Read in [14]: a = b
=def VF(F(I 4 Fb)

L extends £ with operators for qualified definiteness by adapting the
definitions from [3, 4].

DEFINITION 2.6. We write ¢(x), suppressing the arity of ¢, for atomic
formulae ¢™01...0,, containing (possibly multiple occurrences of) z. Let

QCP.
1. Positive qualified definiteness:
V(torp(@)) =aep Frp(x) & Yuvv((p(u) & ¢(v)) D u Lo v)

Positive qualified uniqueness

& Vw(p(w) O ¢(w))
(‘the Q-unique = which is ¢ is ¢’; simpler: ‘the Q-unique ¢ is 9’)

2. Negative qualified definiteness:
(eor— () =der Iz —p(x) & Yuvo((—p(u) & —p(v)) Du=9v)

Negative qualified uniqueness

& Vw(—p(w) D h(w))
(‘the Q-unique z which fails to be ¢ is ¥’; simpler: ‘the Q-unique —¢
is 1)

Remark 2.7. The definition of positive qualified definiteness differs from
the definition of definiteness proposed in [3, 4] in that it does not make use
of the familiar primitive notion of identity in the uniqueness part. In this
respect, it significantly departs also from the tradition.

Remark 2.8. The reading of the positive qualified uniqueness formula is
‘there is at most one Q-qualified ¢’, that of the negative qualified unique-
ness formula is ‘there is at most one Q-qualified —¢’.
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Qualified definiteness allows for degrees.

DEFINITION 2.9. Let Q" C P. Qualified definiteness has (i) the highest
degree of definiteness, in case @ = P, and (ii) a lower degree, in case
Q= Q'. Given @ C P, we can make the following distinction:

1. Maximal definiteness:

(a) Y(tpxp(x)): ‘the only x which is ¢ is ¥’;

(b) ¥(tpx — ¢(x)): ‘the only x which fails to be ¢ is ¥’
2. Restricted definiteness:

(a) Y(tgxp(x)): ‘the x which is ¢ is ¢’

(b) ¥(torx — @(x)): ‘the z which fails to be ¢ is 9.

A loosely used definite description ‘the F” is, thus, construed as a
restriction of a strictly used ‘the F” (i.e., the maximally definite description
‘the only F”).

DEFINITION 2.10. Negative predications with qualified definite descriptions
take the following forms:

1. —¢(tgxp(x)): ‘the Q-unique = which is ¢ fails to be 9’
2. —(tgx — ¢(x)): ‘the Q-unique = which fails to be ¢ fails to be .

Remark 2.11. L1 is an extension of £ only in the sense that it uses abbre-
viations which are not present in L.

3. Proof systems

In order to obtain a proof system for reasoning with qualified definiteness,
we enrich the intuitionistic bipredicational I0(S;")-systems defined in [24]
with rules for qualified definiteness, by adapting the rules for definiteness

presented in [3, 4]. We call the resulting systems I0(S;)¢-systems.
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3.1. Bipredicational natural deduction
We first repeat the parts of the definition of I0(S;")-systems from [24] which

are relevant for present purposes.

3.1.1. Bipredicational subatomic systems

DEFINITION 3.1. A bipredicational subatomic system Sy, is a pair (Z,Rp),
where 7 is a subatomic base and Ry, is a set of introduction and elimination
rules for atomic sentences and negative predications. T is a 3-tuple (C, P, v),
where v is such that:

1. For any a € C, v : C — p(Atm), where v(a) C Atm(a).
2. For any ¢" € P, v: P — p(Atm), where v(¢™) C Atm(o™).

We let 7T' =g4er v(7) for any 7 € C U P, and call 7' the set of term
assumptions for 7. Ry contains I/E-rules of the following form:

Dy D, D, D,
o r .. nl Doy...o,
(2 nal @ (asI) Po--An (CLSEz)
poag...ap 7,
DO D1 Dn Dl
o a0 .. o, —olaq...op
Ll - ! (—as]) ZPo--On (—asE;)
—ppoq...0m e

Side conditions:
1. asl: pfag..on € T Ny’ N..Na,T.
2. —asl: pgaj...an € i NN Na,I
3. asE; and —asE;: i € {0,...,n} and 7; € {©F, a1, ..., n }-

Terminology: We say that —pfag...an is negatively contained in @i N
aI'N...Na,I, in case the side condition on —asl is satisfied.
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DEFINITION 3.2 (Derivations in Sp-systems).

Basic step. Any term assumption 71", any atomic sentence (resp. neg-
ative predication), i.e., a derivation from the open assumption of pjay...cu,
(resp. —pgaq...ap,) is an Sp-derivation.

Induction step. If D;, for i € {0,...,n}, are Sp-derivations, then an
Sp-derivation can be constructed by means of the I/E-rules for as and —as
displayed above.

Remark 3.3. The term assumptions are, so to speak, proof-theoretic se-
mantic values of the non-logical constants. Applications of the subatomic
introduction rules asl and —asl serve to establish, on the basis of these val-
ues, the truth of atomic sentences and negative predications, respectively.
Negative predication (or predication failure) is understood as subatomic
derivation failure (cf. [24]).

3.1.2. Bipredicational subatomic identity systems

DEFINITION 3.4. Atomic sentences ¢(«y) and p(az) are mirror atomic sen-
tences if and only if they are exactly alike except that the former contains
occurrences of a1 at all the places at which the latter contains occurrences
of aig, and vice versa.

DEFINITION 3.5. A bipredicational subatomic identity system S, is a 3-
tuple (Z, Ry, R; ), which extends a bipredicational subatomic system with
a set Ry of I/E-rules for (positive/negative) qualified identity sentences,
where Q C P.

[+

1.

QI
[p1 ()] [ (ag)] ) [or(an)]®) [op(ag)]*2)
Dy, Dy, Dy, Dy,
p1(az) p1(a1) or(az) or(a)

+
o0, 11, .., k
+ (=D, 11 2
a1 =g Q2
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Dl ’Di1 Dl ’Di2

+ +
a1 =g Q2 %‘(041) (i B 1) Q] =g Q2 <Pi(042)
pi(az) o wi(a)

(LoE:2)

where ¢; € Q, i € {1, ..., k}, and ¢;(a1) and ¢;(az) are mirror atomic

sentences.
2. =¢:
[—@1(01)] M) [—1 ()] [—gr(ar)]®V) [—pp(az)] =)
D1, Dy, Dy, Dy,
—p1(a2) —p1(ar) —pr(a2) —pr(ar) _
_ (:QI), 11,...,ko
a1 =g az
Dy D;, D, D;,
ar =gy —ypi(ar) _ ap =g az  —pi(ag) _
—pi(a) (SeBl) —pi(on) (Sek:2)

where @; € Q,i € {1,...,k}, and ¢;(c1) and @;(as) are mirror atomic
sentences.

Remark 3.6. In contrast to the standard I-rules for identity, the I-rules
for qualified identity allow one to introduce formulae in which the identity
predicate is not necessarily flanked by two occurrences of the same constant.

DEFINITION 3.7. It will sometimes be convenient to use the notation {D}
for the set of the subderivations Ds,,Da,, ..., Dk, , Dk, in applications of
I-rules for qualified identity.

Remark 3.8. The I-rules for qualified identity reflect the definitions of the
qualified identity predicates stated in Definition 2.2(3). They absorb the
logical operators at work in the definientia into the metalanguage. As
mentioned, second-order quantifiers are not among these operators. It can
be argued that the rule (=I) proposed in [14] and its refined version (=I")
proposed in [15] do indeed reflect the second-order definition of identity
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mentioned in Remark 2.5, that is, a = b =4,y VF(Fa <> Fb). Read’s rules,
with F' a predicate variable that ranges over monadic (sic!) predicate letters
([15, p. 415, fn. 20]), are as follows:

[Fa] [Fa]  [FD]

D, D Dy

Eb Eb Fa /
a=p D Tamp G0

Side condition on (=I):
“provided ‘F” does not occur (as a predicate variable) in any assumption
other than Fa” ([14, p. 116]).

Side condition on (=T ):
“where the predicate variable ‘F’ does not occur in any parametric
assumptions” ([15, p. 415]).

Read’s rules involve no second-order universal quantifier in their body.
However, their side conditions are reminiscent of the usual condition on VI,
except for dealing with predicate variables. In this way, the second-order
universal quantifier of the aforementioned definition appears to be absorbed
into the side conditions. In [14], Read argues that (=I") can be simplified to
(=I). We note that, from a foundational intuitionistic perspective, Read’s
argument is not acceptable as it appeals to classical reductio ad absurdum
(cf. [14, p. 116]). In [15], Read adopts general elimination rules for = and
argues in favour of (=I').

3.1.3. Bipredicational subatomic natural deduction systems

DEFINITION 3.9 (Derivations in 10(S;)-systems).

Basic step. Any derivation in an Sj -system and any formula A (i.e.,
a derivation from the open assumption of A) is a derivation in an I0(S;")-
system.

Induction step. If D1, Ds, and D3 are derivations in an I0(S;)-system,
and C possibly a term assumption, then a derivation in an I0(S;)-system
can be constructed by means of the rules:
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D1 D Dy D1
A B A& B A&B
LBy ASB (gpy  ASE (o)
D, D,
A B
eV gy i)
(A (B Al >
Dl D2 D3 Dl A :)lB A?( E)
AV B C C B B 2
c (VE), u,v 155 (OI), u
Dy D, D, [A(a/0)]™
A(z/o) VrA A(z/o) Dy D,
E 7
vea D A(w/o) VE) = GD 344 = C 3E),
Dy
1.
L (1)

Side conditions:

1. In VI: (i) if o is a proper variable y, then o = x or o is not free in
A, and o is not free in any assumption of a formula which is open
in the derivation of A(x/0); (ii) if o is a nominal constant, then o
does neither occur in an undischarged assumption of a formula, nor
in Vz A, nor in a term assumption leaf ol'; (iii) o is nominal constant

and Dy for all o € C.
A(z /o)

2. In VE: o is free for z in A.

3. In JE: (i) if o is a proper variable y, then o = x or o is not free in
A, and o is not free in C nor in any assumption of a formula which
is open in the derivation of the upper occurrence of C' other than
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[A(x/0)]™); (ii) if 0 is a nominal constant, then o does neither occur
in an undischarged assumption of a formula, nor in 3z A, nor in C,
nor in a term assumption leaf ol.

4. In 3I: o is free for z in A.

Minimal bipredicational subatomic natural deduction systems, MO(S;)-
systems, result from I0(S;)-systems, in case Li is removed.

In case we employ the VI-rule according to the provisos for it given in
(i) [(ii), (iii)], we use the labels VI.i [VL.ii, VLiii]. Similarly, for the IE-rule
and the labels JE.i and JE.ii.

We mention the main results obtained for I0(S;)-systems in [24] mak-
ing use of the methods developed in [13]; see also [21].

THEOREM 3.10 (Normalization). Any derivation D in an I0(S;)-system
can be transformed into a normal I0(S;")-derivation.

Importantly, I0(S;")-systems enjoy the subformula property as a spe-
cial case of the subexpression property. The latter property deals with units
and expressions. Roughly, a unit is either a formula or a term assumption
7', and an expression is either a formula or the non-logical constant 7

of rT.

THEOREM 3.11 (Subexpression property). If D is a normal derivation of
a unit U from a set of units T in an I0(S;)-system, then each unit in D
is a subexpression of an expression in T U{U}.

COROLLARY 3.12 (Subformula property). If D is a normal I0(S;")-derivation
of formula A from a set of formulae I', then each formula in D is a subfor-
mula of a formula in T'U {A}.

These results guarantee, e.g., the consistency of the systems and sim-
plify proof search in them.

Remark 3.13. Digression: 10(S;)-systems are special cases of the I(S;)-
systems studied in [24]. The ‘0’ indicates the lack of rules which handle
predication conflicts (c-rules; cf. [24]: 116). The terminology of negative
containment (Definition 3.1) introduced in [25] becomes relevant, in case
c-rules are present in an I(S;)-system. For such systems the following
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formulation of the subexpression property is more adequate than the one
used in [24]: ‘(...) then each unit in D is a subexpression of an expression
in DU {U} or negatively contained’. Similarly, for the formulation of the
subformula property: ‘(...) then each formula in D is a subformula of
a formula in T'U {A} or negatively contained’ The original formulation
which treats —as-formulae as “subexpressions” of term assumptions for the
non-logical constants in U (resp. A) constitutes an abuse of terminology.

3.2. Bipredicational natural deduction for qualified definiteness

We now add rules for the introduction and elimination of qualified defi-
niteness to I0(S;)-systems in order to obtain I0(S;")t-systems which are
sufficient to define a proof-theoretic semantics for the simplest possible
constructions involving definite descriptions.

DEFINITION 3.14. Let Q@ C P. In the tgl-rule below, the conclusion of
D, [Da, Ds] corresponds to the E- [QU-, P-] clause. Likewise for tg—I.

1. Rules for positive qualified definiteness:

D1 Da D3
Jrp(z)  Vuvu((e(u) & p(v) DuFgv)  Vw(p(w) D p(w)) (tol)
V(ozp(a)) °
Dl Dl
Y(oze(z)) Y(ozp())
—— = (1oEl) (toE2)
Jzp(x) ° Vuvo((e(u) & o(v)) D u ;Q )
D1

Y(cozp(z)) (1oF3)

Vw(p(w) O 9h(w))

The tgl/E-rules for —(1goxzp(x)) are analogous.
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2. Rules for negative qualified definiteness:

D1 Dz D3
3z —p(z)  Yuvu((—p(u) & —p(v)) Du=gv) Vuw(—p(w) D p(w))

Pligw — o) el
Dl Dl
Y(Lox — @(x)) (1o—F1) YP(or — () - (lo—E2)
Jx — o(x) YuVo((—¢(u) & —p(v)) Du=g v)
D1

Y(eow — (7))
Vw(—p(w) D ¢(w))

(to—E3)

The tg—1/E-rules for —¢)(tgx — ¢(x)) are analogous.

Example 3.15. Let Q = {¢1,....,or}, Q C P, and ;,p; € Q, where 4,5 €
{1,....,k} and i # j.

;' al’
_ wi(a) (3.1)
D= Jzp;(x)
[pi(e)&pi(8)] V) () &pi(B)] V)
[p1(a)]11) vi(B) [p1(8)](12) vi(@)
o1 BT 1l ol
»1(B) p1(a) {D} Lo ko
+
a=9 B

1
(pi(@)&pi(B)) Datq B
p,  (pi@)&pi(v) Datov)
2 = 111
Vao((pi(u)&pi(v) D uEg v)

iii

(3.2)
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fpi()]@
w;T al’
pj(a) ) (3.3)
pil@) D@

* T Vo(pi(w) D gy (w)

D1 D2 Ds
Jwpi(r)  Yuvo((pi(u)&ei(v) DuTgwv)  Vw(pi(w) D p;j(w)) (3.4)
(tol)
vj(tozpi(x))

3.3. Normalization and the subformula property

In order to prove normalization for I0(S;"):-systems, we make use of the
following conversions.

DEFINITION 3.16. The conversions (detour, permutation, simplification)
for 10(S; " )e-systems comprise those for I0(S;")-systems (see [24]) and the
following detour conversions:

1. 1g-Conversions:

Dy D2 D3
Jwp(z)  Vuvo((p(u) & o(v) Dutgv)  Vu(p(w) D P(w))
(el
P(ozp(x)) (1oE1)
Jrp(x) O
D1
Jzp(x)
D1 Dy D3
Jop(z)  Vuvo((p(u) & p(v) Duzgv)  Vw(p(w) D (w))
(tol)
Y(Lozp(z))
(toE2)

Vuvo((p(u) & (v)) D u g v)
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Do
Vuvo((p(u) & (v)) D uZg v)

D1 Dy D3
Jwp(z)  Vuvo((p(u) & o) DuZgv)  Vul(p(w) D P(w))
(tel)
Y(eomp(T))
(toE3)

Vu(p(w) D p(w))

Ds
Vw(p(w) D P(w))

2. 1g—-Conversions: analogous.

Remark 3.17. Unlike the ¢E2-rules in [3, 4], the above E2-rules have a single
premiss and invert directly.

THEOREM 3.18 (Normalization). Any derivation D in an I0(S; )i-system

can be transformed into a normal 10(S;)i-derivation.

PrOOF: We repeat the corresponding proof for I10(S; )-systems in [24],
taking also the detour conversions for qualified definiteness into account.
As a result, all detours can be eliminated from derivations in these systems.
a

THEOREM 3.19 (Subexpression property). If D is a normal derivation of
a unit U from a set of units T' in an I0(S; )i-system, then each unit in D
is a subexpression of an expression in T U {U}.

PrOOF: We proceed like in the corresponding proof for I0(S;)-systems
in [24]. As a result, all expressions in D are subexpressions of either the
root or the leaves of D. O
COROLLARY 3.20 (Subformula property). If D is a normal I0(S;)¢-derivation

of formula A from a set of formulae I', then each formula in D is a subfor-
mula of a formula in T'U {A}.
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Remark 3.21. Since the identity predicates used in the proof systems [3, 4],
are primitive, such a subformula result is not available for these systems.
This remark also applies to other available intuitionistic natural deduction
systems for definiteness (e.g., [11, 19]).

COROLLARY 3.22 (Internal completeness). Internal completeness of I0(S;")¢-
systems in the sense of [6] (adapted to natural deduction) is given by Corol-
lary 3.20.2 To establish internal completeness for them in the sense of [24,
p. 127], we proceed like described therein.

4. A proof-theoretic semantics

On the basis of the results obtained, we may formulate a subatomic proof-
theoretic semantics for qualified definiteness. For this purpose, we adjust
the corresponding definitions form [24] to the present systems.

DEFINITION 4.1.

1. A derivation D of a formula A in an I0(S;)t-system is a canonical
derivation iff it derives A by means of an application of an I-rule (in
the last step of D).

2. A canonical derivation D of A in an I0(S; )e-system is a canonical
proof of A in that system iff there are no applications of as-rules or
—as-rules in D and all assumptions of D have been discharged.

3. The conclusions of canonical I0(S;)¢-derivations are I10(S;”)c-theses
and the conclusions of I0(S;")t-derivations which are also proofs are
10(S;)-theorems.

2Cf. Girard ([6, pp. 139-140]): “If we consider cut-free proofs, then all possible
proofs are already there, there is no way to produce new ones. In other terms, the
calculus is complete—nothing is missing. Observe that this completeness does not refer
to any sort of model, it is an internal property of syntax. Such a property cannot be
an accident, it should be given its real place, the first: The subformula property is the
actual completeness.”
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DEFINITION 4.2 (Meaning). Let I be an I0(S;")¢-system.

1. The meaning of a non-logical constant T is given by the term as-
sumptions 7I" for 7 which are determined by the subatomic base of
the S -system of 1.

2. The meaning of a formula A of L. is given by the set of canonical
derivations of A in I.

Remark 4.3. The rules for qualified identity (Definition 3.5) allow not only
for reductions in terms of detour conversions, but also for expansions (cf.
[22, p. 256]). This is a further point, in which they differ from the standard
natural deduction rules for identity (cf. [24, p. 104]). For an overview of
the structural proof theory of identity see [9].

Remark 4.4. Note that this formal account of meaning does not make use of
a semantic ontology (e.g., individuals, possible worlds), something essential
to model-theoretic semantics. Specifically, the meaning of 3-formulae does
not presuppose a domain of individuals. Strictly speaking, 3z A reads: ‘For
at least one x, A’, where z is a nominal variable ranging over C. This feature
of the present semantics makes it particularly natural for the analysis of
constructions which involve non-denoting (or empty) terms (e.g., ‘Pegasus’,
‘the captive unicorn’).

5. On incomplete descriptions
Qualified uniqueness allows for fine-tuning.

Remark 5.1. Let {¢;} € @ C P and ¢; € P, where i € {1,....,k}. We
consider the following cases: (i) @ =P, (ii) @ = @', and (iii) @ = {p;}.

Case (i): Like (3.2), but with Q replaced by P. This case gives us
the maximal degree of qualified uniqueness. For every = and y, if they are
v, then they are identical with respect to every predicate (i.e., they are
indiscernible in every respect).

Case (ii): Like case (i), but with P replaced by Q' and with {D} re-
placed by {D}’, where {D}’ C {D}. This case gives us an intermediate
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degree of qualified uniqueness. For every x and y, if they are ¢;, then
they are identical with respect to every predicate in Q' (i.e., they are in-
discernible with respect to Q’, but discernible with respect to P\ Q').

Case (iii):
[pi ()& (B)] V) [pi (o) & (B)] V)
[ ()] (1) vi(B) [ps(8)]12) wi(a)
pil’ B ;N al’
wi(B) wi(a) 11 1o
@ i{%} B 1 (51)

(pi(@)&pi(B)) Da i,y B
Vy((pi(@)&pi(y)) D aE(y,1 v)

Vavy (s (2)&ei(y) D = (4} v)

iii

iii

This case gives us the minimal degree of qualified uniqueness. For every x
and y, if they are ¢;, then they are identical with respect to every predicate
in the singleton {p;} (i.e., they are indiscernible with respect to the predi-
cate @;, but discernible with respect to at least one predicate in P\ {¢;}).
(Likewise for negative qualified uniqueness.)

Qualified definiteness allows for fine-tuning, since it involves qualified
uniqueness.

Remark 5.2. Let {¢;} C Q' C P, let P = ¢;, and B = @; for ¢;,p; € Q',
where 4,5 € {1,..,k} and ¢ # j. P: ‘.. is a pope’; B: ‘.. is bald.
And let Do (i) [D2(i%), Do (iii)] refer to the derivation for case (i) [(ii), (iii)]
mentioned in the previous remark. We may, then, distinguish three general
cases of qualified definiteness.

Case (i). Maximal qualified definiteness:
D D4y Ds
Jepi(e)  Vuvo((pi(w)&ei(v) DuTp o) Vulei(w) D p;(w)) o (5.2)

wj(tprpi(x)) 7
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The premisses of the tpl-application say that there is at least one thing
which is ¢;, that any two things which are ¢; are the same in any respect,
and that everything that is ¢; is ;. The conclusion ¢;(tpxp;(z)) can be
read: ‘the P-unique x which is ¢; is ¢;’, or, simplifying the reading of
Definition 2.9(1) further, ‘the only ¢; is ¢,;. We may use these readings
only in case there is a single x that is ¢;. This is definiteness proper. We
use it for the analysis of (1), in case there is no schism.

Case (ii). Intermediate qualified definiteness:
D Dois) Ds
Jopi(x)  Vuvu((pi(w)&ei(v) Dute v)  Vulei(w) D p;(w)) oD (5.3)

vj(torzpi(x)) 2

The premisses of the tg/I-application say that there is at least one thing
which is ;, that any two things which are ; are the same (only) in any Q’-
respect, and that everything that is ¢; is ¢;. The conclusion ¢;(to xp;(x))
can be read: ‘the Q'-unique x which is ¢; is ¢;’, or simply ‘the ¢, is ¢,
We may use these readings only in case there are at least two things that
are ; which are discernible with respect to P \ Q'. It will be natural to
use this restricted kind of definiteness for the analysis of (1) in times of
schism.
Case (iii). Minimal qualified definiteness:

Dy Da (i) Dy
Jopi(@)  Vuru((pi(u)&ei(v) Du L,y v)  Valeiw) D e (w) (54)
(t{eiyD)
@ (t{p 170 (T))

The premisses of the 1y, I-application say that there is at least one thing
which is ¢;, that any two things which are ¢; are the same only with
respect to {¢;}, and that everything that is ¢; is ¢;. The conclusion
©j(t{pzpi(x)) can be read: ‘the {¢;}-unique x which is ¢; is ;" We
may use this reading only in case there are at least two things that are ¢;
which are discernible with respect to at least one predicate in P\ {¢;}.
In a sense, this minimal degree of definiteness (a special case of restricted
definiteness; cf. Definition 2.9(2)) comes close to generic definiteness: ‘the
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generic ¢; is ;. Similarly for negative qualified definiteness.

Ezxample 5.3. 1t is straightforward to construct canonical derivations for
simple constructions such as those given below. For reasons of convenience,
the predicates in the symbolizations are written out.

(1) The pope is bald. Bald(tpxzPope(x))

(3) The king of France is not real. —Real(tpx(King-of?(x, France)))
(4) The bishop is bald. Bald(tg xBishop(x))

(5) The Englishman is brave. Brave(t{gngiishman}(Englishman(z))
(6) The non-smoker is healthy. Healthy(t{smoker}®(—Smoker(x)))

Concerning (3): cf. Remark 4.4. The symbolization of (6) in terms of
negative predication is not entirely direct. The use of subatomic negation
(cf. [23]) should be more adequate here.

6. Generalizations

Building on [3, 4], we now generalize the I0(S; )i-systems for qualified
definiteness described above (1g-systems, for short) in order to obtain proof
systems which are suitable for the analysis of constructions such as, e.g.,
(2) and:

(7) The dog descends from the wolf. (Cf. [12, (33)].)
(8) The pope puts the zucchetto on the zucchetto. (Cf. [12, (38)].)
(9) The king of the jungle loves the queen of the desert.
(10) Leo XIV is the bishop of Rome. (Cf. [12, (61)].)
(11) The rabbit in the box looks at the rabbit in the hat. (Cf. [8, p. 661].)
)

(12) The man wearing the beret with the button is French. ([10, p. 450].)
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(13) The man wearing the beret and carrying the newspaper is French.
([10, p. 451].)

(14) The man wearing the beret and carrying the newspaper walks his
dog.

We proceed in three generalization steps.

6.1. Generalization A: Parallel qualified definiteness

First, we turn the rules for parallel definiteness from [3, 4] into rules for
parallel qualified definiteness. These rules will allow us to analyse construc-
tions such as (2), (7), and (8).

DEFINITION 6.1. Contextual definitions (Li*). We write o(z1, ..., Ty, ), SUp-
pressing the arity of ¢, for atomic formulae ¢™0;...0,, containing (possibly
multiple occurrences of) z;, where i € {1,...,m}. We generalize the con-
textual definitions for qualified definiteness (Definition 2.6) by replacing
them with contextual definitions for parallel qualified definiteness. Let

Q1,..., 2 CP.

1. Parallel positive qualified definiteness:
¢(L91$1‘/’1 (1) ens LQnmnS@n(l’n)) =def

(Fzrp1(z1) & ... & Fznen(an)) &

(Vur Vor (o1 (u1) &1 (v1)) D ur Tg, v1) & ... &
VunVon ((on (un)&pn(vn)) D un ;Qn wn)) &
(Vw1..Ywn ((e1(w1) & ... & on(wn)) D Y(wi,...,wn)))

2. Parallel negative qualified definiteness:
Yo T1 — 1(%1), -1, T — Pn(Tn)) =def

Fz1 —p1(z1) & ... & Tzp — on(Tn)) &

(VurVur ((—p1(u1)& — p1(v1)) D u1 ;Ql v1) & ... &

Y Yo ((—@n (un )& — (Pn('Un)) D Un ;Qn U")) &
(Yw1..Vwn ((—p1(w1) & ... & —pn(wp)) D Y(wi,...,wy)))

(Likewise with —1.)
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Ezample 6.2. Symbolizations:

(2) The pope blesses the bishop.
Blesses?(1tpx(Pope(x)), 1oy(Bishop(y)))

(7) The dog descends from the wolf. (Cf. [12, (33)].)
Descends-from? (v pogyx(Dog(x)), tywor 1y (Wol f(y)))

(8) The pope puts the zucchetto on the zucchetto. (Cf. [12, (38)].)
Puts-on®(vpx(Pope(r)), Lory(Zucchetto(y)), Lo z(Zucchetto(z)))

Next, we generalize to-systems by replacing the rules for qualified
definiteness (Definition 3.14) with rules for parallel qualified definiteness.
We call the resulting systems g A-systems. To present the generalized rules
in a more compact form we make use of abbreviations.

DEFINITION 6.3. Abbreviations (1gA-systems). Let Qp C P with k €

{1,...,n}.

1. Abbreviations for parallel positive qualified definiteness:
(a) Eg: Jzper(zk)
(b) QUi: Vuy¥oi ((on (ur)&eor () O i, Lo, vr)
(¢) P: Vwi.Vwn((p1(w1)&...&pn(wn)) D P(wi, ..., wn))

2. Abbreviations for parallel negative qualified definiteness:
(a) —Eg: Jzk — pr(zr)
(b) —QUi: YurVui (=g (ur)& — @i (vk)) D uk =g, vk)
(c) —=P: Vwi..Vwn ((—p1(w1)&...& — pn(wn)) D P(wi, ..., wn))

(Likewise with —q.)

DEFINITION 6.4. Derivations (1gA-systems). The following rules replace
the rules for qualified definiteness in Definition 3.14.

1. Rules for parallel positive qualified definiteness:
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D1, D1, D2, D2, Ds
Ei ... B, QU ... QU, P

(tolf)
Yo 2191(21), -5 L0, Tnpn(Tn)) ‘
D1
Lo, T 1)y .0y LO, T T
YL, T191(21) 9, Tnpn(Tn)) (LoEAD)
Ey
Dy
Lo, T 1)y, LO, T T
Yo, z101( 1)QU Q. Tn®n(Zn)) (1oE)2)
k
D1
Yo, 101(®1), 110, Tnpn(Tn)) (10F3)
P i

where i € {1,...,n} (arity of ¥), k € {1,...,n}

2. Rules for parallel negative qualified definiteness:

'D11 D1, D21 Do, D3
—Ey .. —E, -QUi..-QU, —P A
(to-13)
Yo, 1 — @1(21); L0, Tn — @n(Tn))
D1
Lo, X1 — T1)y .0y LO, Ty — T
Yo 21 — ¢1(21), s t0n Tn — Pn(2n)) (to_Ep1)
_Ek
D1
Lo, X1 — T1)y .oy LO, Ty — T
Yo, x1 — p1( 1)QU 2, %n = ¢n(®n)) (to_E}2)
- k
D1
¢(LQ1I1 - ‘pl(xl)v"'vLan" — (pn(xn)) (L ,E‘.\3)
5 o-E;

where ¢ € {1,...,n} (arity of ¥), k € {1,...,n}

(Likewise with —1.)
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DEFINITION 6.5 (Detour conversions (1gA-systems)). Like Definition 3.16,
except that the conversions for qualified definiteness are replaced by the

following ones.
1. Detour conversions for parallel positive qualified definiteness:

Dy, D1, D2y D2, D
E1 ... En QUi .. QU, P (ol))  conv D,
Yo, z191(21), -5 L0, Tnn(2n)) | %
E (LQEkl)
k
Dy, D1, D2y D2, Dz
Ey ... By QUi ... QU, P (1ol cony Do,
P(tg, 7191(21), -, L0, Tnen(Tn)) (LQE;AQ) QU
QU F
D1, Dy, Da, Do, Ds
E1 En QU1 QUn P IA 3
(tol?) conv
Yo, T191(%1); - L0, Tnn(Tn)) (1oE3)
P QL
2. Detour conversions for parallel negative qualified definiteness: mutatis

mutandis.

Remark 6.6. Normalization, the subexpression property, the subformula
property, and internal completeness for 1o A-systems are obtained in a man-
ner analogous to Theorem 3.18, Theorem 3.19, and the corollaries of the
latter. Specifically, for normalization also the detour conversions for paral-
lel qualified definiteness have to be used. These involve no complications.
This makes it rather straightforward to establish the results. Meaning is
then explained like in Definition 4.2.

Ezample 6.7. Consider (8). We use the following symbolization:
P (upx(P(2)),10y(Z1(y)), L0 2(Z(2)))
Let @', Q" C P such that @ # Q. For reasons of illustration, let the
derivations for the E-clauses have the form of (3.1).
Diue)y  DPxp)  Dsm)

Pl (z) FyZ'(y) 322'(2) (6.1)

Let the derivations for the QU-clauses have the form of (3.2).
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Diqu)
Yaur Vor (P (ur) &P (v1)) D u1 Tp v1)

Daqu)
VuaVos (21 (u2)& 2 (v2)) D ug T/ v2)
Ds(qu)

6.2
VU3VU3((Z1(U3)&Z1(03)) D us ;Qu v3) ( )

The conclusion of Dy(qy) says that there is at most one P-qualified pope,
that of Dy(quy says that there is at most one Q'-qualified zucchetto, and
that of Dy(qry says that there is at most one Q"-qualified zucchetto. Ac-
cordingly, given the derivations of the E-clauses, there is a unique pope,
but there is more than one zucchetto. Finally, let the derivation for the
P-clause be an adjustment of (3.3).

Dep)
lewungg((Pl(wl)&Zl(wg)&Zl(wg)) ) P3(’LU1,U)2,w3))
Let {Dm)} = {Dix),Dor), D3y} and {Dquy}t = {Diqu): Paqu);
D3uy}- We combine these derivations by means of the I-rule for par-
allel positive qualified definiteness into a canonical derivation:

Py} {Puyt D)
P3(pa(PY(x)), 10 y(ZY(y)),10r2(Z1(2)))

(6.3)

(tol) (6.4)

6.2. Generalization B: Parallel nested qualified definiteness

In a second generalization step, we adapt the rules for nested definiteness
defined in [3, 4] to parallel nested qualified definiteness. This will allow us
to analyse constructions like (9) and (10).

DEFINITION 6.8 (Contextual definitions (L£:*)). We generalize the def-
initions for parallel qualified definiteness in Definition 6.1 by replacing
them with definitions for parallel nested qualified definiteness. Let

Q145+, 9n,, CP.
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1. Parallel nested positive qualified definiteness:

Y(tQn, Tny Pny (Tng s tQo, T21902, (T2, o, LQy, 17 P11 (T11))01), o0

0@ T P (Trm s 3 LQa, T2, P20 (T2 1001 T10n P11, (1)) -+4)) =dey

(1 ong (Tng ;- LQy, 21921 (T215 05 LQ1, T11 914 (x1,))&..&

3T Prn (T s s 000, T2 P2 (B20 s -5 101, Tl PLin (21,,))))&

(Vun, Yon, ((ng (ung ;s - LQo, T21$2, (@25 LQq, T1:¥1, (z1,))&

+
Py (Ung sy LQy, 21921 (T2, 0500y 21,90 (211)))) D uny =@, Vny )& &
Yun, Y0nm (Orm (Unp, s o 6Qa T2 P2m (T205 5L, Tl P1p (£1,,)))&
O (Vnum s s LQo, T20 P2 (B2 -5 Q1 Ty PLin (T1,))))

+
D Ungy, =9,,, Vnm))&

(Ywny - Vwn,, (Pny (Wny s ooy 0Qs, T21 P21 (T215 oy L01, Z1101, (21,))) & &
O (Wnp s o5 LQo, . T200 P2 (T2 -5 Q1 Ty PLin (T1,))))
D Y(wny sy Wiy, )

. Parallel nested negative qualified definiteness:

QZJ(Lin Tny — Pny (2”17 9 bQo T2 T P2 (‘T21 v bQq Ty — P1y (mll))-“): ey
Qi Trim = Priam (Tri s -5 Q0 T2 = P20 (T2 05 LQ1, Ty — Py (T1,,))--2))

=def

Bzny — @ny (Tng, - LQgy, T21 — P2 (@21, s Loy, Ty — Py (z1,))&..&
Iy = Pri (Trgn s o 0Qa,, T2 = P2 (B2p5 s Q1 Tl — €1, (71,,,)))) &

(Vunlvvnl ((_Qo’fn (unl PR Lle T2, — P2, (:E21 PRRES) Lgll L1, — P11, (:1?11 )))&

—#ny (Vngs oL@y, 21 =92, (B2, L@y, 1 —¢n(71,)))) D Uny ;in vny)&...&
Yn, Y, ((—0nm (Unp s s 0@y T2 — 02, (T2, L1, Tl — P10 (B1,,)))&
= P (Vnpms 00y, T2 = P2, (T2 -5 LQ1, Tl — 1., (21,,,))))

D Unp =Qn,, Vnm ))&

(Ywny - Vwn,, (=Pny (Wny s o b0y, T2y — @21 (B2, 5001, T11 — ¢1, (21,))) & &
= P (Wnps oy 0Qy T2, — 02, (T2, 1001, Tl — 1, (T1,,))))
D w(wm LS} 'UJnm)))

(Likewise with —1).)
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Ezample 6.9. Symbolizations:

(9) The king of the jungle loves the queen of the desert.
Loves2(bgzlx(King—of2(x, Lglly(Jungle(y)))),
L,, 2(Queen-of*(z, g, u(Desert(u)))))

(10) Leo XIV is the bishop of Rome.
Holds*(LeoX 1V, 1px(Of fice-of?(x, 1py(Bishop-of?(y, Rome)))))

The symbolization of (10) does apparently not rest on an interpretation of
that sentence which takes ‘is’ to express identity (cf. [16, p. 483]). It rests
on an interpretation which takes the description in (10) to be predicative.
However, it does not construe that description as a predicate (cf. [7]; for
overview see [12, sect. 7.1]). Rather it takes the ‘is’ to indicate a relational
predicate that needs to be specified.

In order to obtain 1o B-systems, we generalize g A-systems by replac-
ing the rules for parallel qualified definiteness (Definition 6.4) with rules
for parallel nested qualified definiteness.

DEFINITION 6.10 (Abbreviations (1o B-systems)).
1. Abbreviations for parallel nested positive qualified definiteness:

(a) E-abbreviations:

{E }:

Jz1,01, (#11) 5 o0y 301,01, (T1,,)

B, E1,,

{E2, }:

2, 2, (T2, s LQy, T1, 01 (z1,)) 5

Ea,
32, P2, (T2, - LQy,, T1m Pl (z1,,))
B2,

{Eny, }:
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2y Png (Tng s oL@y, T21921 (T2, -, LQy, 1,014 (T11))) 5oy
Eny
3T Prm (B s s 0Q0,, T2 P2m (T2 -9 1Oy, T10n PLin (T1,,)))
En'm,

QU-abbreviations: see Figure 1.

P-abbreviations:
Py:

Vwy, - Vwi,, (01, (wi) & &p1,,, (w1,,)) D Y1 (wiy, - wiy,))
Ps:

Yz, .. Ywa,, (92, (w2, s L0y, T1, 01, (21,)) & &

02 (W2, 5 ooy LQ1,, Tlm Plm (#1,,))) D Y2(wa2y, ...sw2,,))

Py
anl '“vw"m ((QOTH(wnl’ ceey LQ21$21 ‘P21(w21: cees bgllfcll 5011(1'11 )))&&
O (Wnpyy s ooy 0Qo B2, P2, (W25 0001, T P11 (T11)))

D Yn(wny, - Wn,,))
(Likewise with —;.)
QD-abbreviations:
QDx:
P1(0Qy, 711011 (T11); -+ L Q1 Tl Pl (T1,))
QD>:
wZ(LQzl T2, P2, (T2q, - LQq, T11¥1, (#11))5 o5
LQa., B2 P2 (B2, 54Oy, B1,, P1(%1,,)))

QDy:
¢n(Lin Tni Pny (l’nl EREES] LQ21 $21 9021 (I21 7y LQ11 xll <P11 (3:11 )))7 ]
LOnp, Y G LQs,, T2m P2m (@255 LQ1,, T1m 01(x1,,))--)

(Likewise with —;.)

2. Abbreviations for parallel nested negative qualified definiteness: mu-
tatis mutandis.
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DEFINITION 6.11 (Derivations (1o B-systems)). The following rules re-
place the rules for parallel qualified definiteness in Definition 6.4.

1. Rules for parallel nested positive qualified definiteness:
{D11 } {D21 } D31
{Elk } {QUlk } Py

ol?
QD1 (Lo 1,1)
{D1,} {D2,} D,
E U, P,
{En, ) (QUn}  Po o
QDn ’
D, Dy Dy
QD; D QD;
.J (LQELIi,jl) ] (LQEi,jQ) P.J ("QE?,]'3)
Jk Jk J

where i € {1,...,m} (arity of predicate in QDj), j € {1,...,n} (level of nesting),

ked{l,..,m}
2. Rules for parallel nested negative qualified definiteness:
{D1,} {D2,} D3,
{-E1,} {-QU1,} —P B
—ODx (LQ*Ii,l)
{D1,} {D2.} Ds,,
—FEn, -QU, —P,
) ok P g
D1 D1 D1
-QD; B —QD; B QD; B
Tj: (LQ*Ek,jl) TUJZ (LQ*Ek,]Q) _ij (L —Ei,jS)

where i € {1,...,m} (arity of predicate in QDj), j € {1,...,n} (level of nesting),
ke{l,..,m}

(Likewise with —1;.)
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DEFINITION 6.12 (Detour conversions (1o B-systems)).
1. Detour conversions for parallel nested positive qualified definiteness:

{D11} {D21} D31
{Elk} {QUlk} Py

oD, (tol?y)
{D1,.} {D2,} D3,
{En,} - {QUn,}  Pn ()
~ (0B} 1)
conv

{D11} {D21} D31
{Elk} {QUlk} Py

oDs (LQIZ‘J)
Dy
En,
{Dh} {D21} D31
E Ui, P
{E,} gQDllk} ! (LT} )
2n
. conv U
{D1,) (D2} Ds, @Un,
E, Un, Py
{En;.} - {QUn, } (to? )

(toEE ,2)
QUn, ko
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{Dh} {D21} D31
{Elk} {QUlk} Py

Lol?

QD1 (o 1,1)

3n
: conv
{D1,.} {D2,} D3, "
{E”k} {QU’ﬂk} Pn ( ®
oD Lo i,n)
= (1oE},3)
P, ’

2. Detour conversions for parallel nested negative qualified definiteness:
mutatis mutandis.

Remark 6.13. A remark analogous to Remark 6.6 applies to g B-systems.

Ezample 6.14. We construct a canonical derivation for (9). We use the
following symbolization:

L2(10,, 2(K2 (2,00, y(T (1)), oy, (@2 (2 10y, u(D} (w)))
Let Q1,, Q1,,92,,92, CP.
Di(m) Daqu) Dap
Hy‘]l (y) ‘v’u1Vv1((J1(u1)&J1(v1)) D uy igll v1) le(Jl(wl) D K2(0417w1))
Dll(E) 2)/2(QU) D:/S(P)
FuD(u) bl (DY (u))&D (1)) D uy o, vf)  Vwi(DH(w)) D Q3 (az,w)))
The first level of parallel nesting:

Dury Daquy) Dswp)
K*(a1, 9, y(J' ()
0(K2(2, 10, y(J1 (1))

(LQIgJ)

Dy =

Dsqu)

VusVoa (K2 (uz, 1o, y(J1 (1) &K (v2, 10, y(J1 (1)) D uz Tg, v2)
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/ / /
Pimy Paoey Paey o
2,1
, Q*(az.ta,, u(D (w)))

M) 52(Q e, (D ()

DPsqu)
Vg Voh (Q2(uh, Loy, w(D () &Q?(vh, 1, u(D (u)))) D uj Loy, vh)
The second level of parallel nesting:
{D(&)} = {Dar): Py} {Puy} = {DPs(quy> Dsqun t

Dg(p)
Vwaws (K2 (w2, 1, y(J (1) &(Q% (w3, 1o, u(D*(w)))) D L2 (w2, w3))

P&t {Pu)} Dewr
(1, 2(K2(2, 12, w7 @), v, 7@ (2 12, (D ()

(LQIS,Z) (6'5>

A canonical derivation for (10) can be constructed in a similar manner.
6.3. Generalization C: Parallel conjunctively nested qualified
definiteness

Finally, we generalize the systems for parallel nested qualified definiteness
so as to allow for conjunctions also in the scope of qualified definiteness
operators. This will allow us to deal with constructions such as (11)—(14).

DEFINITION 6.15. CN-formulae:
1. A positive CN-formula is either

(a) an atomic formula,
(b) a parallel QD-formula, or

(¢) a parallel QD-formula containing a conjunction of formulae of
the form of (1a), (1b), (1c).
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A negative CN-formula is either

(a) an atomic negative predication,
(b) a parallel negative QD-formula, or

(c) a parallel negative QD-formula containing a conjunction of for-
mulae of the form of (2a), (2b), (2¢).

DEFINITION 6.16 (Contextual definitions (£:°)). We generalize the defini-
tions for parallel nested qualified definiteness in Definition 6.8 by replacing
them with definitions for parallel conjunctively nested qualified definite-

ness.

Let Qi,,...,9Qy,, € P and let C(zj,) (resp. —C(zxj,)) be a CN-

formula (negative CN-formula) for j € {1,...,n} and k € {1,...,m}.

1.

Parallel conjunctively nested positive qualified definiteness: like Defi-
nition 6.8(1), but with the occurrences of ‘¢’ replaced by ‘C".

Parallel conjunctively nested negative qualified definiteness: like Def-
inition 6.8(2), but with the occurrences of ‘—¢’ replaced by ‘—C".

(Likewise with —1.)

Ezxample 6.17. The symbolizations of the following examples make use of
conjunction in the scope of the tg-operators.

(11)

(12)

(13)

(14)

The rabbit in the box looks at the rabbit in the hat.
Looks-at*(1g:z(Rabbit(z) & In?(z,1o,y(Box(y)))),
Lo z(Rabbit(z) & In?(z,to,u(Hat(u)))))

The man wearing the beret with the button is French.

French(tg,z(Man(x) & Wears?(z,1g,y(Beret(y) & Has*(y,
Lo, 2(Button(z)))))))

The man wearing the beret and carrying the newspaper is French.
French(tg,x(Man(x)&Wears®(z, 1o, y(Beret(y))) & Carries®(,
Loy z(Newspaper(z)))))

The man wearing the beret and carrying the newspaper walks his
dog.
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Walks?(1g,x(Man(z)&W ears®(z, 10, y(Beret(y))) & Carries®(z,
vo, z(Newspaper(z)))), Lo, u(Dog(u)&Owns? (g, x(Man(x)&
(Wears®(z,.0,y(Beret(y)))&Carries® (z,.q, z(Newspaper(z)))),u)))

No conjunction surfaces in (11) and (12). Moreover, (11) and (14) are
parallel also on the outermost level. The latter contains the possessive
construction ‘his dog’, where the possessive pronoun ‘his’ stands in for a
definite description. Examples (1)-(10) are special cases of parallel con-
junctively nested qualified definiteness.

Remark 6.18. Note that (11), like (8), involves multiple uses of an incom-
plete description (i.e., ‘the rabbit’). If our symbolization of (11) were to
reflect the relevant part of the scenario depicted by Haddock (i.e., there
are three rabbits, two hats, and one box, where one rabbit is in a hat and
one is in the box; cf. [8, p. 661]), we might consider using the symboliza-
tion Looks-at® (1o, x(Rabbit(z) & In*(x, 10, y(Box(y)))), Loy 2( Rabbit(z) &
In?(z,1g,u(Hat(u))))) instead, thereby leaving room for the symbolization
of a further use of ‘the rabbit’ and a further use of ‘the hat’?

DEFINITION 6.19. Abbreviations (1oC-systems). The abbreviations are like
those of 1o B-systems in Definition 6.10, except that the occurrences of ¢
(resp. —y) are replaced by C (—C).

DEFINITION 6.20. Derivations (1oC-systems). The following rules replace
the rules for parallel nested qualified definiteness in Definition 6.11.

1. Rules for parallel conjunctively nested positive qualified definiteness:

{P1,}  {D2,} D
{Elk} {QUlk} P

o (1olf,)
{D1.} {D2,} D,

Eny Un P,
B, a2l T o)

3T would like to thank Jan Képping for making me aware of Haddock’s Puzzle [8] by
which (11) is inspired.
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D, Dy Dy

QD; QD; QD; .
~ (1B ;1) = (1B ;2) 57 (1QEf;3)
Jk Ik J

where i € {1,...,m} (arity of predicate in QDj;), j € {1,...,n} (level of nesting),
ke{l,..,m}

2. Rules for parallel conjunctively nested negative qualified definiteness:

{Dll} {D21} D31

{=£,} {-QUy} -~ (o 1))
_QDl Q— 7,1
{D1,} {D2,} Ds,,
_Enk - Unk P, c
{~Bn) ) Ry

Dy Dy Dy
Tjk (to-Ef ;1) a0, (to-Ef ,;2) =0 (to-Ef ;3)

where i € {1,...,m} (arity of predicate in QD;), j € {1,...,n} (level of nesting),
ke{l,..,m}
(Likewise with —1;.)

DEFINITION 6.21 (Detour conversions (tgC-systems)). The detour conver-
sions for parallel conjunctively nested qualified definiteness are, mutatis
mutandis, like those of Definition 6.12.

Remark 6.22. A remark analogous to Remark 6.6 applies also to tgC-
systems.

Ezample 6.23. We construct a canonical derivation for (12). Symbolization:
F(gya(M*(z) & W (2, 10,y(Bl(y) & H?(y,10,2(B}(2)))))))

Let Qj, Q; Q P
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Di(r) Daqu) D3(p)
B2B3(2)  VurVor((BY(u1)&Bi(v1)) Dur Lo, v1)  Ywi(Bi(wi) D H(ar,wr))
Dy Dum)  Daen) Dup) ey
Bi(a1) H?(an1,00,2(B5(2))) '
Bi(a1)&H? (a1, g, 2(B3(2)))
Fy(Bi (y)&H?(y, 10, 2(B3(2))))

D5y =

Ds(qu)
VuaYva (B} (u2)&H? (uz, 102(B} (2))))&(B} (v2) & H? (v2, 102(B} (2))))) D uz Tg, v2)
Da(p)
Vwa (B} (w2)&H? (w2, 192(B5(2)))) D W2 (az, w2))
Dg Dsmy  DPeu)y  Drp)
M'(az)  W?2(az2,10,y(Bi(y) & H*(y,t0,2(B5(
M (a2)&W?(az2, to,y(B1 (y)&H?(y, 10, 2(B5(2)
Fo(M (2)&W? (2, 10, y(B1 (y)&H?(y, Lo, 2(B3(2)

(LQIg,z)

2))))
)
)

Dyg) =

Drou)

VusVos (M (uz)&W?(us, Lo, y(B1 (y)&H?(y, 1, 2(B3(2))))))
(M (v3)&W? (v3, L0, y(BY ()& H?(y, 10, 2(B3())))))) D us o, vs)
Diap)

Vs (M1 (w3)&W? (w3, 10, y(Bi (y)&H?(y, 10, 2(B5(2)))))) D F'(w3))

Dygy  Dioeu)y  DPiup) (10l 4) (6.6)
Fl(tgya(M(z) & W2(z,10,y(Bl(y) & H2(y,00,2(B5(2)))

Ezample 6.24. Consider (14). Symbolization:
Wi (Lo a(M! (2)&W3 (2,10, y(B' (1)) & C*(z, 19, 2(N'(2)))), 1o, u(D' (u)&
0% (1o, (M (2)& (W3 (x,10,y(B' (1)) & C?(x, 1, 2(N'(2)))), u)))

Note that the second occurrence of & in the first description is the one
which corresponds to the conjunction figuring at the surface of (14). Let
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Di(k) Daqu) D3(p)
B y)  VurVor (B (u1)&B(v1)) D ur £g, v1)  Ywi(B'(w1) D W3 (a1, w1))
!
DII(E) D2(QU> Dé(P)

N (2) vl (N (u)&N (v))) D o) ig,l o)) Vwi(N'(wy) D C%(ar,w)))

/ / /
Di(k) Daqu) D3(p) (ols ) Dl(E) D2(QU) D3(P) (oIS )
Dy W3 (a1,10,y(B' (y))) ' C?(a, g7 2(N1(2))) ’
M* (o) W3 (a1, 00,y(B' ()))&C? (a1, 101 2(N'(2)))

M (01)&W3 (a1, 10, y(B' (¥))&C?(an, 1gr (N (2)))
(M (2)&W3 (2,00, y(B' (9)))&C? (x, 107 2(N'(2))))

D5y =

=A1(z)
Ds(qu)
YuoVos (A1 (u2) & A1 (v2)) D ug T, va)
Da(p)
Vws (M (w2)&W3 (w2, 10, Y(B* (y)))&C? (w2, 1o 2(N'(2)))) D O (w2, a2))
Ds D5y Dsquy  DPrp)
D(a2)  OHeguu(MY(2)&W5(x,10,y(B(1))&CXx,Lg12(N(2)))),a2)
DY02) &0t (MY () &W3(x, 10,y(B(1))&CHx,L012(N'(2)))),02)
Fu(DHw)&OX 1oz (M (2)&W3(@,0,y(B'(4)))&Cx grz(N'(2))))u)

(LQI§,2)

DQ(E)i

Ag(u)

Dio(Qu)
Vu;;va((Az(ug)&Ag(Ug)) D us ;Q:; ’Ug)

Di1(p)
Vw3Vw4((M1(w3)&W§(w37Lgly(Bl(y)))&C2(w37LQ/IZ(NI(Z)))) &
(Dl(w4)&02(bgzl’(M1(J»’)&sz(xvLgly(Bl(y))&CQ(%LQQZ(NI(Z))))WM)))

D W (w3, wy))
Dsey Doy  Dequy DPioquy  DPiip) o
(LQIQ,g)
WP (e (M (2)&W3 (2,10, (B (y))) & C*(z,10;2(N'(2)))),
Loy u(DY (u)&0? (tg,x (M (2)& (W3 (2,10, y(B' (y))) & C*(z,19,2(N'(2)))),u)))
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7. Concluding remarks

We have shown that dropping the standard primitive notion of identity from
Russell’s analysis of definite descriptions in favour of the defined notion of
qualified identity [24] can lead us to proof systems for definiteness which
not only enjoy good proof-theoretic properties (normalization, subexpres-
sion property, subformula property, internal completeness), but which also
admit a formulation of an intuitionistically acceptable proof-theoretic se-
mantics for natural language constructions which involve various kinds of
definite descriptions (complete, incomplete, generic, parallel, nested, Had-
dock, predicative). It is hoped that the framework developed above is ver-
satile enough to be adapted so as to handle a wider range of definiteness
constructions.
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