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Estimation of Unknown Object
Measures in a Chemical Weighing
Design with Correlated Errors

Abstract: In this paper, some problems that concern the determining of unknown
measurements of objects in the model of a chemical balance weighing de-
sign are presented. These designs are tested under the assumption that
measurement errors are correlated and have the same variances. The re-
lations between the parameters of a weighing design are considered from
the point of view of the D-optimality criterion. We give some conditions
determining the dependencies between the parameters of such designs
and construction examples.
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1. Introduction

In our study, we consider the linear model y =Xw +e, where y is an nx1 random vector of ob-
served measurements, X€®, (—1,0,1) , the class of nxp matrices X= (X,-]-), having elements
equalto -1,00r1,i=1,2,...,n, j=1,2,.,p. Here, wisa px1 vector representing unknown ob-
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jects measures, e is an nx1 vector of random errors. Moreover, we assume that there are no
systematic errors, the errors are uncorrelated, and they have different variances, i.e., E(e) =0,
Var(e) = 0°G, where o >0 is a known parameter, G = (1 —p)L,+p1,1, isthe nxn positive defi-
nite matrix of known elements, 0< p<1.

The applications of chemical balance weighing designs are unlimited and involve economic
surveys, see Banerjee (1975), Graczyk (2013), as well as bioengineering, see Gawande and Pat-
kar (1999). Selected problems considered in the literature on weighing designs are connected
with optimality criteria, see Koukouvinos (1996), and with new construction methods, see Gail
and Kiefer (1982), Ceranka and Graczyk (2010; 2012), as well as Katulska and Smaga (2010).

To get the estimator of the vector of unknown measurements of objects w, you need to use
the normal equation X'G'Xw=X'G 'y . On the understanding that G is a known positive defi-
nite matrix, X'G'X is nonsingular if and only if X is of full column rank. In that case, the gen-
eralised least squares estimator of w is given by w=(X'G'X)'X'G'y and Var(w)=

ol (X'G'X)".

2. The main result

Among the various possible optimality criteria considered in the literature, we chose criterion
D, which minimises the product of the variances of the estimators. The concept of D-optimal
design was presented in Raghavarao (1971), Banerjee (1975), Shah and Sinh (1989), Ceranka
and Graczyk (2019). Let us recall the definitions of D-optimal design.
Definition 2.1. The design X is regular D-optimal in the class Xe®

det(X'G7X) " = min{det(X'G1X)_l Xed, (—1,0,1)} .

(-1,0,1) if

nxp

Not for every possible combination of number of objects and number of measurements are
we able to determine the optimal design. In such a situation, a highly D-efficient design is con-
sidered Bulutoglu and Ryan (2009).

Definition 2.2. The design X is highly D-efficient in the class @, (—1,0,1) for the given var-
| | . {det(X'Glx)]W | |
iance matrix of errors oG, if D (X) =| —— = | 20.95,whereY is the matrix of D-op-

det(Y'G'Y)
timal spring balance weighing design for the same variance matrix of errors ¢°G.

The purpose of this paper is to present new results on construction methods and to deter-
mine the conditions for the existence of correlated with D-optimal and highly D-efficient spring
balance designs under the assumption that random errors are correlated and have the same
variances. We present such results from the point of view of the special form of the variance
matrix of errors.
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Let X, €@, (—1,0,1) be the design matrix of a regular D-optimal chemical balance weigh-

ing design with the variance matrix of errors ¢°G, =c”° ((1 -p),_ + plnfll'H) ,0<p<1,ie.
XX, =ml, and X;1, , =0,.

p

2.1. Admixing one measurement

Now, let us consider the design matrix Xe®, (—1,0,1) in the form:

X:':Xll x1:| y (21)
with the variance matrix of errors ¢°G given by the formula:
G= (';1 0, ) (2_2)
0,, 1

where x, is any vector of elements —1,0,1, x,x, =t,, 1<t, <p.

Theorem 2.1. In any chemical balance weighing design X e ® (—1,0,1) in the form (2.1)

nxp

with the variance matrix of errors o°G, where G is of the form (2.2),

m ]p(nw} (2.3)

1-p m

det(X'Glx)S(

1 ln—l - 2 1n—11;1—1 On—l
Proof. For G which is of the form (2.2), we have G~ = 1+,0(”—2)
0;1—1 1-p
Since X1,,=0,, then X'G'X= 1%[X;Xl +(1- p)xlx'l] and hence

det(X'G’lx) =7 P det(X'lx1 +(1-p)x,x, ) According to the Theorem 18.1.1 in Harville (1997),
—p

1—,0)151

we get det(X;Xl+(1—p)x1x;)=mp(1+( j Our goal is to choose the matrix
m

Xe®, (-1,0,1) such that the determinant det(X'G’1X) is maximal. We know that det(X'G’lx)
as the function of variable t; attains the maximal value if and only if ¢, = p. Hence the Theorem.

Definition 2.3. Any chemical balance weighing design Xe®, (—1,0,1) in the form (2.1)
with the variance matrix of errors o°G, where G is of the form (2.2), is D-optimal if

det(X'G'X)= [%jp (1 +M]_

- m
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Theorem 2.2. Any chemical balance weighing design Xe€®, (—1,0,1) in the form (2.1)
with the variance matrix of errors o°G, where G is of the form (2.2), is D-optimal if:

XX, =ml,
Xlln 1 Op
xlx1 =p.

Proof. It is easy to observe that if conditions (i)-(iii) are satisfied, then det(X'G‘1X) given
in (2.3) is maximal.

m

p 1+(1—p)p .

According to the Definition 2.2, D (%)= 1
m m

Theorem 2.3. For any chemical balance weighing design Xe®, {—1,0, 1} of the form (2.1)
with the variance matrix of errors °G, where G is of the form (2.2), D, (X) is a decreasing

E
m? (m+p)r
function of the variable p and Deff(X) € ( p) ’ ™
m+1 m+1
Proof. We consider [ 1 '01 / 1 pz Hence
m+1 m m +1
1- 1- ” m +
1 +M >1 +M and p,<p,. Moreover, hm( or (X )) = Py
m m m+1
i = .H the Th .
IP}_IH(Deff(x)) — ence the Theorem

2.2.  Admixing two measurements

Let X, CD(n_z)Xp (—1,0,1) be the design matrix of a regular D-optimal chemical balance weigh-
ing design with the variance matrix of errors ¢°G, = o* ((1 —-p)L,_,+ pln_zl;,_z) , 0<p<1,ie.
XX, =ml and X1 =0,, given by the form:

27n-2

X:[X'2 X, xzjv, (2.4)

with the variance matrix of errors o°G given by the formula:

G:{O(.;Z O;-Z}, (2.5)
n-2 2

where x,, x, are px1 vectors of elements -1,0,1, x,x, =t,, 1<t, <p,x,x, =u,,,h,h =1,2,h=h.
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Theorem 2.4. In any chemical balance weighing design Xe®, (—1,0,1) in the form (2.4)

with the variance matrix of errors o°G, where G is of the form (2.5),
(i) If p is even, then:

det(X'G‘IX)S(lm J (1+MJ . (2.6)
(ii) If p is odd, then:

det(X'G‘IX)S[lm jp[n(l_p)(“l)J(H(1_‘))(’9_1)]. 2.7)

In—Z - 2 nlevnfz 0n—20'2
. . -1
Proof. For G which is of the form (2.5), we have G~ = 1+ P(” —3)
Ozolnfz (1 o p)lz

Since X,1_,= 0,, then x'G'x :%[X;XZ +(1—,0)(x1xll + xzx'z)} and hence

p

det(X'G'lx) = (%} det(X'ZX2 +(1- ,0)(x1x'1 + X, X, )) Considering the fact that X, is the ma-
—pP

trix of the regular D-optimal design and based on Theorem 18.1.1 in Harville (1997), we obtain

the following:

detLX;XZ +x, x](1-p)I, PD =det(X,X, det((1- p)L, )-det((1- p)L,) " +

X2
X e V1 , 2 1 1]x,
. (szz) [x, x,]=m’(1-p) -y, where y= det| ——IL,+—| ! |[x, x,]| From the as-
X, 1-p m| x,
sumptions x,x, =t, 1<t <p,x,x, =u,,,hh =1,2,h=h | it follows that

2
1 t 1 t
y= (— + —1j (— + —Zj - (uﬁ] . The maximal value of det (X'G’1X) is attained if and only

1-p m)\1-p m m
t
if the expression 1 +-,h=1,2, attains the maximal value and simultaneously the expres-

2
u
sion (i} attains the minimal value. We know that det(X'G’IX), as a function of t,,h=1,2,
m

and attains maximum if and only if ¢,=ph=12, and consequently
p 2 )
el )
1-p 1-p m m
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Let us note that u,, is the scalar product of two rows of the matrix having elements —1,0,1

p 1— 2
and u;, =0 ifand only if p is even. In this case, det(X'G*X) < Elj (1 +ﬂ .When p
Yo, m

is odd, the condition u;, =0 is never fulfilled. So, for odd numbers of objects, the maximum of

det(X'G*X) is attained if and only if u,==1. Then
3 1- 1 1- -1
det(X'G‘lx) < (Lj [1 +MJ[1 +M} . Hence the Theorem.
-p m m

Definition 2.4. Any chemical balance weighing design Xe®, (-1,0,1) in the form (2.4)
with the variance matrix of errors oG, where G is of the form (2.5), is D-optimal if:

ien)-{i25) (1+<1p><[p+1>j(1+2p><plq oty

Theorem 2.5. Any chemical balance weighing design Xe®, (—1,0,1) in the form (2.4)
with the variance matrix of errors ¢°G, where G is of the form (2.5), is D-optimal if:

(i) XX, =ml,

(i) X;1,,=0,
(iii) x,x, =p,h=1,2
0 forevenp

Y = .
(i)t {il for odd p

Proof. It is easy to observe that if conditions (i)-(iv) are satisfied, then det(X'G’lx) given

in (2.6) and (2.7) is maximal.
According to the Definition 2.2:

i/[l . (1—Tp)p jz for even p
] e,

D, (X)=

m m

Theorem 2.6. For any chemical balance weighing design Xe®, {—1,0, 1} of the form (2.4)

with the variance matrix of errors °G, where G is of the form (2.5), D, (X) is a decreasing
p—2

e 2
m? (m+p)e
( p)p , m for even p
m+2 m+2
function of the variable p and Deff(X)e p2 1
P2 ) 1
m?’ ((m+p) —1)” m
, for odd p
m+2 m+2

Proof. The proof is analogous to that given in Theorem 2.3.
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3. Examples

Example 3.1. In order to construct the design matrix Xe ®,, {—1,0, 1}, according to the pre-

sented theory, we  consider  matrix X ed,, {—1,0, 1} in the form
+ -0 - =0 -+ 0+ + 0
O+ -0--0-+4+ 0+ +
-0+ -0-+ 0 -+ 0 +
X,;=|- -0 + - 0 + + 0 - + 0|, where + denotes +1’ and ‘-’ denotes ‘- 1.
0O - -0 -0+ + 0 - +
-0 - -0+ + 0+ + 0 -
Xl - . .
Hence, Xz{ } is D-optimal in the class @, {—1,0, 1} and
+ + + + + +

Deff(X):§6 1+9.ﬂ_
9 8 1+12p

Example 3.2. In order to construct the design matrix Xe®_, {—1,0, 1}, according to the pre-

+ + + -
+ + - +

sented theory, we consider matrix X, e ®, ,{-1,0,1} inthe form X, =|+ — + + |.Therefore,
+

-+ 4+

X2
2 1+3
X=|+ + + +|isD-optimalin the class ®,,{-1,0,1} and Deff(X)=§4 1+1+5p .
P

+ + - -

Example 3.3.In order to construct the design matrix Xe @, , {—1,0, 1}, according to the pre-
sented theory, we consider matrix X, € ®,,,{~1,0,1} in the form X, =[X,, X,,], where:

+ - - — + - 4+ + 4+ + + + + -
+ + - - — 4+ - + - - - - - 4+
-+ + - - - 4+ - 4+ - - - - +

+

X =+ -

+ o+
+ o+
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T
- - - -+ + + + - - - - - =
X,=|+ — - — + - - — + + + - - -
-+ - - - + - — 4+ - - + + -
- -+ - - -+ - - 4+ - + -
- - -+ - - -+ - -+ - + +]
XZ
Therefore, X={+ + - + + — +| is D-optimal in the class ®,,,{-1,0,1} and
+ - 4+ 4+ -+ o+

14 [29(, 3 1+27p
Dy (X)="27l-| 14— |.
15\ 150 14 1+29p

D-efficiency for designs determined in examples

—_—
-

3 0,9 ° ¢ ¢ o o °

c o

9 ()

© 0,8 @ Y

= o

(<) o

A 0,7 )
0,6
0,5

0 0,1 0,2 0,3 0,4 0,5 0,6 0,7 0,8 0,9 1
o)

® Example 3.1 @ Example 3.2 ® Example 3.3

Figure 1. Comparison of the D-efficiency for designs Xe @, . {—1,0, 1} (Example 3.1),
Xe®,,{-1,0,1} (Example 3.2) and X e @, ,{-1,0,1}, (Example 3.3), determined for
pPE {0.1,0.2,0.3,0.4,0.5,0.6,0.7,0.8,0.9} .

Source: own calculations
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4, Conclusions

In the literature, many works that give conditions which determine the existence of D-opti-
mal systems are presented. However, not for every pair: the number of objects and the number
of measurements, can we determine a design that meets the criterion of D-optimality. For this
reason, in the presented considerations, we dealt with the determination of new methods of con-
struction of the matrix of the system. Their purpose is to make it possible to determine the ma-
trix of a D-optimal design in classes that are not yet known in the literature. This goal was
achieved by adding to the D-optimal matrix determined in the class for n—k measurements
and p objects k,k=1,2, measurements. Consequently, the key result obtained in the work is
to give an assessment of the determinant of the information matrix and to give conditions de-
termining the D-optimal design.
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Estymacja nieznanych miar obiektéw w chemicznym uktadzie
wagowym ze skorelowanymi btedami

Streszczenie: W artykule przedstawiono problemy dotyczace wyznaczenia nieznanych
miar obiektéw w modelu chemicznego uktadu wagowego. Uktady te s3
analizowane przy zatozeniu, ze btedy pomiaréw s3g skorelowane i maja
jednakowe wariancje. Zaleznosci pomiedzy parametrami uktadéw sg ana-
lizowane z punktu widzenia kryterium D-optymalnosci. Podane zostaty
warunki okreslajgce parametry uktadéw oraz przyktadowe konstrukcje.

Stowa kluczowe: chemiczny uktad wagowy, uktad D-efektywny, uktad D-optymalny
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