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1. Introduction

The intuitionistic fuzzy set, which has been introduced by Atanassov [1],
consider both truth-membership and falsity membership. The neutrosophic
set developed by Smarandache [6, 7, 8] is a formal framework which gen-
eralizes the concept of the classic set, fuzzy set, interval valued fuzzy set,
intuitionistic fuzzy set, interval valued intuitionistic fuzzy set and paracon-
sistent set etc. Neutrosophic set theory is applied to various part, includ-
ing algebra, topology, control theory, decision making problems, medicines
and in many real life problems. Wang et al. [9, 11] presented the con-
cept of interval neutrosophic sets, which is more precise and more flex-
ible than the single-valued neutrosophic set. An interval-valued neutro-
sophic set is a generalization of the concept of single-valued neutrosophic
set, in which three membership (t, i, f) functions are independent, and
their values belong to the unit interval [0, 1]. The interval neutrosophic
set can represent uncertain, imprecise, incomplete and inconsistent in-
formation which exists in real world. Jun et al. [4] discussed interval
neutrosophic sets in BCK/BCI-algebras. They introduced the notion of
(T (i, j), I(k, l), F (m,n))-interval neutrosophic subalgebras in BCK/BCI-
algebras for i, j, k, l,m, n ∈ {1, 2, 3, 4}, and investigated several properties
and relations. They also introduced the notion of interval neutrosophic
length of an interval neutrosophic set, and investigated related properties.

In this paper, we introduce the notion of (i, j, k)-length neutrosophic
subalgebras in BCK/BCI-algebras for i, j, k ∈ {1, 2, 3, 4}, and investigate
several properties. We consider relations of (i, j, k)-length neutrosophic
subalgebras, and discuss characterizations of (i, j, k)-length neutrosophic
subalgebras. Using subalgebras of a BCK-algebra, we construct (i, j, k)-
length neutrosophic subalgebras for i, j, k ∈ {1, 4}. We consider conditions
for level sets of interval neutrosophic set to be subalgebras of a BCK/BCI-
algebra.

2. Preliminaries

By a BCI-algebra we mean a system X := (X, ∗, 0) ∈ K(τ) in which the
following axioms hold:

(I) ((x ∗ y) ∗ (x ∗ z)) ∗ (z ∗ y) = 0,

(II) (x ∗ (x ∗ y)) ∗ y = 0,
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(III) x ∗ x = 0,

(IV) x ∗ y = y ∗ x = 0 ⇒ x = y

for all x, y, z ∈ X. If a BCI-algebra X satisfies 0∗x = 0 for all x ∈ X, then
we say that X is a BCK-algebra.

A non-empty subset S of a BCK/BCI-algebra X is called a subalgebra
of X if x ∗ y ∈ S for all x, y ∈ S.

The collection of all BCK-algebras and all BCI-algebras are denoted
by BK(X) and BI(X), respectively. Also B(X) := BK(X) ∪ BI(X).

We refer the reader to the books [2] and [5] for further information
regarding BCK/BCI-algebras.

By a fuzzy structure over a nonempty set X we mean an ordered pair
(X, ρ) of X and a fuzzy set ρ on X.

Definition 2.1 ([3]). For any (X, ∗, 0) ∈ B(X), a fuzzy structure (X,µ)
over (X, ∗, 0) is called a

• fuzzy subalgebra of (X, ∗, 0) with type 1 (briefly, 1-fuzzy subalgebra of
(X, ∗, 0)) if

(∀x, y ∈ X) (µ(x ∗ y) ≥ min{µ(x), µ(y)}) , (2.1)

• fuzzy subalgebra of (X, ∗, 0) with type 2 (briefly, 2-fuzzy subalgebra of
(X, ∗, 0)) if

(∀x, y ∈ X) (µ(x ∗ y) ≤ min{µ(x), µ(y)}) , (2.2)

• fuzzy subalgebra of (X, ∗, 0) with type 3 (briefly, 3-fuzzy subalgebra of
(X, ∗, 0)) if

(∀x, y ∈ X) (µ(x ∗ y) ≥ max{µ(x), µ(y)}) , (2.3)

• fuzzy subalgebra of (X, ∗, 0) with type 4 (briefly, 4-fuzzy subalgebra of
(X, ∗, 0)) if

(∀x, y ∈ X) (µ(x ∗ y) ≤ max{µ(x), µ(y)}) . (2.4)
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Let X be a non-empty set. A neutrosophic set (NS) in X (see [7]) is a
structure of the form:

A := {〈x;AT (x), AI(x), AF (x)〉 | x ∈ X}

where AT : X → [0, 1] is a truth membership function, AI : X → [0, 1]
is an indeterminate membership function, and AF : X → [0, 1] is a false
membership function.

An interval neutrosophic set (INS) A in X is characterized by truth-
membership function TA, indeterminacy membership function IA and falsi-
ty-membership function FA. For each point x in X, TA(x), IA(x), FA(x) ∈
[0, 1] (see [11, 10]).

In what follows, let (X, ∗, 0) ∈ B(X) and P∗([0, 1]) be the family of all
subintervals of [0, 1] unless otherwise specified.

Definition 2.2 ([11, 10]). An interval neutrosophic set in a nonempty set
X is a structure of the form:

I := {〈x, I[T ](x), I[I](x), I[F ](x)〉 | x ∈ X}

where

I[T ] : X → P∗([0, 1])

which is called interval truth-membership function,

I[I] : X → P∗([0, 1])

which is called interval indeterminacy-membership function, and

I[F ] : X → P∗([0, 1])

which is called interval falsity-membership function.

For the sake of simplicity, we will use the notation I := (I[T ], I[I], I[F ])
for the interval neutrosophic set

I := {〈x, I[T ](x), I[I](x), I[F ](x)〉 | x ∈ X}.

Given an interval neutrosophic set I := (I[T ], I[I], I[F ]) in X, we con-
sider the following functions (see [4]):
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I[T ]inf : X → [0, 1], x 7→ inf{I[T ](x)}
I[I]inf : X → [0, 1], x 7→ inf{I[I](x)}
I[F ]inf : X → [0, 1], x 7→ inf{I[F ](x)}

and

I[T ]sup : X → [0, 1], x 7→ sup{I[T ](x)}
I[I]sup : X → [0, 1], x 7→ sup{I[I](x)}
I[F ]sup : X → [0, 1], x 7→ sup{I[F ](x)}.

Definition 2.3 ([4]). Given an interval neutrosophic set I := (I[T ], I[I],
I[F ]) in X, we define the interval neutrosophic length of I as an ordered
triple I` := (I[T ]`, I[I]`, I[F ]`) where

I[T ]` : X → [0, 1], x 7→ I[T ]sup(x)− I[T ]inf(x),

I[I]` : X → [0, 1], x 7→ I[I]sup(x)− I[I]inf(x),

and

I[F ]` : X → [0, 1], x 7→ I[F ]sup(x)− I[F ]inf(x),

which are called interval neutrosophic T -length, interval neutrosophic
I-length and interval neutrosophic F -length of I, respectively.

3. Length neutrosophic subalgebras

Definition 3.1. Given i, j, k ∈ {1, 2, 3, 4}, an interval neutrosophic set
I := (I[T ], I[I], I[F ]) in X is called an (i, j, k)-length neutrosophic sub-
algebra of (X, ∗, 0) if the interval neutrosophic T -length of I is an i-fuzzy
subalgebra of (X, ∗, 0), the interval neutrosophic I-length of I is a j-fuzzy
subalgebra of (X, ∗, 0), and the interval neutrosophic F -length of I is a
k-fuzzy subalgebra of (X, ∗, 0).

Example 3.2. Consider a BCK-algebra X = {0, 1, 2, 3, 4} with the binary
operation ∗ which is given in Table 1 (see [5]).
Let I := (I[T ], I[I], I[F ]) be an interval neutrosophic set in (X, ∗, 0) where
I[T ], I[I] and I[F ] are given as follows:
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Table 1. Cayley table for the binary operation “∗”

∗ 0 1 2 3 4
0 0 0 0 0 0
1 1 0 1 0 0
2 2 2 0 0 0
3 3 3 3 0 0
4 4 3 4 1 0

I[T ] : X → P∗([0, 1]), x 7→


[0.1, 0.8) if x = 0,
(0.3, 0.7] if x = 1,
[0.0, 0.6] if x = 2,
[0.4, 0.8] if x = 3,
[0.2, 0.5] if x = 4,

I[I] : X → P∗([0, 1]), x 7→


[0.2, 0.8) if x = 0,
(0.4, 0.8] if x = 1,
[0.1, 0.6] if x = 2,
[0.6, 0.9] if x = 3,
[0.3, 0.5] if x = 4,

and

I[F ] : X → P∗([0, 1]), x 7→


[0.1, 0.4) if x = 0,
(0.4, 0.8] if x = 1,
[0.1, 0.5] if x = 2,
[0.2, 0.7) if x = 3,
[0.3, 0.9] if x = 4.

Then the interval neutrosophic length I` := (I[T ]`, I[I]`, I[F ]`) of I is
given by Table 2.
It is routine to verify that I := (I[T ], I[I], I[F ]) is a (1, 1, 4)-length neu-
trosophic subalgebra of (X, ∗, 0).
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Table 2. Interval neutrosophic length of I

X I[T ]` I[I]` I[F ]`
0 0.7 0.6 0.3
1 0.4 0.4 0.4
2 0.6 0.5 0.4
3 0.4 0.3 0.5
4 0.3 0.2 0.6

Proposition 3.3. Given an (i, j, k)-length neutrosophic subalgebra I :=
(I[T ], I[I], I[F ]) of (X, ∗, 0), we have the following assertions.

(1) If i, j, k ∈ {1, 3}, then

(∀x ∈ X)(I[T ]`(0) ≥ I[T ]`(x), I[I]`(0) ≥ I[I]`(x), I[F ]`(0)

≥ I[F ]`(x)).
(3.1)

(2) If i, j, k ∈ {2, 4}, then

(∀x ∈ X)(I[T ]`(0) ≤ I[T ]`(x), I[I]`(0) ≤ I[I]`(x), I[F ]`(0)

≤ I[F ]`(x)).
(3.2)

(3) If i, j ∈ {1, 3} and k ∈ {2, 4}, then

(∀x ∈ X)(I[T ]`(0) ≥ I[T ]`(x), I[I]`(0) ≥ I[I]`(x), I[F ]`(0)

≤ I[F ]`(x)).
(3.3)

(4) If i, j ∈ {2, 4} and k ∈ {1, 3}, then

(∀x ∈ X)(I[T ]`(0) ≤ I[T ]`(x), I[I]`(0) ≤ I[I]`(x), I[F ]`(0)

≥ I[F ]`(x)).
(3.4)

Proof: Let I := (I[T ], I[I], I[F ]) be an (i, j, k)-length neutrosophic sub-
algebra of (X, ∗, 0). If (i, j, k) = (1, 3, 1), then

I[T ]`(0) = I[T ]`(x ∗ x) ≥ min{I[T ]`(x), I[T ]`(x)} = I[T ]`(x)
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I[I]`(0) = I[I]`(x ∗ x) ≥ max{I[I]`(x), I[I]`(x)} = I[I]`(x)

I[F ]`(0) = I[F ]`(x ∗ x) ≥ min{I[F ]`(x), I[F ]`(x)} = I[F ]`(x)

for all x ∈ X. Similarly, we can verify that (3.1) is true for other cases of
(i, j, k). Using the similar way to the proof of (1), we can prove that (2),
(3) and (4) hold.

Theorem 3.4. Given a subalgebra S of (X, ∗, 0) and A1, A2, B1, B2,
C1, C2 ∈ P∗([0, 1]), let I := (I[T ], I[I], I[F ]) be an interval neutrosophic
set in (X, ∗, 0) given by

I[T ] : X → P∗([0, 1]), x 7→
{
A2 if x ∈ S,
A1 otherwise,

(3.5)

I[I] : X → P∗([0, 1]), x 7→
{
B2 if x ∈ S,
B1 otherwise,

(3.6)

I[F ] : X → P∗([0, 1]), x 7→
{
C2 if x ∈ S,
C1 otherwise.

(3.7)

(1) If A1 ( A2, B1 ( B2 and C1 ( C2, then I := (I[T ], I[I], I[F ]) is a
(1, 1, 1)-length neutrosophic subalgebra of (X, ∗, 0).

(2) If A1 ) A2, B1 ) B2 and C1 ) C2, then I := (I[T ], I[I], I[F ]) is a
(4, 4, 4)-length neutrosophic subalgebra of (X, ∗, 0).

(3) If A1 ( A2, B1 ) B2 and C1 ( C2, then I := (I[T ], I[I], I[F ]) is a
(1, 4, 1)-length neutrosophic subalgebra of (X, ∗, 0).

(4) If A1 ) A2, B1 ( B2 and C1 ) C2, then I := (I[T ], I[I], I[F ]) is a
(4, 1, 4)-length neutrosophic subalgebra of (X, ∗, 0).

(5) If A1 ( A2, B1 ( B2 and C1 ) C2, then I := (I[T ], I[I], I[F ]) is a
(1, 1, 4)-length neutrosophic subalgebra of (X, ∗, 0).

(6) If A1 ) A2, B1 ) B2 and C1 ( C2, then I := (I[T ], I[I], I[F ]) is a
(4, 4, 1)-length neutrosophic subalgebra of (X, ∗, 0).

Proof: We will prove (3) only, and others can be obtained by the similar
way. Assume that A1 ( A2, B1 ) B2 and C1 ( C2. If x ∈ S, then
I[T ](x) = A2, I[I](x) = B2 and I[F ](x) = C2. Hence
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I[T ]`(x) = I[T ]sup(x)− I[T ]inf(x) = sup{A2} − inf{A2},
I[I]`(x) = I[I]sup(x)− I[I]inf(x) = sup{B2} − inf{B2},
I[F ]`(x) = I[F ]sup(x)− I[F ]inf(x) = sup{C2} − inf{C2}.

If x /∈ S, then I[T ](x) = A1, I[I](x) = B1 and I[F ](x) = C1, and so

I[T ]`(x) = I[T ]sup(x)− I[T ]inf(x) = sup{A1} − inf{A1},
I[I]`(x) = I[I]sup(x)− I[I]inf(x) = sup{B1} − inf{B1},
I[F ]`(x) = I[F ]sup(x)− I[F ]inf(x) = sup{C1} − inf{C1}.

Since A1 ( A2, B1 ) B2 and C1 ( C2, we have

sup{A2} − inf{A2} ≥ sup{A1} − inf{A1},
sup{B2} − inf{B2} ≤ sup{B1} − inf{B1},
sup{C2} − inf{C2} ≥ sup{C1} − inf{C1}.

Let x, y ∈ X. If x, y ∈ S, then x ∗ y ∈ S and so

I[T ]`(x ∗ y) = sup{A2} − inf{A2} = min{I[T ]`(x), I[T ]`(y)},
I[I]`(x ∗ y) = sup{B2} − inf{B2} = max{I[I]`(x), I[I]`(y)},
I[F ]`(x ∗ y) = sup{C2} − inf{C2} = min{I[F ]`(x), I[F ]`(y)}.

If x, y /∈ S, then

I[T ]`(x ∗ y) ≥ sup{A1} − inf{A1} = min{I[T ]`(x), I[T ]`(y)},
I[I]`(x ∗ y) ≤ sup{B1} − inf{B1} = max{I[I]`(x), I[I]`(y)},
I[F ]`(x ∗ y) ≥ sup{C1} − inf{C1} = min{I[F ]`(x), I[F ]`(y)}.

Assume that x ∈ S and y /∈ S (or, x /∈ S and y ∈ S). Then

I[T ]`(x ∗ y) ≥ sup{A1} − inf{A1} = min{I[T ]`(x), I[T ]`(y)},
I[I]`(x ∗ y) ≤ sup{B1} − inf{B1} = max{I[I]`(x), I[I]`(y)},
I[F ]`(x ∗ y) ≥ sup{C1} − inf{C1} = min{I[F ]`(x), I[F ]`(y)}.

Therefore I := (I[T ], I[I], I[F ]) is a (1, 4, 1)-length neutrosophic subalge-
bra of (X, ∗, 0).
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Remark 3.5. We have the following relations.

(1) Every (i, j, k)-length neutrosophic subalgebra of (X, ∗, 0) for i, j, k ∈
{1, 3} is a (1, 1, 1)-length neutrosophic subalgebra of (X, ∗, 0).

(2) Every (i, j, k)-length neutrosophic subalgebra of (X, ∗, 0) for i, j, k ∈
{2, 4} is a (4, 4, 4)-length neutrosophic subalgebra of (X, ∗, 0).

(3) Every (i, j, k)-length neutrosophic subalgebra of (X, ∗, 0) for i, j ∈
{1, 3} and k ∈ {2, 4} is a (1, 1, 4)-length neutrosophic subalgebra of
(X, ∗, 0).

(4) Every (i, j, k)-length neutrosophic subalgebra of (X, ∗, 0) for i, j ∈
{2, 4} and k ∈ {1, 3} is a (4, 4, 1)-length neutrosophic subalgebra of
(X, ∗, 0).

(5) Every (i, j, k)-length neutrosophic subalgebra of (X, ∗, 0) for i, k ∈
{2, 4} and j ∈ {1, 3} is a (4, 1, 4)-length neutrosophic subalgebra of
(X, ∗, 0).

(6) Every (i, j, k)-length neutrosophic subalgebra of (X, ∗, 0) for i, k ∈
{1, 3} and j ∈ {2, 4} is a (1, 4, 1)-length neutrosophic subalgebra of
(X, ∗, 0).

The following example shows that the converse in Remark 3.5 is not
true in general. We consider the cases (5) and (6) only in Remark 3.5.

Example 3.6. Consider the BCK-algebra (X, ∗, 0) in Example 3.2. Given
a subalgebra S = {0, 1, 2} of (X, ∗, 0), let I := (I[T ], I[I], I[F ]) be an
interval neutrosophic set in (X, ∗, 0) given by

I[T ] : X → P∗([0, 1]), x 7→
{

[0.2, 0.7) if x ∈ S,
(0.1, 0.8] otherwise,

I[I] : X → P∗([0, 1]), x 7→
{

[0.2, 0.9) if x ∈ S,
(0.3, 0.7] otherwise,

and

I[F ] : X → P∗([0, 1]), x 7→
{

[0.4, 0.5) if x ∈ S,
(0.3, 0.6] otherwise.

Then I := (I[T ], I[I], I[F ]) is a (4, 1, 4)-length neutrosophic subalgebra
of (X, ∗, 0) by Theorem 3.4(4). Since
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I[I]`(2) = I[I]sup(2)− I[I]inf(2) = 0.9− 0.2 = 0.7

and

I[I]`(3 ∗ 2) = I[I]`(3) = I[I]sup(3)− I[I]inf(3) = 0.7− 0.3 = 0.4,

we have I[I]`(3 ∗ 2) = 0.4 < 0.7 = max{I[I]`(3), I[I]`(2)}. Hence I :=
(I[T ], I[I], I[F ]) is not an (i, 3, k)-length neutrosophic subalgebra of
(X, ∗, 0) for i, k ∈ {2, 4}. Given a subalgebra S = {0, 1, 2, 3} of (X, ∗, 0),
let I := (I[T ], I[I], I[F ]) be an interval neutrosophic set in (X, ∗, 0) given
by

I[T ] : X → P∗([0, 1]), x 7→
{

[0.2, 0.7) if x ∈ S,
(0.3, 0.5] otherwise,

I[I] : X → P∗([0, 1]), x 7→
{

[0.4, 0.6) if x ∈ S,
(0.3, 0.8] otherwise,

and

I[F ] : X → P∗([0, 1]), x 7→
{

[0.2, 0.8) if x ∈ S,
(0.3, 0.6] otherwise.

Then I := (I[T ], I[I], I[F ]) is a (1, 4, 1)-length neutrosophic subalgebra of
(X, ∗, 0) by Theorem 3.4(3). But it is not an (i, 2, k)-length neutrosophic
subalgebra of (X, ∗, 0) for i, k ∈ {1, 3} since

I[I]`(4 ∗ 2) = I[I]`(4) = 0.5 > 0.2 = min{I[I]`(4), I[I]`(2)}.

Given an interval neutrosophic set I := (I[T ], I[I], I[F ]) in (X, ∗, 0),
we consider the following level sets:

U`(I[T ];αT ) := {x ∈ X | I[T ]`(x) ≥ αT },
U`(I[I];αI) := {x ∈ X | I[I]`(x) ≥ αI},
U`(I[F ];αF ) := {x ∈ X | I[F ]`(x) ≥ αF },

and

L`(I[T ];βT ) := {x ∈ X | I[T ]`(x) ≤ βT },
L`(I[I];βI) := {x ∈ X | I[I]`(x) ≤ βI},
L`(I[F ];βF ) := {x ∈ X | I[F ]`(x) ≤ βF }.
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Theorem 3.7. Given an interval neutrosophic set I := (I[T ], I[I], I[F ])
in (X, ∗, 0) and for any αT , αI , αF ∈ [0, 1], the following assertions are
equivalent.

(1) I := (I[T ], I[I], I[F ]) is a (1, 1, 1)-length neutrosophic subalgebra of
(X, ∗, 0).

(2) U`(I[T ];αT ), U`(I[I];αI) and U`(I[F ];αF ) are subalgebras of
(X, ∗, 0) whenever they are nonempty.

Proof: Assume that I := (I[T ], I[I], I[F ]) is a (1, 1, 1)-length neutro-
sophic subalgebra of (X, ∗, 0) and let αT , αI , αF ∈ [0, 1] be such that
U`(I[T ];αT ), U`(I[I];αI) and U`(I[F ];αF ) are nonempty. If x, y ∈
U`(I[T ];αT ), then I[T ]`(x) ≥ αT and I[T ]`(y) ≥ αT . Hence

I[T ]`(x ∗ y) ≥ min{I[T ]`(x), I[T ]`(y)} ≥ αT ,

that is, x∗y ∈ U`(I[T ];αT ). Similarly, we can see that if x, y ∈ U`(I[I];αI),
then x ∗ y ∈ U`(I[I];αI), and if x, y ∈ U`(I[F ];αF ), then x ∗ y
∈ U`(I[F ];αF ). Therefore U`(I[T ];αT ), U`(I[I];αI) and U`(I[F ];αF ) are
subalgebras of (X, ∗, 0).

Conversely, suppose that (2) is valid. If there exist a, b ∈ X such that

I[T ]`(a ∗ b) < min{I[T ]`(a), I[T ]`(b)},

then a, b ∈ U`(I[T ];αT ) by taking αT = min{I[T ]`(a), I[T ]`(b)}, and so
a ∗ b ∈ U`(I[T ];αT ). It follows that I[T ]`(a ∗ b) ≥ αT , a contradiction.
Hence

I[T ]`(x ∗ y) ≥ min{I[T ]`(x), I[T ]`(y)}

for all x, y ∈ X. Similarly, we can check that

I[I]`(x ∗ y) ≥ min{I[I]`(x), I[I]`(y)}

and

I[F ]`(x ∗ y) ≥ min{I[F ]`(x), I[F ]`(y)}

for all x, y ∈ X. Thus I := (I[T ], I[I], I[F ]) is a (1, 1, 1)-length neutro-
sophic subalgebra of (X, ∗, 0).
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Corollary 3.8. If I := (I[T ], I[I], I[F ]) is an (i, j, k)-length neutro-
sophic subalgebra of (X, ∗, 0) for i, j, k ∈ {1, 3}, then U`(I[T ];αT ),
U`(I[I];αI) and U`(I[F ];αF ) are subalgebras of (X, ∗, 0) whenever they
are nonempty for all αT , αI , αF ∈ [0, 1].

The following example shows that the converse of Corollary 3.8 is not
true.

Example 3.9. Consider a BCI-algebra X = {0, 1, 2, a, b} with the binary
operation ∗ which is given in Table 3 (see [5]).

Table 3. Cayley table for the binary operation “∗”

∗ 0 1 2 a b
0 0 0 0 a a
1 1 0 1 b a
2 2 2 0 a a
a a a a 0 0
b b a b 1 0

Let I := (I[T ], I[I], I[F ]) be an interval neutrosophic set in (X, ∗, 0) given
by

I[T ] : X → P∗([0, 1]), x 7→


[0.3, 0.9) if x = 0,
(0.5, 0.7] if x = 1,
[0.1, 0.6] if x = 2,
[0.4, 0.7] if x = a,
(0.3, 0.5] if x = b,

I[I] : X → P∗([0, 1]), x 7→


[0.2, 0.9) if x = 0,
(0.1, 0.8] if x = 1,
[0.5, 0.9] if x = 2,
[0.4, 0.7] if x = a,
(0.4, 0.7] if x = b,
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and

I[F ] : X → P∗([0, 1]), x 7→


[0.1, 0.6) if x = 0,
(0.6, 0.9) if x = 1,
(0.4, 0.8] if x = 2,
[0.5, 0.7] if x = a,
(0.5, 0.7] if x = b.

Then the interval neutrosophic length I` := (I[T ]`, I[I]`, I[F ]`) of I is
given by Table 4.

Table 4. Interval neutrosophic length of I

X I[T ]` I[I]` I[F ]`
0 0.6 0.7 0.5
1 0.2 0.7 0.3
2 0.5 0.4 0.4
a 0.3 0.3 0.2
b 0.2 0.3 0.2

Hence we have

U`(I[T ];αT ) =


∅ if αT ∈ (0.6, 1],
{0} if αT ∈ (0.5, 0.6],
{0, 2} if αT ∈ (0.3, 0.5],
{0, 2, a} if αT ∈ (0.2, 0.3],
X if αT ∈ [0, 0.2],

U`(I[I];αI) =


∅ if αI ∈ (0.7, 1],
{0, 1} if αI ∈ (0.4, 0.7],
{0, 1, 2} if αI ∈ (0.3, 0.4],
X if αI ∈ [0, 0.3],
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and

U`(I[F ];αF ) =


∅ if αF ∈ (0.5, 1],
{0} if αF ∈ (0.4, 0.5],
{0, 2} if αF ∈ (0.3, 0.4],
{0, 1, 2} if αF ∈ (0.2, 0.3],
X if αF ∈ [0, 0.2],

and so U`(I[T ];αT ), U`(I[I];αI) and U`(I[F ];αF ) are subalgebras of
(X, ∗, 0) for all αT , αI , αF ∈ [0, 1] such that U`(I[T ];αT ), U`(I[I];αI) and
U`(I[F ];αF ) are nonempty. But I := (I[T ], I[I], I[F ]) is not an (i, j, k)-
length neutrosophic subalgebra of (X, ∗, 0) for i, j, k ∈ {1, 3} with (i, j, k) 6=
(1, 1, 1) since

I[T ]`(b ∗ 2) = I[T ]`(b) = 0.2 � 0.5 = max{I[T ]`(b), I[T ]`(2)},

I[I]`(a ∗ 1) = I[I]`(a) = 0.3 � 0.7 = max{I[I]`(a), I[I]`(1)},

and/or

I[F ]`(b ∗ 1) = I[F ]`(a) = 0.2 � 0.3 = max{I[F ]`(b), I[F ]`(1)}.

Theorem 3.10. Given an interval neutrosophic set I := (I[T ], I[I], I[F ])
in (X, ∗, 0) and for any βT , βI , βF ∈ [0, 1], the following assertions are
equivalent.

(1) I := (I[T ], I[I], I[F ]) is a (4, 4, 4)-length neutrosophic subalgebra of
(X, ∗, 0).

(2) L`(I[T ];βT ), L`(I[I];βI) and L`(I[F ];βF ) are subalgebras of (X, ∗, 0)
whenever they are nonempty.

Proof: Suppose that I := (I[T ], I[I], I[F ]) is a (4, 4, 4)-length neutro-
sophic subalgebra of (X, ∗, 0) and let βT , βI , βF ∈ [0, 1] be such that
L`(I[T ];βT ), L`(I[I];βI) and L`(I[F ];βF ) are nonempty. For any x, y ∈
X, if x, y ∈ L`(I[T ];βT ), then I[T ]`(x) ≤ βT and I[T ]`(y) ≤ βT . It follows
that

I[T ]`(x ∗ y) ≤ max{I[T ]`(x), I[T ]`(y)} ≤ βT

and so that x ∗ y ∈ L`(I[T ];βT ). Similarly, if x, y ∈ L`(I[I];βI), then
x ∗ y ∈ L`(I[I];βI), and if x, y ∈ L`(I[F ];βF ), then x ∗ y ∈ L`(I[F ];βF ).
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Therefore (2) is valid.
Conversely, assume that L`(I[T ];βT ), L`(I[I];βI) and L`(I[F ];βF ) are

subalgebras of (X, ∗, 0) whenever they are nonempty for all βT , βI , βF ∈
[0, 1]. If there are a, b ∈ X such that

I[F ]`(a ∗ b) > max{I[F ]`(a), I[F ]`(b)},

then a, b ∈ L`(I[F ];βF ) by taking βF = max{I[F ]`(a), I[F ]`(b)}. Thus
a ∗ b ∈ L`(I[F ];βF ), which implies that I[F ]`(a ∗ b) ≤ βF . This is a
contradiction, and so

I[F ]`(x ∗ y) ≤ max{I[F ]`(x), I[F ]`(y)}

for all x, y ∈ X. Similarly, we get

I[T ]`(x ∗ y) ≤ max{I[T ]`(x), I[T ]`(y)}

and

I[I]`(x ∗ y) ≤ max{I[I]`(x), I[I]`(y)}

for all x, y ∈ X. Consequently, I := (I[T ], I[I], I[F ]) is a (4, 4, 4)-length
neutrosophic subalgebra of (X, ∗, 0).

Corollary 3.11. If I := (I[T ], I[I], I[F ]) is an (i, j, k)-length neu-
trosophic subalgebra of (X, ∗, 0) for i, j, k ∈ {2, 4}, then L`(I[T ];βT ),
L`(I[I];βI) and L`(I[F ];βF ) are subalgebras of (X, ∗, 0) whenever they
are nonempty for all βT , βI , βF ∈ [0, 1].

The following example shows that the converse of Corollary 3.11 is not
true.

Example 3.12. Consider the BCI-algebra X = {0, 1, 2, a, b} in Example 3.9
and let I := (I[T ], I[I], I[F ]) be an interval neutrosophic set in (X, ∗, 0)
given by

I[T ] : X → P∗([0, 1]), x 7→


[0.5, 0.7) if x = 0,
(0.2, 0.6] if x = 1,
[0.3, 0.6] if x = 2,
[0.1, 0.7] if x = a,
(0.2, 0.8] if x = b,
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I[I] : X → P∗([0, 1]), x 7→


[0.66, 0.99) if x = 0,
(0.15, 0.59] if x = 1,
[0.22, 0.88) if x = 2,
(0.35, 0.90] if x = a,
(0.20, 0.75) if x = b,

and

I[F ] : X → P∗([0, 1]), x 7→


[0.75, 0.90) if x = 0,
(0.45, 0.90) if x = 1,
(0.25, 0.50] if x = 2,
[0.50, 0.85] if x = a,
(0.15, 0.60] if x = b.

Then the interval neutrosophic length I` := (I[T ]`, I[I]`, I[F ]`) of I is
given by Table 5.

Table 5. Interval neutrosophic length of I

X I[T ]` I[I]` I[F ]`
0 0.2 0.33 0.15
1 0.4 0.44 0.45
2 0.3 0.66 0.25
a 0.6 0.55 0.35
b 0.6 0.55 0.45

Hence we have

L`(I[T ];βT ) =


∅ if βT ∈ [0, 0.2),
{0} if βT ∈ [0.2, 0.3),
{0, 2} if βT ∈ [0.3, 0.4),
{0, 1, 2} if βT ∈ [0.4, 0.6),
X if βT ∈ [0.6, 1],

L`(I[I];βI) =


∅ if βI ∈ [0, 0.33),
{0} if βI ∈ [0.33, 0.44),
{0, 1} if βI ∈ [0.44, 0.55),
{0, 1, a, b} if βI ∈ [0.55, 0.66),
X if βI ∈ [0.66, 1],
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and

L`(I[F ];βF ) =


∅ if βF ∈ [0, 0.15),
{0} if βF ∈ [0.15, 0.25),
{0, 2} if βF ∈ [0.25, 0.35),
{0, 2, a} if βF ∈ [0.35, 0.45),
X if βF ∈ [0.45, 1],

which are subalgebras of (X, ∗, 0) for all βT , βI , βF ∈ [0, 1] such that
L`(I[T ];βT ), L`(I[I];βI) and L`(I[F ];βF ) are nonempty. But I := (I[T ],
I[I], I[F ]) is not an (i, j, k)-length neutrosophic subalgebra of (X, ∗, 0) for
i, j, k ∈ {2, 4} with (i, j, k) 6= (4, 4, 4) since

I[T ]`(a ∗ 1) = 0.6 � 0.4 = min{I[T ]`(a), I[T ]`(1)},

I[I]`(a ∗ 0) = 0.55 � 0.33 = min{I[I]`(a), I[I]`(0)},

and/or

I[F ]`(2 ∗ a) = 0.35 � 0.25 = min{I[F ]`(2), I[F ]`(a)}.

Using the similar way to the proofs of Theorems 3.7 and 3.10, we have
the following theorem.

Theorem 3.13. Given an (i, j, k)-length neutrosophic subalgebra I := (I[T ],
I[I], I[F ]) of (X, ∗, 0) for i, j, k ∈ {1, 2, 3, 4}, the following assertions are
valid.

(1) If i, j ∈ {1, 3} and k ∈ {2, 4}, then U`(I[T ];αT ), U`(I[I];αI) and
L`(I[F ];βF ) are subalgebras of (X, ∗, 0) whenever they are nonempty.

(2) If i, k ∈ {1, 3} and j ∈ {2, 4}, then U`(I[T ];αT ), L`(I[I];βI) and
U`(I[F ];αF ) are subalgebras of (X, ∗, 0) whenever they are nonempty.

(3) If i ∈ {2, 4} and j, k ∈ {1, 3}, then L`(I[T ];βT ), U`(I[I];αI) and
U`(I[F ];αF ) are subalgebras of (X, ∗, 0) whenever they are nonempty.

(4) If i, j ∈ {2, 4} and k ∈ {1, 3}, then L`(I[T ];βT ), L`(I[I];βI) and
U`(I[F ];αF ) are subalgebras of (X, ∗, 0) whenever they are nonempty.
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(5) If i, k ∈ {2, 4} and j ∈ {1, 3}, then L`(I[T ];βT ), U`(I[I];αI) and
L`(I[F ];βF ) are subalgebras of (X, ∗, 0) whenever they are nonempty.

(6) If i ∈ {1, 3} and j, k ∈ {2, 4}, then U`(I[T ];αT ), L`(I[I];βI) and
L`(I[F ];βF ) are subalgebras of (X, ∗, 0) whenever they are nonempty.

Theorem 3.14. If an interval neutrosophic set I := (I[T ], I[I], I[F ]) is
a (2, 3, 2)-length neutrosophic subalgebra of (X, ∗, 0), then U`(I[T ];αT )c,
L`(I[I];βI)c and U`(I[F ];αF )c are subalgebras of (X, ∗, 0) whenever they
are nonempty for all αT , βI , αF ∈ [0, 1].

Proof: Assume that I := (I[T ], I[I], I[F ]) is a (2, 3, 2)-length neu-
trosophic subalgebra of (X, ∗, 0). Let αT , βI , αF ∈ [0, 1] be such that
U`(I[T ];αT )c, L`(I[I];βI)c and U`(I[F ];αF )c are nonempty. If x, y ∈
U`(I[T ];αT )c, then I[T ]`(x) < αT and I[T ]`(y) < αT . Hence

I[T ]`(x ∗ y) ≤ min{I[T ]`(x), I[T ]`(y)} < αT ,

and so x∗y ∈ U`(I[T ];αT )c. If x, y ∈ L`(I[I];βI)c, then I[I]`(x) > βI and
I[I]`(y) > βI . Thus

I[I]`(x ∗ y) ≥ max{I[I]`(x), I[I]`(y)} > βI ,

which implies that x ∗ y ∈ L`(I[I];βI)c. Let x, y ∈ U`(I[F ];αF )c. Then
I[F ]`(x) < αF and I[F ]`(y) < αF . Hence

I[F ]`(x ∗ y) ≤ min{I[F ]`(x), I[F ]`(y)} < αF ,

and so x ∗ y ∈ U`(I[F ];αF )c. Therefore U`(I[T ];αT )c, L`(I[I];βI)c and
U`(I[F ];αF )c are subalgebras of (X, ∗, 0) for all αT , βI , αF ∈ [0, 1].

The converse of Theorem 3.14 is not true in general as seen in the
following example.

Example 3.15. Consider a BCI-algebra X = {0, 1, a, b, c} with the binary
operation ∗ which is given in Table 6 (see [5]).
Let I := (I[T ], I[I], I[F ]) be an interval neutrosophic set in (X, ∗, 0) given
by
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Table 6. Cayley table for the binary operation “∗”

∗ 0 1 a b c
0 0 0 a b c
1 1 0 a b c
a a a 0 c b
b b b c 0 a
c c c b a 0

I[T ] : X → P∗([0, 1]), x 7→


[0.50, 0.75) if x = 0,
(0.25, 0.70] if x = 1,
[0.10, 0.65] if x = a,
[0.05, 0.70) if x = b,
(0.10, 0.75] if x = c,

I[I] : X → P∗([0, 1]), x 7→


[0.05, 0.80] if x = 0,
(0.10, 0.80) if x = 1,
[0.26, 0.89] if x = a,
(0.16, 0.79) if x = b,
(0.07, 0.75] if x = c,

and

I[F ] : X → P∗([0, 1]), x 7→


[0.23, 0.67) if x = 0,
(0.03, 0.58] if x = 1,
(0.18, 0.73) if x = a,
[0.14, 0.80] if x = b,
(0.07, 0.73] if x = c.

Then the interval neutrosophic length I` := (I[T ]`, I[I]`, I[F ]`) of I is
given by Table 7.
Then

U`(I[T ];αT )c =


∅ if αT ∈ [0, 0.25],
{0} if αT ∈ (0.25, 0.45],
{0, 1} if αT ∈ (0.45, 0.55],
{0, 1, a} if αT ∈ (0.55, 0.65],
X if αT ∈ (0.65, 1],
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Table 7. Interval neutrosophic length of I

X I[T ]` I[I]` I[F ]`
0 0.25 0.75 0.44
1 0.45 0.70 0.55
a 0.55 0.63 0.55
b 0.65 0.63 0.66
c 0.65 0.68 0.66

L`(I[I];βI)c =


∅ if βI ∈ [0.75, 1],
{0} if βI ∈ [0.70, 0.75),
{0, 1} if βI ∈ [0.68, 0.70),
{0, 1, c} if βI ∈ [0.63, 0.68),
X if βI ∈ [0, 0.63),

and

U`(I[F ];αF )c =


∅ if αF ∈ [0, 0.44],
{0} if αF ∈ (0.44, 0.55],
{0, 1, a} if αF ∈ (0.55, 0.66],
X if αF ∈ (0.66, 1]

are subalgebras of (X, ∗, 0) whenever they are nonempty for all αT , βI ,
αF ∈ [0, 1]. But I := (I[T ], I[I], I[F ]) is not a (2, 3, 2)-length neutrosophic
subalgebra of (X, ∗, 0) since

I[T ]`(b ∗ a) = I[T ]`(c) = 0.65 > 0.55 = min{I[T ]`(b), I[T ]`(a)},

I[I]`(b ∗ c) = I[I]`(a) = 0.63 < 0.68 = max{I[I]`(b), I[I]`(c)},

and/or

I[F ]`(b ∗ a) = I[F ]`(c) = 0.66 > 0.55 = min{I[F ]`(b), I[F ]`(a)}.

By the similar way to the proof of Theorem 3.14, we have the following
theorem.

Theorem 3.16. Given an (i, j, k)-length neutrosophic subalgebra I := (I[T ],
I[I], I[F ]) of (X, ∗, 0), the following assertions are valid.
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(1) If (i, j, k) = (2, 2, 2), then U`(I[T ];αT )c, U`(I[I];αI)c and
U`(I[F ];αF )c are subalgebras of (X, ∗, 0) whenever they are nonemp-
ty for all αT , αI , αF ∈ [0, 1].

(2) If (i, j, k) = (2, 2, 3), then U`(I[T ];αT )c, U`(I[I];αI)c

and L`(I[F ];βF )c are subalgebras of (X, ∗, 0) whenever they are non-
empty for all αT , αI , βF ∈ [0, 1].

(3) If (i, j, k) = (2, 3, 3), then U`(I[T ];αT )c, L`(I[I];βI)c

and L`(I[F ];βF )c are subalgebras of (X, ∗, 0) whenever they are non-
empty for all αT , βI , βF ∈ [0, 1].

(4) If (i, j, k) = (3, 2, 2), then L`(I[T ];βT )c, U`(I[I];αI)c

and U`(I[F ];αF )c are subalgebras of (X, ∗, 0) whenever they are non-
empty for all βT , αI , αF ∈ [0, 1].

(5) If (i, j, k) = (3, 2, 3), then L`(I[T ];βT )c, U`(I[I];αI)c

and L`(I[F ];βF )c are subalgebras of (X, ∗, 0) whenever they are non-
empty for all βT , αI , βF ∈ [0, 1].

(6) If (i, j, k) = (3, 3, 2), then L`(I[T ];βT )c, L`(I[I];βI)c

and U`(I[F ];αF )c are subalgebras of (X, ∗, 0) whenever they are non-
empty for all βT , βI , αF ∈ [0, 1].

(7) If (i, j, k) = (3, 3, 3), then L`(I[T ];βT )c, L`(I[I];βI)c

and L`(I[F ];βF )c are subalgebras of (X, ∗, 0) whenever they are non-
empty for all βT , βI , βF ∈ [0, 1].
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