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A NOTE ON DIVERGENCE-FREE POLYNOMIAL
DERIVATIONS IN POSITIVE CHARACTERISTIC

PIOTR JEDRZEJEWICZ

ABSTRACT. In this paper we discuss an explicit form of divergence-free poly-
nomial derivations in positive characteristic. It involves Jacobian derivations.

1. INTRODUCTION
Throughout this paper by a ring we mean a commutative ring with unity.

Let K be a ring. Recall that if d is a K-derivation of the polynomial alge-

0 0
bra K[zy,...,x,] of the foorm d = g1— + ... + gn=—, where g1,...,9, €
ox o,

K[z1,...,x,], then a polynomial

O +'”+8xn

is called the divergence of d. The derivation d is called divergence-free if d* = 0.
See [2] and [3] for information on the properties of the divergence.

d*

Given a polynomial f € K|[zy,...,x,], we denote by dlfj a Jacobian derivation
of the form
of  9f
f | Ox; Oz
di;(9) = | 54 igj
Bxi 8xj

for g € K[z, ...,xy,]. Of course, (d{])* =0.
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In the case of positive characteristic, a divergence-free derivation in two variables
is closely related to a single Jacobian derivation, see [1], Theorem 4.5. In the general
case of n variables a divergence-free derivation is related to a sum of Jacobian ones
(Theorem 3.1 below). This fact is well known (compare [4]). The aim of this paper
is to give an elementary proof.

Note that the sum in Theorem 3.1 (ii) is different than the one in Theorem 8.3

of Nowicki’s article [2]. There arises a natural question if, under the assumptions
n—1

of Theorem 3.1, the derivation d can be presented in the form d = Z d{fiﬂ + &,
i=1
where f1,..., fn_1 € K[x1,...,2,], and ¢’ is a K-derivation satisfying
0 0
— (& =...= o =0.
58 @) 7o (@' ()

2. PRELIMINARIES

Let K be a ring. Let  be a positive integer and i € {1,...,n}. For every polyno-
mial g € K[z1,...,x,] we denote by g0, gi1, - .., gi,r—1 the uniquely determined
polynomials belonging to K[z1,...,%;—1,%}, it1,. .., 2] satisfying the condition

9g=9io+t g1+ ...+ gi,r_wzf_l.

The following easy observations will be used in the rest of the paper.

Lemma 2.1. Every polynomial g € K|x1,...,2,] can be uniquely presented in the
form

g=u+wz] ",
where u € K[x1,...,2p], Uir—1 =0 and w € K[z1,...,2i—1, 2], Tix1,...,Zn]. In
particular, if g =0, then u =0 and w = 0.

Lemma 2.2. If g € K[z1,...,%i—1,20,Zi11,...,2n] and j € {1,...,n}, j # 1,
then

dg :
%j €K@y, oy X1, XL Tty e vy T
In Lemmas 2.3 and 2.4 we assume that K is a ring of prime characteristic p.
Lemma 2.3. Consider a polynomial g € K[z1,...,x,]). The polynomial g can be
presented in the form
_Ov
for some v € K[x1,...,x,] if and only if g; p—1 = 0.
Lemma 2.4. Consider a polynomial g € K|x1,...,x,]. The polynomial g belongs
to Klz1,...,xi—1,28 21, .. 2] if and only if
0
)

8:61- o
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3. POINCARE-TYPE LEMMA

Let K be a ring of prime characteristic p. Consider the algebra of polynomials
Klz1,...,x,]. Fori=1,... nput z; = H xj.

Theorem 3.1 (Poincaré-type Lemma). Let d be a K-derivation of K[x1,...,x,],
where n > 2. The following conditions are equivalent:

(i) d* =0,
(ii) d= Z dfj’fj+5, where f;; € K[x1,...,2,] fori<j and
1<i<j<n
1 0 4 0 0
§=hy 2 S phoh T P
171 8x1+ 222 8x2+ + i oz,
for some hy,... h, € K[2¥,... 2P].

Note a version of the above theorem for n = 1.

Lemma 3.2. If d is a K-derwation of Klx|, then the following conditions are
equivalent:

(i) d* =0,

0
(i) d= ha—x, where h € K[zP].
Remark 3.3. It is convenient to express Theorem 3.1 in terms of polynomials

0 0]
91, 9n € Klx1,... 2], where d =g1— + ... + gn=—.
0x1 0xy,

The following conditions are equivalent:

~ O0g1 Ogn
(i) 671+"'+8:z:n

:0’

(ii) there exist f;; € K[z1,...,x,] for i < j, and hq,..., h, € K[zf,...,22], such
that

Of12 O fin ~1
= — - = hi2?
g1 0xo Oxy, thie
O0fi2  0Ofas 0fan 1
= — - = hozb
92 Ox;  Oxj Oy, e
a.fl.n—l afn—Q n—1 8.fn—1 n —1
1 = . . : — : hp_12f
n-1 8$1 + + 8(En,2 8£L'n + n=1Fn-1
g = afln +.. 4 8fn71,n + hnszl.

81‘1 8$n_1
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4. PROOF
Proof. Obviously, (ii) implies (i).
(i) = (ii) We proceed by induction.

Let n > 1. Consider an arbitrary K-derivation of K[x1,...,Tn, Znt1]

d= i + + i + L
- gl 8$1 s g’l’L 81'” gn-i-l 3{En+1 9

where g1,...,9n41 € K[z1,. .., Tpy1].
For each ¢« € {2,...,n,n + 1} we present g; in the form g; = u; + wiz?
where u; € K[x1,...,2p41), (4i)1p-1 =0, w; € K[z}, 22,...,2,41] (Lemma 2.1).

U1
Moreover, we have u,y; = Doe for some vy € K[z1,...,2,11] (Lemma 2.3), so
1

v

_ p—1
In+1 = o, + wpp127 .

Now we compute the divergence:

g Ogn 8gn+1
d" = ==+, ..+ ==
0x1 Tt oxy, + 0Ty 41
991

— It i p—1 i p—1
- 8x1+8z2(u2+w2x1 )—i—...—l—axn(un—i—wnml )+

p—1
90 4 gyt ™)
1

— % + % + + % ﬂ
 Oxy Oxg T Oxy  0x10Tpin
Ows p—1 Owy, p—1

8:52 ! 85En

We obtain:
d* = F +Ga?™ ',
where

3 6’01
F= 87;101(91 +

F e K[.’Il,. . ,l’n+1], Fl,p—l =0, and

)+%+ 4 Otn
ors T 9z

aanrl

- ng 8wn+1
8.132 o 6$n+1 ’

G

G e K[z, za, ..., xpt1].

By Lemma 2.1, if d* =0, then F' =0 and G = 0.
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Oy

Now, let n = 1 and assume that d* = 0. We have g5 = 8 +w2x1 where v €

0 0 dw
K[xl,xg],wgae K[2%, z5]. Moreover, %( 1—}—8—7]1) F =0 and 8—2 =G=0.
Hence, g1 + 92, € K[z}, z5] and we € K[z}, 25]. Then g1 + — 8 = uy + wpah !

p) )
0
for some u; € K[z}, 23], (u1)2,p—1 =0, wy € K[z}, 28] (Lemma 2.1), so u; = a—UQ
T2
for some vy € K[2¥, 2] (Lemma 2.3). Finally,
3(1}1 - ’Ug) -1 3(1}1 - ’UQ) —1
1= —— g wiah , ga= = twaay

where wy,wy € K[z, 25]. We have shown that for n = 2 condition (i) implies (ii).

Assume the statement for some n > 2, assume that d* = 0.

By the inductive assumption for Kilzq, ..., z,], where K; = K[x,11], since
F =0, we have:
gl+ai:1+1 - —%Q; L %Q" 4Ry
uz = %Qf - %2; - %f: + hozb ™1,
ot = af@liwnl_l T aglxj n2 = 8%;:n + hn12071,
U, = %’;11’ -l-...-l—%{:%—i—hnzg_l,

where f;; € Ki[z1,... 2], hy € K[z, ... aP] andzz— H xj.

N

J#Z
Moreover, by the inductive assumption for Ks[xs, ..., Tp11], where Ky = K[z1],
since G = 0, we have:
0523 082 ny1 -1
wy = ——— — .. = T agyb T
8$3 aan
w B 8823 8834 383,n+1 +a ypfl
3 —_— - T e e e T T 3 b
8.1‘2 8$4 8xn+1 3 ’
882 0s —1 0s 1
w, = e
6LE2 8asn_1 8xn+1

059, Os
,n+1 n,n+1 p—1
Wpt1 = —F——+...+—F—+an+1

n o T n yn+17
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where s;; € Kslzo,...,Zpp1], a2,....0n41 € Kolzh,...,xh ] and y; =
H xzjfori=2,...,n+1.
7j=2,...,n+1
J#i
Now, we present each h;, for i = 1,...,n, in the form h; = b; + cixfljrll, where
b, € K[z}, ..., 28, 2p41], (bi)nt1p-1 = 0, ¢; € K. .. ,xﬁ@gﬂ] (Lemma 2.1).
Then b; = 3$q11 for some ¢; € K[x¥,..., 28, x,41], so h; = ('%Eqil + cszg_ll and
n n
Ha;
ql:Oforjzl,...,n.Denote:ti: H x; fori=1,...,n+ 1. We obtain
81']‘ 1 41 7
j=1l,...,n
J#i
-1 _
g _ _8f12 _ . afln o 8(1}1 —qlxg J}% 1) te tp_l
! Oxy Oz, OTpi1 S
_ Ofiz O(fas+ soarh ) O(fan + s2ah )
g2 0z Ozs 0z,
d(s R S _
— (s2,n4177 6(12 1 T3 n )—|—(02+a2)t5 1
anrl
-1 -1
_ afln a(an + 82nx11) ) 8(fn71,n + 877,71,7%7;11j )
gn = + +...+
0x1 0xo 8$n—1
Aspmprx ™" — quattah Tt aP Tl pe1
B O%n+1 (e Fan)t
-1 _ —1 —1 —1 —
g _ O - qah b N O(s2pi12) ™ — gl 2 LakT ) N
n+1 8.%1 81'2 -
-1 -1 p-1 -1
a(sn,n-&-lxll) - anp J'JQJ tt fo—l) p—1
+ Oz +antityiq-
n
O
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