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In various problems, one encounters measurability of multifunctions (called
also set-valued functions) of two variables. Obviously, each multifunction of
two variables x € X and y € Y may be treated as a multifunction of the single
variable (x,y) € X x Y. The essential difference is the possibility of formulating
hypotheses concerning the multifunction in terms of its sectionwise properties.
In this case, we can speak about product (sometimes called joint) measurability
and superpositional measurability (sup-measurability for short), i.e., roughly
speaking, measurability with respect to a product o-algebra and measurability
of Carathéodory type superposition F(x,G(x)), respectively, where F' and G
are multifunctions.

The difference between sup-measurability and joint measurability is essen-
tial. In general, neither of the inclusions between the class of joint measur-
able multifunctions and the class of sup-measurable multifunctions is true. It
is easy to define a joint Lebesgue measurable real function which is not sup-
measurable [15]. On the other hand Z. Grande and J. S. Lipinski have given
an example of a sup-measurable real function which is not measurable as a
function of two variables [8].
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In the single valued version, the problem of product measurability and sup-
measurability has been studied very extensively (an overview of some papers
in this field can be found in [7]). An important contribution to this field, among
others, has made J. S. Lipinski. Far less is known, however, in the multivalued
case.

There are various sufficient conditions on sections of f ensuring that f is
product measurable (e.g. [2], [3] and [5]-[7]). The most important one (given
by H. D. Ursell [14]) is measurability of f in the first and its continuity in the
second variable. The measurability of f can be obtained from weaker assump-
tions. J. S. Lipiniski [11] has shown that under an additional assumption one
can obtain product measurability of f if it is a derivative in the second variable.
In order to attain this result he introduced the (J) property of a real function of
two real variables (intensively studied by Z. Grande in the case of real func-
tions defined on more general spaces [7]). Our purpose is to consider this topic
in the case of multifunctions.

Let S and Z be nonempty sets and let @ be a mapping which associates
to each point s € S a nonempty set ®(s) C Z. Such a mapping is called a
multifunction from S to Z and we write & : S ~~ Z.

If @ : S ~» Z is a multifunction, then for a set A C Z two inverse images of
A under @ are defined as follows:

PH(A)={s€S: P(s) CA}and &~ (A) = {s € S: B(s)NA £ 0}.

A function f : S — Z may be considered as a multifunction assigning to
s € S the singleton {f(s)}. It is clear that in this case for a set A C Z we have

A=) =r"@a.

Let us suppose that (Z,d) is a metric space. If zo € Z and M C Z, then in
standard notation, d(zo, M) = inf.cp{d(z0,2) }-
Let P(Z) be the power set of Z and let Py(Z) = P(Z) \ {0}. We put

Ch(Z) ={A € Py(Z) : Ais closed and bounded},
K(Z) ={A € Py(Z) : A is compact}.
Let h be the Hausdorff metric in C;(Z) generated by the metric d, i.e. for A, B €
Ch(Z)
h(A7B) = max(supzeB{d(z,A)}, SupzeA{d(ZvB)})‘
There are several ways of defining convergence in Py(Z) and in consequence

its connections with continuity. Throughout the chapter, convergence in the
space Cp(Z) will be convergence in the Hausdorff metric .
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A sequence (D, ),en of multifunctions @, : S ~ Z with values in Cp(Z) is
called converging to a multifunction @ : § ~~ Z if for each s € § the sequence
(D, () )nen converges to P(s) with respect to the Hausdorff metric 7. We will
write @ = h-lim,_ye. D;,.

It is clear that

(1) If s € S and P(s) = h-lim,_.. D, (s), then for each z € Z
d(z,P(s)) = lim,ed(z, Py(s)).

Now let (X,.A) be a measurable space and (Z,7) a topological space. We
will say a multifunction @ : X ~» Z is A-measurable (weakly A-measurable)
if @7 (G) e A(P(G) € A)foreach G € T.

It is evident that in the case of a single valued function f : X — Z, the notions
of A-measurability of f and weak .A-measurablity of f coincide with the usual
notion of measurability of £, i.e., f~'(G) € A foreach G € T.

Excellent source of information on measurability properties of multifunc-
tions with values in a metric space is the paper of Castaing and Valadier [1].
We now mention those properties which will be useful later on.

Proposition 17.1. If (X, A) is a measurable space, (Z,d) is a metric space and
&b : X ~~ Z is a multifunction, then

(i) A-measurability of © implies weak A-measurability of ®.

(ii) If @ is compact valued, then A-measurability of ® and weak A-measu-
rability of @ are equivalent.

(iii) If the space (Z,d) is separable, then P is weakly A-measurable if and
only if the function g, : X — R given by g.(x) = d(z, ®(x)) is A-measurable
foreachz € Z.

@iv) If @ is compact valued, then A-measurability and weak A-measurability
of @ are equivalent to A-measurability of the function @ : X — (K(Z),h).

Observe that, by (1) and Proposition 17.1 (iii), the following property is
true.

(2) If (Z,d) is separable and a sequence (P,),cn converges to @, then P is
weakly A-measurable whenever @, is weakly .A-measurable for eachn € N,

There are several ways of defining continuity of multifunctions. Since we well
consider multifunctions with values in a metric space we mention only conti-
nuity with respect to the Hausdorff metric 4.

Let (Y, p) be a metric space and let @ : Y ~~ Z be a multifunction with values
in Cp(Z). The statement that @ is h-continuous will mean that & treated as a
function from Y to the space (Cp(Z),h) is continuous.
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From now on, let (Z,]|-||) be a reflexive Banach space with a metric d
generated by the norm; 6 will denote the origin of Z, ||K|| = h(K,{6}) when
K € Cy(Z); co(K) will denote the convex hull of K.

If AC Zand B C Z and o € R then, as usual,

A+B={a+b:acANbeB} and oaA={aa:acA}.
It is known that ([4], Lem. 2.2 (ii))

(3) IfA;,B;i €Cyp(Z) fori=1,2, then
h(Al +A»,B; —i—Bg) < h(Al,Bl) —l—h(Az,Bz).

We put
Cpe(Z) ={A € Cyp(Z) : Ais convex}.
By reflexivity of (Z,||-||), the space Cp.(Z) with the addition defined above is

a commutative semigroup which satisfies the cancellation law (see [13]). The
assumption that (Z,|| - ||) is reflexive is used to show that

(4) A+ B € Cye(Z) whenever A, B € Cp(Z) ([13], Th. 2).
(5) IfA,B,C € Cpe(Z), then h(A,B) = h(A+C,B+C) ([13], Lem. 3).

The completeness of (Z,d) implies (C»(Z),h) is complete. Therefore Price’s
inequality i(co(A),co(B)) < h(A,B) ([12], (2.9), p.4) implies that

(6) If (Z,d) is complete, then a Cauchy sequence in Cp.(Z) must converge
to an element of Cp.(Z).

From now on, unless otherwise stated, we assume that all considered multi-
functions have values in Cp.(Z).

Let T C R be an £-measurable set and let @ : T ~~ Z be an L£-measurable
multifunction. Suppose that @ is bounded, i.e. there is a totally bounded set
K C Z such that @(t) C K foreachr € T.

We define an integral of @ as follows (cf. [9], p. 218, in the case Z = RK.

If & takes only a finite number of values By, B>, ..., B,, then we put

/E¢([> dt = Zn:)y(Dl) -B;,

where E C T is a bounded £-measurable set and D; = {r € E : ®(t) = B;} for
i=1,2,...,n. By (4),
(7) [ P(t)dt € Cpe(Z).

It is easy to see that



17. Measurability of multifunctions with the (J) property 269

(8) IfA,B € L are non-overlapping and £ = AU B, then

/ECP(t)dt:/Aq)(t)dt—i-/B<P(t)dt.

Let ¥ : T ~~» Z be an L-measurable and bounded multifunction. Using (3) one
obtains

9) h< /E ®(1)d, /E 'P(t)dt) < /E W(D(1), P (1)) dr

whenever @ and ¥ take a finite number of values.
For a general case of an £-measurable and bounded multifunction the defi-
nition of its integral is based on the following lemma ([10], Lem. 1).

Lemma 17.2. Let a totally bounded convex set K C Z and a number 6 > 0 be
given. Then there exists a finite family Fg C Cpc(Z) such that if D € Cp.(K),
then there exists a smallest set B € Fg such that D C B C B(D, 9).

Now, take K in the lemma to be the totally bounded convex set containing
all the values of @. Suppose ¢t € T. Let Fg be the family corresponding to
0 > 0, and let Pg(¢) be the smallest member of F§5 containing P(r).

Then h(P(t),Ps(t)) < & and Pg : T ~~ Z takes only a finite number
of values. Moreover, if (8,),en is @ sequence of positive real numbers and
lim,,_, 6, = 0, then, by (7) and (9),

</E 5.1 d[> neN

is a Cauchy sequence in Cp.(Z). Thus, by (6), the limit 2 —lims_,( [ Ps(t) dt
exists in Cp.(Z) and we take this limit to be the integral of & on E, i.e.

/E(P(t)dt::h—%ii%/E(P,g(t)dtECbc(Z).

Note that by a passage to a limit in (8) and (9) we see that

(10) The properties (8) and (9) are true for each £-measurable and bounded
multifunction. In particular,
| [ P(x)dx]|| < [¢ || P(x)]|dx.

From now on we make the assumption that / C R is an interval.

Lemma 17.3. Let I = [a,b]. If an L-measurable multifunction ® : I ~~ Z is
bounded and 0 < & < b — a, then the multifunction ®g : I ~~ Z given by
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q_r)( ) f;+6¢(t)dt ifa§x<b—6,
X)) =
’ o s®(t)dt  ifb—8<x<b,

is h-continuous.

Proof. Let xo € I be fixed. Let us suppose that xo < b— 0 and xo <x < b— 9.
Then

h(d>5(xo),¢5(x)):h(/xo+6 dt/ ot dt>

x0+5 xX0+0 x+6
—h</ D(t dt+/ / P(1)dt + 8¢(t)dt>—
X0+

=h CD d (15 d by (5
(/ , 45 (t) f) y (5)
Thus, by (10),

h(®s(xo), Bs(x)) = h </xd5(t)dt, xx+6d5(t)dt> <

0+0
/ ®(1)dr

If xo — 6 < x < xg, then

h(@a(xo),%(x)):h(/xﬁs dt/ o (i dt>

x+8 xo+6 x+8
:h</ d)(t)dt+/ cb(t)dt,/ ¢(t)dt+/ @(t)dt) _
X0 x+6 X X0
x0+0 X0
:h</ q5(t)dt,/ <D(t)dt> — 0asx— xp.
x+6 X

Now let us suppose that xg > b — J. Since Pg is constant for b— 0 < x < b, it
is enough to consider only the case xo = b — 6 and xg — § < x < x¢. Then

h(Pg(x0), P, </ (1) dt / (1 dt)
h</x ¢(I)dt+/x+5¢(t)dt’/x qb(t)dt+/xx+8q>(z)dz> =
:h(/xi:S(P(t)dt,/xxofp(t)dt) — 0asx — xo,

which proves Lemma 17.3. O

+6

@(t)dt|| — 0as x — x.

x0+6
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Let @ : [ ~~ Z be an L-measurable bounded multifunction and x¢ € I.

Definition 17.4. The statement that ¢ is a derivative at xy € I means, that

®(x0) = h— lim (1) dt.

X—X0 X — xO X0
& is a derivative if it is a derivative at each point x € I.
Similarly to the case of real functions one can show:

Proposition 17.5. Let xo € I. If a multifunction @ : I ~~ Z is h-continuous at
X0, then @ is a derivative at x.

Now we present a different approach of defining integrability for multi-
functions. It is based on the definition of Riemann integral. Moving from
Hukuhara’s idea (cf. [9] in the case Z = R¥) we define R-integrability of mul-
tifunctions in a more general case.

Let @ : [ ~ Z be a bounded multifunction. Let A = {ag,ay,...a,} be a par-
tition of 7 and let v(A) = max{a; | — a;} be the diameter of the partition. Let
P denote the family of all pairs (A, 1), where T = (9,11,...t,—1) iS a sequence
of points such that #; € [a;,a;+1] fori =0,...,n— 1. We put

n—1

Co(A,T) =) (aiy1 —a;)P(1;)
i=0

for (A, 1) € P. Note that (4) implies Ce(A, T) € Cpe(Z).
We say that a multifunction @ : I ~» Z is R-integrable (on I) if there exists
B € Cpe(Z) such that

Ve>0 3n>0 V(A,r)eP [v(A) <n=h(Cs(A,1),B) < g,
and we define (R) [, ©(¢)dt to be the set B. Note that, by (3),

n—1

h(Co(A,7),Cp(A,7)) < Y (aip1 —a;) (D (1), (1))
i=0

whenever W : I ~» Z is a bounded multifunction.
Thus

h </I<I>(t)dt,/1‘1’(t)dt) < /Ih(d)(t),‘P(t))dt <(b-ae,

provided that h(®(t;), P (1;)) < € foreachr € I.
Therefore, similarly to the case of real functions,

(11) If @ : 1 ~- Z is h-continuous, then @ is R-integrable.
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Proposition 17.6. If a multifunction @ : I ~~ Z is bounded and almost every-
where h-continuous, then @ is R-integrable.

Proof. LetK € Cp.(Z) be such that @ (1) C K fort € I. Let Dg denote the set of
discontinuity points of &. By assumption, A(Dg) = 0. Fix € > 0. Let (1,)en
be a sequence of open intervals such that Dg C ey, and Z,enA (1) < €.

Without loss of generality we can assume that 7, N1, = 0 for n # m. Let I,, =
(ay,By) forn € Nand Ae = [a,b] \ U, ey In- Then A (Ag) > b—a— €. We define
a multifunction ®; : I ~» Z by

D (1) = B,z—t¢(a)+tar:<p(/3) ifr € (o, Bn)NI,neN
ﬁn*OCn n " e ’ '

Note that ®¢(t) € Cp(Z). Moreover, P, is h-continuous and, by (11), also R-
integrable. Let B € Cp.(Z) be such that [, P¢(r)dt = B. Let (A,7) € P and
n > 0 be such that v(A) < n and h(Ce,(A,7),B) < €.

Then

h(Ca(A,T),B) < h(Ca(A,T),Ca, (A, 7)) + h(Ca, (A, 7),B) =

= (X (aig1 — ai) D), Z1y (aip1 — ai) Pe (1)) + h(Ca, (A, T),B),
and then, by (3),

h(Ce(A,7),B) < Ef;ol (aiv1—ai)) h(P(1)), Pe(t;))) +h(Cop, (A, T),B).

For that reason
h(Ce(A,T),B) <2¢||K||+¢,

since P(t;) = Pe(t;) for t; € [ai_1,ai] NAe and h(D(1;), Pe(1;)) < 2||K]|| for
t; € [ai—1,a;] \ A¢. This finishes the proof of Proposition 17.6. O

Followig Hukuhara [9], one can prove that

(12) If a bounded L£-measurable multifunction @ : I ~» Z is R-integrable,
then (R) [, P(t)dt = [, D(t)dt
Now we pass to the multifunctions of two variables.

IfS=XXY,F:X XY ~Zis amultifunction and (xo,yp) € X x Y, then the
multifunction Fy, : Y ~~ Z defined by Fy,(y) = F(xo,y) is called the xo-section
of F, and the multifunction F?° : X ~~ Z defined by F*°(x) = F(x,yp) is called
the yo-section of F.

It is well known that if (X,.4) is a measurable space, (Y,p) is a separa-
ble metric space and (Z,d) is a metric space, then a function f: X XY — Z,
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A-measurable in the first and continuous in the second variable is measurable
with respect to the product of A and the Borel o-algebra of Y. Thus by Propo-
sition 1 (iv) we have the following result (cf. [15], Th. 2)

Proposition 17.7. If (X, A) is a measurable space, (Y, p) is a separable metric
space and (Z,d) is a metric space, and if F : X XY ~~ Z is a compact valued
multifunction such that each section F; is h-continuous and each section F” is
A-measurable, then F is A® Bor(Y)-measurable.

The product measurability of multifunctions can be obtained from weaker as-
sumptions. We introduce a concept of multifunctions with the (J) property,
which may be considered as a multivalued counterpart of the (J) property
given by J. S. Lipiriski and we show that a multifunction with the (J) prop-
erty which is a derivative in the second variable is product measurable and
sup-measurable.

Let (X,.A,u) be a measure space with u o-finite. Still let (Z||-||) be a
reflexive Banach space with the metric d generated by the norm, and still we
will consider multifunctions F : X x I ~~ Z with values in Cp.(Z).

Let A® Bor be the o-algebra generated by the family of sets A x B, where
A € Aand B € Bor.

Definition 17.8. A bounded multifunction F : X x I ~» Z has the (J) property
if, for each y € I, F” is weakly .A-measurable, for each x € X, F; is weakly
L-measurable and for each interval P C I, the multifunction @p : X ~~ Z given
by

(13) @p() = [ Flxy)dy

is weakly .A-measurable.

A multifunction with the (J) property need not be product measurable.

Example 17.9. Suppose CH. Let E C R? be Sierpiniski’s set such that E ¢ £
and each x-section of E, i.e. Ex = {y € R: (x,y) € E}, and each y-section of E,
ie. EY = {x € R: (x,y) € E}, have at most two elements. Let F : R?> ~» R be
given by
0,1],if (x,y) € E,
F =
(x.7) { {0}, if (x,y) €E.

Then F is not £;-measurable, but F has the (J) property.

Proposition 17.10. If (Z,d) is separable and F : X x I ~ Z is a bounded multi-
function such that each section F, is R-integrable and each section F” is weakly
A-measurable, then F has the (J) property.
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Proof. Let P = [c,d] C I be fixed. We only need to show that the multi-
function ®p, given by (13), is weakly A-measurable. Let y; = ¢ + i% for
i=0,1,2,...,nand n € N. If x € X, then, by R-integrability of F,, we have

— 1 Z N — h— lim — Yi
WXLF@JMW—h’g%;nB@J h ggnzf’@%
and then, applying (12), we have
1 n
D =h—lim - ) FY(x).
p(x) lim ~ ,2:{ (x)

Let n € N be fixed and let as define the multifunction @, : X ~» Z by

n

D, (x) = ZFy’(x).

i=1

Then @, (x) € Cp.(Z) for x € X (see (4)). Since the multifunction F' is weakly
A-measurable for i =0, 1, ..., n, the multifunction @, is weakly .4-measurable,
by Theorem II1.40 in [1]. Thus @p is weakly .A-measurable, by (2). O

Theorem 17.11. Suppose that (Z,d) is separable. If a bounded multifunction
F : X X1~ Z has the (J) property and for each x € X, F, is a derivative, i.e.,

1 y+Ay
Fy) = h—limay o / F(t)dt fory €1,
y

then F is measurable with respect to the L X A-completion of A® Bor.

Proof. Letn € Nbe fixed and let A = {y0,4, Y14, ---,Ynn } be a partition of I into
n equal intervals. Let us put

Yin—Yi—1.n YYi-1n

By = | o B, Fy)dy ifx € X andy € (it yin).
e {6} ifreXandy=y;,,i=0,1,...n.

Next, let &;, : X ~» Z, fori = 1,2,...,n, be a multifunction given by
D, ,(x) = /y y,]n F(x,y)dy.
By the (J) property of F, we see that
(14) @; , is weakly A-measurable for each i = 1,2, ...,n.
Define @, : X x Ui (Vi—1.n,Yin) ~ Z by
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(pn(x’y) = (pi,n(x) for yE (yz'fl,myi,n)-

If V is an open subset of Z, then, by (14), we have

n

o, (V)=J @, (V) X (yi-1n,Yin) € A® Bor.
i—1

Therefore F, is weakly A ® Bor-measurable and by (2) we only need to show
that

(15) h-limy,_ye Fy, (x,y) = F(x,y) for every x € X and for almost every y € I.

Fix (x0,y0) € X x I such that yg # y;, forn € Nand i = 1,2, ...,n, and choose
a sequence (y;, ,) such thaty; _; < yo <y;,. Since Fy, is a derivative at yy, it
follows that

. 1 Yo+Ay
F(x0,y0) = h— lim */ F(xo,y)dy.

Assume that

1 Yo 1 Yip,n
A, = 7/ F(xp,y)dy and B,=—— F(xo,y)dy.
yoiyinflrn Yip—1,n yl'n,niy() Yo
Then

(16) lim, e h(Ay, Fp) =0 and lim, e h(B,, Fy) =0,
where = F(XQ,y()).

Let us put z, = h(F,(x0,Y0), Fo). Note that

1 YVin,n 1 Yip,n
Zn=h 7/ F(xo,y )dyai/ Fody | =
Yign = Yip—1,n Jyiy—1 Yign = Yip—1n Jyip—1a

1 Yin,n YVip.n
=———h </ F(x0,) d)’a/ Fody) .
yin,n _yl.nflJl Yin—1.n Yin—1n
By (10), we have

Yin,n Yo Yip,n
/ F(x0,y)dy = F(xo,y )dy+/ F(x0,y)dy

Yip— Yin—1,n Yo

Yin.n Y0 YVin,n
/ Fody = / Fy dy+/ Fody.
Yin— Vi Yo

in—1l,n in—1l,n

Next, (3) shows that

and
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Yo YVinn Y0 Yin,n
h(/ F(Xod)der/ F(xo,y)dy,/ Fody+ FodY) <
Yip—1,n Yo Yip—1.n Yo

Y0 Y0 Yip.n Yip.n
<h / F(Xo,y)dy,/ Fody | +h F(Xojy)dy,/ Fydy ).
y yinfl.n Yo Yo

in—1,n
Moreover
1 1 1 1
< and < .
Yipn — Yi,—1.n Yo —Yi,—1n Yipn — Yi,—1.n Yiyn — Y0

Therefore,

1 Yo Y0
< ———h / F(Xo,y)dy,/ Fody | +
Yo —Yi,—1,n y Yin—1n

lin—1,n

1 Yip,n Yin,n
+7h F(X(),y)dy, Fody )
y

Yiy,n — Y0 0 Yo
and finally
h(F(x0,0),Fo) < h(An, Fo) + h(By, Fy).
Thus, by (16), (15) is true, which finishes the proof of Theorem 17.11. O

Note that product measurability of a multifunction F : X x I ~~ Z with com-
pact values such that each section F; is s-continuous and each section F” is L-
measurable follows from Theorem 17.11 as a consequence of (11) and Propo-
sition 17.10.

The remainder of this chapter will be devoted to sup-measurability.

Let (X,.A) be a measurable space and let (Y,7(Y)) and (Z,7(Z)) be
topological spaces. If F' : X X Y ~» Z is such that the superposition of the
Carathéodory type

H(x)=F(x,G(x))= |J F(xy)

yeG(x)

is A-measurable (resp. weakly .4-measurable) for every closed valued .A-
measurable multifunction G : X ~~ Y, then F is called .A-sup-measurable (resp.
weakly A-sup-measurable).

The following theorem is known (see [17], Theorem 1).

Theorem 17.12. Let (X, A, ) be a measure space with L o-finite. Let Y be a
Polish space and let (Z,T (Z)) be a topological space. If F : X XY ~~Z is an
Ay ® Bor(Y )-measurable multifunction, then it is Ay -sup-measurable (where
Ay denotes a L completion of A).
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From the above theorem it follows that each A ® Bor(Y)-measurable mul-
tifunction is .4, -sup-measurable, whenever the measure u is o-finite and Y is
a Polish space. The following example shows that for more general o-algebra
in X x Y than the product Ay, ® Bor(Y), this property may not be true.

Example 17.13. LetX =Y =R and let E ¢ L. If F : R? ~» R is given by

0,2] it x £y
F(x,y)=<¢ [0,1] ifx=yAx€E,
{0} ifx=yAx¢&E,

then F is £,-measurable. But H(x) = F(x, {x}) is not £-measurable, i.e., F is
not £-sup-measurable.

As a straightforward consequence of Theorem 17.12 and Proposition 17.7
we have the following corollary (cf. [16]).

Corollary 17.14. If (X, A, 1) is a measure space with i c-finite, Y is a Polish
space, (Z,d) is a separable metric space and F : X XY ~~ Z is a compact
valued multifunction such that each section F;, is h-continuous and each section
FY is A-measurable, then F is Ay -sup-measurable.

Proposition 17.15. Let (X,.A) be a measurable space and let (Z,d) be sepa-
rable. If F, : X XY ~~ Z is A-sup-measurable for each n € N and the multi-
function F = h-lim,,_,.. F,, then F is weakly A-sup-measurable.

Proof. Let z € Z. By (1), lim,, e d(z, F;(x,y)) = d(z,F (x,y)) for each (x,y) €
X xY.Let G:X ~»Y be an A-measurable multifunction with closed values.
Let x € X and Hy,(x) = F,(x,G(x)) for each n € N, and let H(x) = F (x,G(x)).
It is clear that lim,_..d(z,Hy(x)) = d(z,H(x)). Fix n € N. Note that F, be-
ing A-sup-measurable implies F, is weakly A-sup-measurable. Hence H,
is weakly .A-measurable. Therefore, by Proposition 1 (iii), the real function
x — d(z,H,(x)) is A-measurable. Thus the real function x — d(z,H(x)) is A-
measurable and, again by Proposition 1 (iii), H is weakly A-measurable. O

Now we will consider the sup-measurability of multifunctions with the (J)
property. Note that a multifunction with the (J) property may not be sup-
measurable.

Example 17.16. Let F : [0,1]> ~ R be the multifunction given by
[1,2] ifxeAandy <x,
F(x,y)=<[1,2] ifxeR\Aandy<x,

{0}  in other cases.
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where A C [0,1] and A ¢ L. Then each section F, is h-continuous with the ex-
ception of one point. Furthermore each section F” is £-measurable. Therefore,
by Proposition 17.10, F has the (J) property. But F is not £-sup-measurable,
since the multifunction H (x) = F(x,{x}) is not £L-measurable.

Theorem 17.17. Let (Z,|| - ||) be a separable Banach space and I = |a,b)]. If a
multifunction F : X X I ~~ Z with compact convex values has the (J) property
and each section Fy is a derivative, then F is A,J -sup-measurable.

Proof. Let (x,y) € X x I. Since F; is a derivative at y,

17 F — e lim - W\yF d
= t)drt.
(17) (x,y) A My/y (x,1)

For every n € N we define F;, : X x I ~» Z by

F(ey) nfnyr%F(x,t)dt Jifa<y<b—1
x7 = .
by nf:_%F(x,t)dt Jifb—1 <y <b.

Then h—lim,_. F,(x,y) = F(x,y) for (x,y) € X x Y, by (17). For fixed n €
N, each section (F,), is h-continuous, by Lemma 17.3. Since F has the (J)
property, (F,)" is A-measurable for every y € I and, by Corollary 1, F, is Ay-
sup-measurable. Thus, by Proposition 17.15, F is weakly .4, -sup-measurable,
and hence also A, -sup-measurable, since F is compact valued. O

Observe that, by Proposition 17.10 and Theorem 17.17, we have the follow-
ing corollary.

Corollary 17.18. If (Z,|| - ||) is a separable Banach space and F : X X I ~~ Z
is a multifunction with compact convex values such that each section F, is an
R-integrable derivative and each section F¥ is A-measurable, then F is Ay -
sup-measurable.
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