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11.1 Introduction

The Tietze-Urysohn Extension Theorem (see [1, Theorem 2.1.8]) states that
every continuous function defined on a closed subspace of a normal topolog-
ical space has a continuous extension on the whole space. But we may have
problems if we want extend functions with other properties. In this chapter we
deal with the problem of extension of quasi-continuous functions.

Definition 11.1. A function f: X — Y between topological spaces X and Y is
called quasi-continuous if for any point x € X, for any neighborhood U of x
and for any neighborhood V of f(x) there exists a non-empty open set U; C U,
such that f(U;) C V.

In general, this problem may be formulated in such a way.

Problem 11.1. Describe all topological spaces X, Y and Z with Y C X, such
that every quasi-continuous function g: Y — Z has a quasi-continuous exten-
sion f: X — Z.
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We also will consider the following specification of the previous problem.

Definition 11.2. Let X and Z be topological spaces, ¥ C Z, f: X — Z,
g: Y — Z. Define

C(f) ={x € X: fis continuous at x},
C(g) ={x €Y : there exists z € Z such that g(y) = zas Y 3y — x},
D(f) =X\C(f) and D(f) =Y\ C(f).

Obviously, 5~(g) NY =C(g) and D(g) NY = D(g). So, we have that C(g) =
Y\D(g) =Y \D(g).

Problem 11.2. Describe all topological spaces X, Y and Z with Y C X, such
that every quasi-continuous function g: ¥ — Z has a quasi-continuous exten-
sion f: X — Z with D(f) = D(g).

We know only one article [8] where quasi-continuous extensions was con-
structed. But there were extensions of bounded continuous functions defined
on a subset of the segment [0;1] of the reals.

Theorem 11.1 (Neugebauer, [8, Theorem 4]). Let X = [0; 1] be a segment of
the real line, Y be a subspace of X and g: Y — R be a bounded continuous
Sfunction. Then there exists an quasi-continuous function f: X — R such that
fly = g and f is continuous at every point of Y.

The following example shows, that there is an unbounded continuous func-
tion without any quasi-continuous extensions.

Remark 11.1. Let g: (0;1] — R be the function defined by g(y) = % Then g
has no quasi-continuous extension f: [0;1] — R.

Now we say about the contents of this chapter. In Section 11.2 we obtain the
positive answer on Problem 11.2 in the case, where Y = X and g is a bounded
real-valued quasi-continuous function. The case of compact-valued functions
is investigated in Section 11.3. In Section 11.4 we obtain the positive answer on
Problem 11.2 in the case, where Y is a closed Baire subspace of a hereditarily
normal space X and Z = R.

The rest of this chapter relates with Problem 11.1. So, in Sections 11.5
and 11.6 we discuss a question of the existence of, so called, the universal
quasi-continuous extensions. In Sections 11.7 and 11.8 we obtain some auxil-
iary statements about quasi-clopen sets and quasi-clopen partitions. One of the
mains results of this chapter we obtain in Section 11.9. There we give the pos-
itive answer on Problem 11.1 in the case, where X is hereditarily normal and Z
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is metrizable compact. In the final Section 11.10 we construct two counterex-
amples and give some open problems on the existence of quasi-continuous
extensions.

11.2 Extension of real-valued quasi-continuous functions defined
on a dense subspace

In this section we start from some modifications of methods used in the proof
of Theorem 11.1 which allows to extent a bounded quasi-continuous function
defined on subspace of a hereditarily Baire hereditarily normal space. Firstly,
let us introduce some notations and definitions.

Definition 11.3. Let Y be a subspace of a topological space X andletg: ¥ — R
be a bounded function. The upper and lower limit functions of g are said to be
functions g¥,g"": Y — R defined by the formulas

g’ (x) =limsupg(y) = inf sup g(y)  and
Yoy—x Ue yeuny

=1 f = f
g (x) =liminfe(y) S janf s(v)
for any x € Y, where %, is the system of all neighborhoods of x in X. The
oscillation of g is said to be a function @;: ¥ — R defined by

or(x) =limsup[g(y') —g(")| = inf sup |g(y') —g(")|-
Y3y —x Uey yreuny
Yoy —x

It is easy to see that @y = g — g" and D(g) = {x € Y : @, (x) > 0}.

Proposition 11.1. Let Y be a dense subspace of a topological space X and
let g: Y — R be a bounded quasi-continuous function. Then there exists
a bounded quasi-continuous function f: X — R such that f|y = g and D(f) =

D(g).
Proof. Define f: X — R by the formula

_Jsx), xeY;
flx) = {gv(x),XGX\Y.

Obviously, f|y = g and f is bounded. Let us prove that f is quasi-continuous.
Fix xg € X, € > 0 and an open neighborhood Uy of xjy.
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Firstly, consider the case, where xy € Y. Since g is quasi-continuous at xp,
there exists a non-empty open set V C Uy such that |g(x) — g(xo)| < € for any
x€VNY.Butg(xg) = f(xo). So, f(xp) —€ < g(x) < f(xo)+eforallxeVNY.
Since Y = X, we have that f(xo) — & < g(x) < g¥(x) < f(x0) + € on V. Thus,
|g¥ (x) — f(x0)| < € for x € V and then f is quasi-continuous at xo.

Now we consider the case, where xo € X \ Y. Since f(xo) = g"(x0), there

exists an open neighborhood U C Uy of xo such that sup g(y) < f(xo)+ 5.
yeuny
But

sup g(y) > g"(x0) = f(x0) > f(x0) — 5.
yeuny

So, there is a point yo € UNY with g(yo) > f(x0) — 5. Then

[f (yo) = f(x0)| = [g(y0) — f(x0)| < 5-

By the previous case, we have that f is quasi-continuous at yg. Thus, there is
a non-empty open subset V of U such that |f(x) — f(yo)| < 5 on V. Therefore,

[f () = f o) < [f(x) = f o)+ [f (o) — fx0) < &

on V and then f is quasi-continuous at xy.

Finally, to prove the equality D(f) = D(g) it is sufficient to show that @y =
®,. Since f < g" and g" is upper semi-continuous, we have that /¥ < ¢". On
the other hand, equalities f|y = g and Y = X imply that f¥ > g". So, f* = g".
Analogously, since f > g and f|y = g, we conclude that f”* = g". Therefore,
@f==fv4:fA==gv‘*gA==0@- ]

11.3 Cluster sets and extension of compact-valued
quasi-continuous functions defined on a dense subspace

Now we generalize the result of the previous section to the case of functions
ranged in compact spaces.

Definition 11.4. Let X and Z be topological spaces,x € X,Y CX andg: Y —
R. The cluster set of g at x is defined by the formula

gx) = () sUnY),
U

where %, is the system of all neighborhoods of x in X. Set
D={x€eY:g(x)#0}.
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The multifunction g: D —o Z is called the cluster multifunction of g. So, the
domain domg of this multifunction g is equals to the set D.

It is not hard to show, that the graph Grg of the cluster multifunction g is
the closure of the graph Grg of gin X x Z. So, Y C domg C Y and in the case,
where Z is compact we have, that domg =Y.

Definition 11.5. A multifunction F: X —o Y between topological spaces X and
Y is called minimal if for any x9 € X and any open sets U in X and V in Y, such
that xo € U and VN F(xg) # 0, there is a nonempty open set U; in U, such that
F(U;) CV.

Proposition 11.2. Let X be a topological spaces, Z be a regular space, Y C X
and g: Y — Z be a quasi-continuous function. Then the cluster multifunction
¢ is minimal.

Proof. Choose a point xy € domg and open sets U in X and W in Z, such that
xo € U and WNg(xp) # 0. Since g(UNY) D g(xp), we have that g(UNY)N
W # 0 and then g(UNY)NW # 0. So, there is yo € UNY, such that g(yo) € W.
Since Z is regular, there exists an open set W) in Z, such that g(yo) € W; and
W1 C W. By the quasi-continuity of g, we conclude that there exists an open
set Uy C U, such that Uy NY # @ and g(U; NY) C W;. Fix x € U,. Then

gx)= () eUnNY)CgUinY)CW, CW.
Ue

Therefore, g is minimal. a

Proposition 11.3. Let X and Z be topological spaces, F : X —o Z be a minimal
multifunction and f: X — Z be a function, such that f(x) € F(x) for any x € X.
Then f is quasi-continuous.

Proof. Fix xo € X. Let U and W by open sets, such that xo € X and f(xp) € W.
Since F is minimal and F(xo) "W > f(xo), we have that there exists a non-
empty open set U; € U with F(U;) CW. Therefore, f(U;) CF(U;) CW. O

Theorem 11.2. Let X be a topological space, Z be a compact, Y be a dense
subset of X and g: Y — Z be a quasi-continuous function. Then there exists a
quasi-continuous function f: X — Z, such that f|y = g and D(f) = D(g).

Proof. Since Z is a compact and Y = X, we have that domg = X. Consider a
function f: X — Z, such that f(x) € g(x) for any x € X and f(y) = g(y) for any
y € Y. By Propositions 11.2 and 11.3 we obtain, that f is a quasi-continuous
extension of g.
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Let us prove, that D(f) = D(g). If xo & D(f), then f is continuous at xq.

So, lim g(y) = hm f( ) = lim f(x) = f(xo). Therefore, xo ¢ D(g). In
Yoy—xo Yoy— X—X0

the other hand, if xy ¢ D( ), then there exists zo = , lim g(y) € Z. To prove
Sy—X0

that xo & D(f) it is sufficient to show that f(x) — zo as x — x¢. Fix a neigh-
borhood W of zp. Then by regularity of the compact Z, there exists an open

neighborhood Wy of zy with Wy C W. Since , lim g(y) = zo € Wp, there is an
SY—X0

open neighborhood Uy of xp, such that g(UyNY) C Wy. So, for any x € Uy we
have that

f) €z = ] eUNY) Cg(loNY) CWo CW.
U,
Therefore, lim f(x) = zo and then xo & D(f). 0
X—X0

Corollary 11.1. Let X be a topological space, Z be a compact, Y be an open
subset of X and g: Y — Z be a quasi-continuous function. Then there exists a
quasi-continuous function f: X — Z, such that fly = g.

Proof. By Theorem 11.2 there is a quasi-continuous extension 4: Y — Z. Fix
an arbitrary point zg € Z and define f: X — Z by the formula

[ h(x),ifxeY;
f(x)_{ 20, ifx€X\Y.

Obviously, f is an extension of g. Prove that f is quasi-continuous. Fix x € X.
In the case, where x € X \ Y, the quasi-continuity f at x is evident. Consider
the case, where x € Y. Let U be an open neighborhood of x and W be a neigh-
borhood of f(x) = h(x). The quasi-continuity of & implies that there is a non-
empty set V; such that V; isopeninY,V; CU and h(V;) CW.PutU; =V NY.
Since Y is open and dense in Y, the set U; is non-empty and open in X. But
f(U) =h(Uy) Ch(Vi) CW. So, f is quasi-continuous at x. O

Proposition 11.4. Let Z be a non-compact topological space. Then there ex-
ist a topological space X, a dense subspace Y of X and a quasi-continuous
function g: Y — Z which has no quasi-continuous extension f: X — Z.

In the case, where Z is not countably compact we may assume that X = [0; 1]
andY = (0;1].

Proof. Firstly, let us prove the second part of this proposition. Since Z is not
countably compact, there exists a sequence (z,);;_; in Z which has no limits
pointin Z. Denote X = [0; 1] and Y = (0; 1]. Define a quasi-continuous function
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g: Y — Z by the formula g(y) =z, fory € (ﬁ, ﬂ and n € N. Let us prove,
that g has no quasi-continuous extension.

Assuming the contrary, let f: X — Z be a quasi-continuous extension of g.
Let us prove that the point zg = f(0) is the limit point of the sequence (z,);_;.
Let W be a neighborhood of zp and n € N. Since f is quasi-continuous at 0 and
U= [0; %) is a neighborhood of 0, there exist a non-empty open set U; C U,
such that f(U;) C W. Choose y € Uy NY. Then f(y) = g(y) = z» for some
m > n. So, z;; € W. And then (z,,) has a limit point in Z, which is impossible.

Now, let us prove the main part of the proposition. Assuming non-compact-
ness of Z, we have that there exist a direct set (M, <) and a net (2, ) mep Without
a limit point in Z. Let X = M U {co}, where oo is some element with oo & M.

Put m < oo for each m € X. We equip X by the topology generating by the base
{{m}: meM}U{[m;e]: me M},

where [m;oo] = {n € M: m <n <oo}. SetY = M. Define g: Y — Z by the
formula g(m) =z, for any m € M =Y. Since Y is discrete, g is continuous.
Let us prove, that g is needed.

Assuming the contrary, let f: X — Z be a quasi-continuous extension of g.
Let us prove that the point zo = f(eo) is the limit point of the net (z,)menm-
Let W be a neighborhood of zp and my € M. Since f is quasi-continuous at
o and U = [my; 0| is a neighborhood of oo, there exist a non-empty open set
U, CU,suchthat f(U;) CW.Choose m; € UyNY.Thenm; >mgand f(m;) =
g(my) = zm,. S0, z», € W. And then (z,,)men has a limit point in Z, which is
impossible. a

11.4 Extension of real-valued quasi-continuous functions defined
on a closed Baire subspace of hereditarily normal space

Proposition 11.5. Let X be a hereditarily normal topological space, Y be a
closed Baire subspace of X and g: Y — R be a quasi-continuous function.
Then there exist a quasi-continuous function f: X — R such that fly = g,

D(f) = D(g) and sup|f(x)| = sup g ()|
xeX yey

Proof. As itis well known (see for example [4, 7]), since f is quasi-continuous
and Y is Baire space, we have that Y| = C(f) is dense in Y. Let g; = gly,. Then

g1 is continuous and it is easy to show that sup |g;(y)| = sup|g(y)|. By heredi-
yeY] yey
tary normality of X, we have that subspace X; = (X \ Y)UY] is normal. But Y] is
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closed in Xj. So, by the Tietze-Urysohn theorem [1, p. 69] we construct a con-

tinuous function f; : X; — R such that fi]y, = g1 and sup |fi(x)| = sup |g1(y)]-
xeX| yGYI

Define f: X — R as
filx),xeX\Y;
glx), xev.

o0 ={
and prove that f is needed. Since f|x, = fi, we have that sup | f(x)| =sup[g(y)|-
xeX yeyY

Fix xo € X and prove that f is quasi-continuous at xo. If xo € X \ Y then this is
imply by the continuity of fj. So, suppose that xo € Y. Then f(xo) = g(xo). Let
€ > 0 and U be an open neighborhood of x. Since g is quasi-continuous, there
exists an open set Uy C U such that UNY # 0 and |g(y) — g(xo)| < § for any
y€eU;NY.ButY)isdensein Y. Thus, there is x; € U; NY;. By continuity of fj
we find an open neighborhood U, C Uy of x; such that |f;(x) — fi(x1)| < § for
allx € UpNX;.But fj(x1) = g(x1) and f(x) = f(x) forall x € X \ Y. Therefore,
|/ (x) —g(x1)| < 5 for each x € Uy \ Y. Then |f(x) — f(x0)| = |/ (x) —&(x0)| <
() — gen)] + Jg(xr) — glxo)| < & for all x € U\ Y. But |£(x) — f(xo0)| —
lg(x) —g(x0)| < § < & for every x € Y NUj. So, |f(x) — f(xo)| < € for all
x € U. Thus, f is quasi-continuous at xy.

Finally, let us prove that D(f) = D(g). Obviously, D(g) =Y \C(g) =Y\ Y;
and D(g) C D(f). Since f is continuous on X \ Y, we have that D(f) C Y. For
any y € Y if y € Y] then g and f] is continuous at y and, so, f is continuous at
y. Thus, D(f) C Y \ Y1 = D(g). Therefore, D(f) = D(g). ]

Recall that a topological space X is called hereditarily Baire space if each
closed subspace Y of X is a Baire space. From Propositions 11.1 and 11.5 we
obtain the following result.

Theorem 11.3. Let X be a hereditarily normal hereditarily Baire topological
space, Y be a subspace of X and g: Y — R be a bounded quasi-continuous
function. Then there exist a bounded quasi-continuous function f: X — R such

that f|y = g D(f) = D(g) and sup|f(x)| = suplg(y)l
xe ye

11.5 Universal extension of quasi-continuous functions

Definition 11.6. Let X and Z be topological spaces, H be an open subspace of
X,Y =X\H. A function h: H — Z is called an universal quasi-continuous
extension if for any function g: Y — Z, such that the restriction gliny is quasi-
continuous, the function f = gUh: X — Z, which is defined by the formula
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g(x),ifxey;

f(x):{h(x),ifer, forany xe€X,

is quasi-continuous.

Firstly, we prove some simple characterization of universal quasi-continuous
extensions.

Proposition 11.6. Let X and Z be topological spaces, H be an open subspace
of X, Y =X\ H and h: H — Z. Then the followings items are equivalent:

(i)  his an universal quasi-continuous extension;
(ii) h is quasi-continuous and the cluster set h(x) = Z for any x € frH;

Proof. (i) = (ii). Prove, that & is quasi-continuous. Let go: ¥ — Z be a con-
stant function. Then (i) implies that fy = go U h is quasi-continuous. Since H
is open, the restriction & = fp|y is quasi-continuous too.

Fix z9 € Z, xo € frH and prove that zo € h(xo). Firstly, consider the case,
where the only neighborhood of zg is Z. Then zo € E for any non-empty set
E CZ.So, 70 € h(U N H) for any neighborhood U of x(. Therefore zo € h(x)).

Now assume that there exists a neighborhood W of zp, such Wy # Z. Fix
z1 € Z\ Wy. Consider the function g: ¥ — Z such that g(y) = zo for all y €
frH=1frY =Y \intY and g(y) =z forall y € intY. By (i) we conclude that the
function f = gUh: X — Z is quasi-continuous. Consider open neighborhoods
U of xp and W of zy. Since f(x9) = zo and f is quasi-continuous, we have
that there is a non-empty open set U; C U, such that f(U;) C W NW,. But
f(x) =21 €W, for any x € intY. So, U; C X \ intY = H. Therefore, U; N H #
0. Choose x; € Uy NH. Then h(x;) = f(x;) € W. Thus, WNh(UNH) # 0.
Therefore, zo € h(U NH) for any U € %,,. Then zy € h(xo).

(ii) = (i). Let g: Y — Z be a function, such that the restriction gliniy is
quasi-continuous, and let f = gUh: X — Z. We have that the restrictions
Slinty = gliny and f|g = h are quasi-continuous. So, it is reminds to show,
that f is quasi-continuous at every point of fr H. Fix xo € fr H. Consider open
neighborhoods U of xo and W of f(xp). Since f(xo) € Z = h(xo) C h(UNH),
we have that W NA(UNH) # 0. Choose x; € UNH, such that h(x;) € W. But
h is quasi-continuous. So, there exists an non-empty open set U; C U NH with
h(U;) CW. Then f(U,) = h(U;) C W. Therefore, f is quasi-continuous at xo.

O

The following theorem give some answer to the question on the existing of
real-valued universal quasi-continuous extensions.
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Theorem 11.4. Let X be a perfectly normal space and H be an open subspace
of X such that Xo = H is locally connected. Then there is a continuous function
h: X\'Y — R which is an universal quasi-continuous extension.

Proof. SetU =X \Y,V=intY, F=Y\V.Then Xy =UUF =X\V and F
is a nowhere dense subset of Xo Let ¢: (0;+0) — R be a function which is
defined by the formula ¢@(z) = + s1n L for any ¢ > 0. Obviously, ¢ is continuous
and

@((0;8)) =R forall &>0. (11.1)

By the Vedenissoff theorem [1, p. 45], there exists a continuous function
v: X — [0;1] such that y~!(0) = F. Put h = @ o y. Obviously, / is contin-
uous.

Prove that £ is an universal quasi-continuous extension. Fix xg € F and
prove that h(xg) = R. Let U be a neighborhood of xo. By the local con-
nectedness of Xp, there exists a connected neighborhood U; of xp in Xp,
such that U; C U. But F is nowhere dense in Xp. So, there exists a point
x; € Uy \ F. Then y(x;) > 0 and y(x9) = 0. Let & = y(x). Since U is
connected and v is continuous, we have that y(U;) 2 [0;6]. But y(x) =
on F and Uy NH = U, \ F. Therefore, y(U NH) D (0;6). Then by (11.1)

we conclude that (UNH) D h(UyNH) = (p(l//(Ul ﬂH)) 2 q)((O;B)) =

Thus, h(xg) = R. Then Proposition 11.6 implies that 4 is an universal quasi-
continuous extension. O

Proposition 11.5 and Theorem 11.4 imply the following.

Corollary 11.2. Let X be a perfectly normal space, Y be a subspace of X, such
that Xo = X \intY is locally connected, and g: Y — R be a bounded quasi-
continuous function. Then there is a quasi-continuous extension f: X — R

of g.

11.6 Multicellular spaces and existing of universal quasi-
continuous extensions

Definition 11.7. For a topological space X the cardinal numbers
d(X) =min{cardA: A is a dense subset of X }
and
¢(X) =sup{card% : % is a disjoint system of non-empty open subsets of X }
are called the density and the cellularity of X respectively. We call a topological
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space X multicellular if there exists a disjoint family % of non-empty open
subsets of X with cardinality card % = d(X).

Clearly, ¢(X) < d(X). Than ¢(X) = d(X) for any multicellular space X. But
the inverse statement is not true.

Proposition 11.7. If m is weakly inaccessible cardinal (i. e. regular and limit)
and X = [Tyem D(n), where D(n) is the discrete space of the cardinality n, then
d(X) = c(X) = m but X is not multicellular.

Proof. 1. Juhdsz [2, 7.6] proves, that ¢(X) = ¢(X) = m, that is, for any dis-
joint open family %/ in X we have that card %/ < m. But from the Hewitt-
Marczewski-Pondiczery theorem [1, p. 81] we easily obtain that d(X) = m.
Therefore, X is not multicellular and ¢(X) = d(X). O

On the other hand, we have the following.

Proposition 11.8. Let X be a topological space, such that ¢(X) = d(X) is sin-
gular. Then X is multicellular.

Proof. 1. Juhdsz [2, 4.1] proves, that if ¢(X) is singular then there exists a dis-
joint open family % with card %7 = ¢(X). So, we have that
cardZ =c(X)=d(X).
O

Proposition 11.9. Let X be a Hausdorff separable topological space. Then X
is multicellular.

Proof. Let T be a dense subspace of X, such that card7T = d(X) < Xy. Firstly,
consider the case, where T has an accumulation points. So, there exists a point
a€ X,suchthata € T\ {a}. Let Ty = T \ {a}. Choose x| € Ty. Then we can
construct disjoint open neighborhoods U, of x; and V; of a. Since a € T, there
is a point x, € Vo N Ty. Thus, there exist disjoint open neighborhoods U, C V;
of x; and V, C V; of a. Then we choose a point x3 € V, N Ty. And so on. In this
way we can construct a disjoint sequence of non-empty open sets U, in X.
Now we consider the case, where T has no accumulation points. In this
case T is closed and discrete. But X =T = T. Thus, X is discrete. So, family
U = {{x}: x € X} is needed. O
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Proposition 11.10. Let X be a metrizable topological space. Then X is multi-
cellular.

Proof. As it is well-known the cellularity and the density of a metrizable space
are equals [1, p. 255]. Let d(X ) = ¢(X ) = m. By Propositions 11.8 and 11.9 we
can assume, that m > ¥ is regular. Fix some metric p generating the topology
of X. Applying the Teichmiiller-Tukey lemma [1, p. 8], we can choose for any
n € N a maximal set 7, such that p(x,y) > % for any distinct points x,y € S,,.
So, we have, that p(x,7;,) < % foranyx€ X andn € N. Then T = |J 7, is
n=1
dense. Let m,, = card7,. Since %, = {B(x, i) x € T, } is disjoint, we have
that m,, = card %, < ¢(X) = m. Thus, m = d(X) < cardT = supm,, < m. So,

neN
m = supm,. But m is regular. Then cofinality cf(m) = m > X,. Therefore,
neN
there exists n with m,, = m. Then %, is a disjoint open family of cardinality m.
Thus, X is multicellular. O

Lemma 11.1. Let X and Z be topological spaces, H be an open subspace of X,
Y =X\H, h: H— Z be an universal quasi-continuous extension and (W, );cr
be a disjoint family of non-empty open sets W, in Z. Then there exists a disjoint
family (H,).er of non-empty open sets H; in H, such that frH C H, for any
teT.

Proof. Denote H, = inth~'(W,) for t € T. Obviously, the sets H, are dis-
joint and open. Fix t € T and x € frH. To prove that x € H, consider an
open neighborhood U of x. By Proposition 11.6 we have that 4 is quasi-
continuous and the cluster set h(x) = Z. Thus W, NA(HNU) D W, Nh(x) # 0.
Then W; N h(H NU) # 0. Therefore, the quasi-continuity of A implies that
there is a non-empty open subset U; of HNU such that h(U;) C W,. So,

UNH, =Uninth~"(W;) D U; #0. O

Lemma 11.2. Let X be a topological spaces, Z be a compact, H be an open
subspace of X, (H,);er be a disjoint family of non-empty open sets H, in H,
such that ftH C H, for anyt € T and {z;: t € T} be a dense subset of Z. Then
there exists an universal quasi-continuous extension h: H — Z.

Proof. Let G = |J H;. Define g: G — Z by the formula g(x) = z, if x € H; for
teT

some t € T. Since frH C H, for any t € T, we conclude that frH C G.

Fix x € frH and prove that g(x) = Z. Let z € Z, U is a neighborhood of x
and W is a neighborhood of z. Since {z;: t € T} = Z, we can find t € T such
that zz € W. But U N H, # 0. Thus, g(UNH) D g(UNH,) = {z}. Therefore,
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g(UNH)NW # 0 for any neighborhood W of z. So, z € g(UNH) for any

neighborhood U of x. Thenz € |J g(UNH)=g(x) for any z € Z. Therefore,

U,
gx) =2
By Corollary 11.1 we can construct a quasi-continuous extension i: H — Z
of the function g. Then for any x € frH we have that Z C g(x) C h(x). So,
h(x) = Z for such x. Thus, Proposition 11.6 implies that / is an universal quasi-
continuous extension. a

From the Lemmas 11.1 and 11.2 we immediately obtain the following.

Theorem 11.5. Let X be a topological space, Z be a multicellular compact,
m =d(Z), H be an open subset of X. Then the following conditions are equiv-
alent

(i) there exists an universal quasi-continuous extension h: H — Z;
(ii) there exists a disjoint family (H,);cr of open subsets H, of H, such that
cardT =mand frH C H; foranyt € T.

Using Proposition 11.9 we conclude from previous theorem the following.

Theorem 11.6. Let X be a topological space, Z be an infinity separable com-
pact, H be an open subset of X. Then the following conditions are equivalent

(i) there exists an universal quasi-continuous extension h: H — Z;
(ii) there exists a disjoint family (H,)>_, of non-empty open sets H, in H,
such that frH C H,, for any n € N.

n=1

Definition 11.8. A topological space X is called weakly pairwise attainable if
for any open set G and any closed subset F of G\ G there exist disjoint opens
subsets U and V of G such that F =U\ G =V \ G.

In [6] it was proved the following: if X is a perfectly normal Fréchet-
Urysohn space such that for any closed subset F' of X there is a strongly o-
discrete set E with E = F then X is weakly pairwise attainable. In particular, in
[6] (see also [5]) it was proved that every metrizable space is weakly pairwise
attainable.

Theorem 11.7. Let X be a weakly pairwise attainable space, Z be a separable
compact, H be an open subset of X. Then there exists an universal quasi-
continuous extension h: H — Z.

Proof. Let F = frH. Since X is weakly pairwise attainable, there are disjoint
opens subsets H; and Gy of H such that F = H, \ H = G; \ H. In particular,
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F C frG. Then there are disjoint opens subsets Hy and G, of G| such that
F = Hy\ G, = Gy \ Gy. So, we can construct a sequence of nonempty open
sets G, and H,, such that G| UH; C H, G,,41UH, 1 C G, and F C G,NH, for
any n € N. Therefore, the sets H, are pairwise disjoint and F C H,, for each n.

By Proposition 11.9 Z is multicellular and v =d(X) < Xo. Put T =Nif v =
Xo and 7 = {1,2,...v} if v < Ry. Then (H,).er satisfies the condition (if)
from Theorem 11.5. Thus, there exists an universal quasi-continuous extension
h:H—Z. a

The Theorems 11.7 and 11.2 immediately imply the following.

Corollary 11.3. Let X be a weakly pairwise attainable space, Z be a separable
compact, Y CX and g: Y — Z be a quasi-continuous function. Then there exist
a quasi-continuous function f: X — Z, such that f|y = g.

11.7 Quasi-open, quasi-closed and quasi-clopen sets

Definition 11.9. Let X be a topological space and A C X. A set A is called

quasi-open if A C intA;
quasi-closed if intA C A;
quasi-clopen if intA C A C intA;
regularly open if A = intA;
regularly closed if A = intA.

It is easy to see that a function f: X — Y between topological spaces X and Y
is quasi-continuous if and only if f~!(V) is quasi-open in X for each open set
Vin Y. In [3] quasi-open sets and quasi-continuous functions are called semi-
open and semi-continuous respectively. But in modern articles such functions
f is always called quasi-continuous. So, we use term “quasi-open” for such
sets. Regularly open (closed) sets are sometimes called open (closed) domain
(see [1, p. 20]) or canonically open (closed). Quasi-clopen sets sometimes are
called canonical.

Proposition 11.11. Let X be a topological space and A C X. Then

(i) A is quasi-open if and only if X \ A is quasi-closed;

(ii) A is quasi-closed if and only if X \ A is quasi-open;

(iii) if A is open then A is quasi-open;

(iv) if A is closed then A is quasi-closed;

(v) A is quasi-clopen if and only if A is both quasi-open and quasi-closed;
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(vi) A is regularly open if and only if A is both quasi-clopen and open;
(vii) A is regularly closed if and only if A is both quasi-clopen and closed;
(viii)A is quasi-clopen if and only if X \ A is quasi-clopen;

(ix) if A is closed then intA is regularly open;
(x) if A is open then A is regularly closed.

Proof. (i) As it is well known, for any E C X we have that
int(X\E)=X\E and X\E =X)\intE.
By definition of quasi-open sets we have that A C intA. Put B = X \ A. So,
B=X\ADX\intA =int(X \ intA) = intX \ A = intB.

Therefore B is quasi-closed.

(ii) Obviously, (ii) < (i).

(iii) Let A be open. Then A = intA C intA. So, A is quasi-open.

(iv) Let A be closed. Then A = A D intA. So, A is quasi-closed.

(v) This item is evident.

(vi) Let A be a regularly open subset of X. Then A = intA. So, A is quasi-
closed. Openness of the interior implies that A is open. Thus, by (iii), A is
quasi-open. Then, by (v), A is quasi-clopen.

Let A be an open subset of X which is quasi-clopen. Then A is quasi-closed.
Thus, intA C A = intA C intA. Therefore, intA = A. So, A is regularly open.

(vii) Let A be a regularly closed subset of X. Then A = intA. So, A is quasi-
open. Closeness of the closure implies that A is closed. Thus, by (iv), A is
quasi-closed. Then, by (v), A is quasi-clopen.

Let A be a closed subset of X which is quasi-clopen. Then A is quasi-open.
Thus, intA O A = A D intA. Therefore, intA = A. So, A is regularly closed.

(viii) This item follows from (i), (if) and (v).

(ix) Let B = intA. Then intB C B C A = A. So, intB C intA = B. But B =
intB C intB. Therefore, B = intB, that is B is regularly open.

(x) Put B=A. Then intB D intB D intA = A. So,intBDA=B.ButB=B D
intB. Therefore, B = intB, that is B is regularly closed. ]

Proposition 11.12. Let X be a topological space and A C X. Then

(i) A is quasi-open if and only if there is an open set U and a set E C U\ U
such that A =UUE;

(ii) A is quasi-closed if and only if there is a closed set F and a set E C
F\intF such that A=F \E;
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(iii) A is quasi-open if and only if there exists an regularly closed set F and a
nowhere dense set E C F such that A= F \ E;

(iv) A is quasi-closed if and only if there exists an regularly open set U and a
nowhere dense set E C X \ U such that A= U UE;

(v) A is quasi-clopen if and only if there is a regularly open set U and a set
E CU\U such thatA=UUE;

(vi) A is quasi-clopen if and only if there is a regularly closed set F and a set
E C F\intF such thatA =F \ E.

Proof. (i) Let A be a quasi-open subset of X. Put U = intA and E = A\ U.
Then A = U UE. By the definition of quasi-open sets, we have that A C U. So,
E=A\U CU\U. Therefore, U and E are to be found.

Conversely, let A = U UE for some open set U and set E C U \ U. Since
U = intU C intA, we conclude that A = UUE C U C intA. Thus, A is quasi-
open.

(ii) Let A be a quasi-closed subset of X. Put F = A and E = F \ A. Then
A = F \ E. By the definition of quasi-closed sets, we have that intF' C A. So,
E =F\A CF\intF. Therefore, F and E are to be found.

Conversely, let A = F \ E for some closed set F and set E C F'\ intF. Since
F =F DA, we conclude that A = F\ E DO F \ (F \ intF) = intF’ D intA. Thus,
A is quasi-closed.

(iii) Let U = intA. Since A is quasi-open, A C U. Proposition 11.11(x)
yields that F = U is regularly closed. Set E = F \ A. Then A = F \ E,
E CU\U = frU is nowhere dense. So, F and E is to be found.

(iv) Let F = A. Since A is quasi-closed, int F C A. Proposition 11.11(ix)
yields that U = intF is regularly closed. Set E = A\ U. Then A = U UE,
E C F\intF = frF is nowhere dense. So, U and E is to be found.

(v) and (vi) Let A be a quasi-clopen subset of X. As in (i) and (ii), put
U=intA, F=Aand E' =A\U and E” = F\A. Then A=UUE' = F\E",
E' CU\U and E” C F \intF. Let us prove that U is regularly open and F is
regularly closed. Taking to account that U C F and by the definition of quasi-
clopen subsets intF C A C U, we obtain that intF = int(intF) C intA = U =
intU CintF and UCF=F=AC (U)=U. Thus, intF =U and U = F.
Therefore, intF = U = F and intU = intF = U. So, U is regularly open and F
is regularly closed.

Let A= U UE where U is regularly open subset of X and E C U \ U. Then
by (i) we have that A is quasi-open. To prove that A is quasi-closed, observe
that intA = int(U UE) = intU = U C A. Then by Proposition 11.13(v) we have
that A is quasi-clopen.
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Let A = F \ E where F is regularly closed subset of X and E C F'\ intF'. Then
by (ii) we have that A is quasi-closed. Since F \ intF is closed, we have that
E C F\intF and then ENintF = 0. So, intA = int(F \ E) = int(FN (X \E)) =
intF Nint(X \ E) = intF N (X \ E) = intF \ E = intF. Thus, intA = intF = F D
A. Therefore, A is quasi-open. Then by Proposition 11.13(v) we have that A is
quasi-clopen. a

Proposition 11.13. Let X be a topological space and B C A C X. Then

(i) if A is quasi-open in X and B is quasi-open in A then B is quasi-open in
X;

(ii) if A is quasi-closed in X and B is quasi-closed in A then B is quasi-closed
nX;

(iii) if A is quasi-clopen in X and B is quasi-clopen in A then B is quasi-clopen
inX.

Proof. (i) Put U = intA and V = int4B. Then A C U and B C V. Since V is
open in A and U is dense in A, we have that the set W =U NV is dense in V.
So, W = V. On the other hand, W is open in U and U is open in X. Therefore,
W is open in X. So, W C intB. Then B C W C intB.

(i) Put U = intA and V = int4(BNA). Then U C A and V C B. Since V is
open in U, the set W = U NW is open in U. But U is open in X. Therefore W
is open in X.

Let us prove that E = A\ U is nowhere dense in X. Indeed, E C X \ U implies
intE CE CX\U =X \U. In the other hand, intE C intA = U. Therefore
intE = 0 and then E is nowhere dense.

Analogously, the set E; = B\ V is nowhere dense in A. Since U is open,
E1NU is nowhere dense in U. Therefore E£; NU is nowhere dense in X. But
E; \ U is nowhere dense in X as a subset of the nowhere dense set A\ U. So,
E) is nowhere dense in X, because E; = (E; \U)U (E;NU).

Set G = intW and prove that G = intB. Clearly, W C V C B. Then G =
intW C intB. To prove the inverse inclusion, we observe that B\ W is nowhere
dense in X, because B\W C B\W = (B\U)U(B\V) CEUE;. But X \W
is open set. So, B\W =BN(X\W) C BN (X\W) =B\W. Thus, B\ W is
nowhere dense in X. So, intB C W. Therefore, intB C intW = G.

Thus, we have proved that intB = G.

(iii) This item follows from (i), (if) and Proposition 11.11(v). O
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The following proposition implies straitly from the definitions.

Proposition 11.14. Let X and Y be topological spaces and f: X — Y. Then
the following statement are equivalent:

(i)  f is quasi-continuous;
(ii) for any open subset G of Y the pre-image f~'(G) is quasi-open;
(iii) for any closed subset F of Y the pre-image f~'(F) is quasi-closed.

11.8 Quasi-clopen partitions and quasi-continuous functions

We need some auxiliary statements.

Lemma 11.3. Let X be a hereditarily normal space, Y C X and B be a quasi-
clopen subset of Y. Then there exist a quasi-clopen subset A of X with ANY =
B.

Proof PutV =intyB" and V' =Y \EY. Since B is quasi-clopen in Y, we have
that V. C BC V' . In particular, B' = V"' . Thus, V = intyV" . Obviously, V N
V' =V AV =0.S0, VAV =V NV’ =0, that is V and V' are separated in
X. By [1, Theorem 2.1.7.] we have that there exist open subsets U and U’ of X,
suchthat V CU, V' CU andUNU'=0. ThenV CUNY C (X\U')NY =
Y\(U'NY)CY\V =B =V".S0,VCUNY CintyV' = V. Therefore,
UNY =V.Put F =U. By Proposition 11.11(ix), F is a regularly open subset
of X. Observe, that intyV' =V =UNY CintFNY CFNY C (X\U')NY C
Y\V' =V".So,intFNY =Vand FNY =V .Let E=V" \BandA =F \E.
Then EC V' \V = (FNY)\ (intF NY) C F \intF. By Proposition 11.13(vi),
we have that B is quasi-clopen. Observe, that ANY = (F\E)NY = (FNY)\
E =V"\ (V" \ B) = B. Therefore, A is to be found. 0

Definition 11.10. A system .o/ of subsets of a topological space X is called a
quasi-clopen partition of X if <7 is a finite system of pairwise disjoint non-
empty quasi-clopen subsets of X, such that | &7 = X.

Lemma 11.4. Let X be a hereditarily normal space, Y C X and 9B be a quasi-
clopen partition of Y. Then there exist a quasi-clopen partition </ of X such
that B={ANY:Ac o}

Proof. Prove this lemma by induction on card 4. If card% = 0 then & = 0
and &7 = @ is needed. Suppose, that for some n > 0 we have, that the lemma
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holds for any £ with card = n — 1. Let card Z = n. Since n > 0, there ex-
ists By € #. By Lemma 11.3, there exists a quasi-clopen in X set A;, such
that A;NY = By. Put X = X\A], Y = Y\B] and &' = %\ {B]}. Then
' is a quasi-clopen partition of a subspace Y’ of a hereditarily normal space
X' with card’ = n — 1. By the inductive assumption, we have that there ex-
ists a quasi-clopen partition .7’ of X', such that &' = {ANY': A € &/'}. By
Proposition 11.13(viii), Y’ is quasi-clopen in X. Then Proposition 11.13(iii)
implies, that for any A € <7, we have that A is quasi-clopen in X. Therefore,
o =o' U{A,} is needed. O

Lemma 11.5. Let Y be a topological space, Z be a metric compact, g: Y — Z
be a quasi-continuous function and € > 0. Then there exists a quasi-clopen
partition BB of Y such that diamg(B) < € for all B € 4.

Proof. Let ng(Z) be the minimal of numbers n € N for which there exists a
finite open covering {W;,W,,...,W,} of Z, such that diam W, < ¢ for all i =
1,2,...,n. Prove our statement by the induction on ng(Z). If ne(Z) = 1, then
diamZ < €. So, = {Y'} \ {0} is needed.

Suppose, that for some n € N the lemma holds for any Y, Z and g with
ne(Z) < n. Fix some Y, Z, g with ng(Z) = n and prove the existing of Z.
Choose a finite open covering {W;, W5, ..., W, } of Z, such that diam W; < € for
alli=1,2,...,n.SetA, =g~ (W,), M, = g~ '(W,). By Proposition 11.14, we
conclude that A, is quasi-open and M, is quasi-closed. Thus, A, C intA, and
intM,, C M,,. Let U, = intA,. Put B, = M, NU,. Then g(B,) = g(M,) CW, =
W,. So, diamg(B,) < diamW, = diamW, < .

Since A, C M,,, we have that U, C intM,, C M,,. Thus, U, CU,NM,, =B, C
U,. By Proposition 11.11(ix), U, is regularly open. Let E, = M,, \ U,. Then
E,CU,\U, and B, = U, UE,. By Proposition 11.13(v), B, is quasi-clopen.

PutY' =Y \B,,Z' =Z\W, and g’ = g|y'. Clearly, ng(Z") < n— 1. By Propo-
sition 11.11(viii), Y’ is quasi-clopen. Let us prove, that g’ is quasi-continuous.
Fix yo € Y'. Consider open sets V in Y and W in Z, such that yp € V and
f(yo) € W. Since yo € B, = U, M, we conclude that yo & U,, or yo & M,,.

Firstly, consider the case, where yq € U ,. By quasi-continuity of g, we have
that there exists nonempty open sets U C V \ U, with g(U) C W. Since B, C
U,, we obtain that U CY\U, CY\B, =Y. Then g’ is quasi-continuous at
Yo-

Now, consider the case, where yo & M,. Then g(yo) ¢ W,. By quasi-
continuity of g, we have that there exists a nonempty open set U C V with
g(U)C W\Wn Then g(U) C Z\Wn- Thus, U C g_l (Z\Wn) = Y\g_l (Wn) =
Y\M, CY\B, =Y’ Then g is quasi-continuous at yy.
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Clearly, Y', Z' and g’ satisfy all the required conditions and n¢(Z') < n.
Then, by the inductive assumption, we conclude that there exist a quasi-clopen
partition %’ of Y’, such that diamg’(B) < € for any B € %’. By Proposi-
tion 11.13(iii), since Y’ is quasi-clopen in ¥, we have that B is quasi-clopen
inY forevery B € #'. Then = %' U ({B,} \ {0}) is to be found. O

The following lemma follows immediately from Lemmas 11.4 and 11.5.

Lemma 11.6. Let X be a hereditarily normal space, Y C X, Z be a metric
compact, g: Y — Z be a quasi-continuous function and € > 0. Then there exists
a quasi-clopen partition </ of X such that Z ={ANY: A € &/} is a quasi-
clopen partition of Y and diamg(B) < € for all B € 4.

Lemma 11.7. Let X be a topological spaces, Y be a T\-space and f: X —Y
be a function with the finite range f(X). Then f is quasi-continuous if and only
if o ={f'(y): y € f(X)} is a quasi-clopen partition of X.

11.9 Extension of quasi-continuous function ranged in
a metrizable compact

Theorem 11.8. Let X be a hereditarily normal space, Y C X, Z be a metrizable
compact, g: Y — Z be a quasi-continuous function. Then there exists a quasi-
continuous function f: X — Z such that f|y = g.

Proof. Consider some metric d on the topological space Z for which diamZ < 1.
We will construct a sequence (.o7,);_, such that for all n € N the following
conditions are hold:

h ={X}; (11.2)

for all A € <7, there exists B € <7, such that A C B; (11.3)
7, is a quasi-clopen partition of X; (11.4)
PB,={ANY: A € o,} is a quasi-clopen partition of ¥; (11.5)
diamg(B) < 1 forall B € %,. (11.6)

Suppose that for some n € N we already construct a family 7. Let us define
a family 27,1 . Fix A, € ©7,. Using Lemma 11.6 for the topological space A,,
its subspace A, NY, the function g|4, and € = nTlrl we obtain a quasi-clopen
partition <7,.1(A,) of A, such that %,.1(A,) = {ANY: A€ ,1(A,)} is
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a quasi-clopen partition of Y NA, and diamg(B) < ﬁ for all B € %,1(Ay).

Putting o7,,1 = U ,+1(A,) we have constructed the required system.
A€oty

Fix x € X and n € N. Choose A, (x) € .7, for which x € A, (x). Let B, (x) =
An(x)NY. Since B,(x) € %, and %, is a quasi-clopen partition of ¥, we
have that B,(x) # 0. Choose an arbitrary point b,(x) € B,(x). Set f,(x) =
g(bn(x)). So, we have defined a functions f,: X — Z. Since %, is a quasi-
clopen partition, we conclude that f, is quasi-continuous. For any m < n we
have that B, (x) C By (x). S0, by(x),bu(x) € Byu(x). Then d(f,(x), fu(x)) =
d(g(bn(x)),g(bm(x))) < % Therefore, f;, is uniformly convergent on X. Let
flx)= r}grolo fa(x) for all x € X. Then f: X — Z is quasi-continuous. If x € ¥

then y,b,(y) € Ba(y). So, d(g(y), fu(y)) = d(g(y),8(ba(y))) < 1. Therefore,
f(y)=g(y)onY. O

11.10 Some counterexamples and open problems

The first counterexample is related with Proposition 11.5 and Theorems 11.4,
11.7 and 11.8.

Theorem 11.9. Let 1L be the Sorgenfrey line and X = 1L>. Then X is not a
normal space but for any subspace Y C X and any quasi-continuous function
g: Y — [0;1] there exists a quasi-continuous function f: X — [0;1], such that

flr=g

Proof. By Proposition 11.1 wy may assume, that Y is a closed subset of X. Let
d be the Euclidean metric on R* = X and Y be the closure of ¥ in R2. Define
f+ X — [0;1] by the formula

g(x),ifxey;
flx) = O,ifxe?\Y;
sinzﬁ JifxeX\Y.

Prove that f is quasi-continuous. Let ¥j be the interior of ¥ in X and Y 0
be the interior of ¥ in R2. Obviously, f is quasi-continuous at every point of
(Y \Y)UYp. Fix xo = (o, v0) € Y1 =Y \ Yo and prove, that f is quasi-continuous
at xp. Consider neighborhoods W = (f(xo) — €; f(x0) + €) of f(xo) in R and
U = [up;up + 6) X [vo;vo+ 6) of xo in X. Since xo & Yo, U € Y. So, U \Y is
a non-empty open set in X. The boundary Y \ Y? of ¥ in R? is nowhere dense
in R2, and therefore is nowhere dense in X. So, Y \ 'Y is nowhere dense in X
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too. Thus, there exists a non-empty open set V in X, such that V C U \ Y and
VN (Y\Y) = 0. Therefore, V C U\ Y.

Choose u; < u* and v; < v*, such that V| = [up;u*] X [vi;v] CV. Put u, =
(1= t)uo+tur, v = (1 —1)vol +1v1, Vi = (usu*) x (v;v*) and V; = [uy;u*] X
[v;v*] for any 7 € [0;1]. Obviously, the families (V;);e[;1] and (Vt)te[o,]] are
increasing and % nY xo. Let

t=sup{r € [0;1]: V,NY # 0}.

Prove that V; N Y # (. Indeed, if we suppose the contrary, then we have that

t>0and () ‘7, = VT C R? \ Y. ButY is closed in R? and V, are compact in
o<t<t

IR?. Then there exist o € (0;7), such that XZO C R?\ Y. Thus, ‘7,0 NY = 0. So,
V, NY =0 for any ¢ € [to;1]. Then T < 1y < T, which is impossible. Therefore,
V.NY 0.

Let us prove, that 7 < 1. Note, that | ‘7, = % C R? \ Y. Then there is
O<r<1

t©1 < 1 with 17” CR2\F- So, we have that 7 <1 < 1.
Since V, C X \ Y for any ¢ € (7;1], we have that

U vicx\v.

te(t:1]

Therefore, we obtain that V; NY = 0.

Choose a € VTOY and b € V;. Then d( Y)=0and d(b,Y)=r > 0. Put
o = arcsin/ f(xp). Choose n € N with a+2n < r.Butd(-,Y) is continuous
on R? and VT U{a} is connected in R?. Thus, there is ¢ € V; U {a} such that
d(c,Y) = a+27m Since d(c,Y) # 0, ¢ # a. So, ¢ € V;. Observe, that f(c) =
sin’ (o +27n) = sin> a = f(xg) € W. But f is continuous at ¢ with respect to
the Euclidean topology. Then there exists an open in R? set U; C V, such that
f(Uy) CW. Since U is open in X too and U; CV C U, we conclude that f is
quasi-continuous at xp. a

In this regard we have the following problems.

Problem 11.3. Describe all spaces X such that for any subspace Y and any
quasi-continuous function g: ¥ — [0;~ 1] there exists a quasi-continuous exten-
sion f: X — [0;1] such that D(f) = D(g).

Problem 11.4. Describe all spaces X, such that for any subspace Y, any
(metrizable) compact Z and any quasi-continuous function g: ¥ — Z, there
exists a quasi-continuous extension f: X — Z.
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Problem 11.5. Describe all spaces X, such that for any closed subspace Y and
any (metrizable) compact Z, there exists a universal quasi-continuous exten-
sionh: X\Y — Z.

Problem 11.6. Let X be a hereditarily normal space, Y be a subspace of X, Z
be a compact (non-metrizable) and g: Y — Z be a quasi-continuous function.
Is there a quasi-continuous extension f: X — Z of g?

The following counterexample shows, that in Theorem 11.3 we can not replace
the hereditarily normality of X by the normality.

Theorem 11.10. Let X = [0;1]° be the Tichonoff’s cube and Y be a subspace
of X which is homeomorphic to the reminder BN\ N of Cech-Stone compactifi-
cation of the countable discrete space N. Then there exists a quasi-continuous
function g: Y — [0; 1] which has no quasi-continuous extension f: X — [0;1]
with D(f) = D(g).

Proof. Suppose, that every quasi-continuous function g: ¥ — [0;1] has a
quasi-continuous extension with D( f) = D(g). Firstly, the Hewitt-Marczewski-
Pondiczery theorem [1, p. 81] implies, that X is separable. So, there exist a
countable dense subset E of X.

By [1, 3.6.18] choose a disjoint family (V;);er of non-empty open subset V;

inY, such that card7 = c. Fix ACT. Let Va= U V;, Vs =X \Va, Fx =Y\

teA

(VanVy). Define g4: ¥ — [0;1] by the formulas ga(x) =1 on V4 and ga(x) =
OonY \VA. Evidently, g4 is quasi-continuous. Since Fy =V 4 NV!, we obtain
D(ga) = F4. Then there exists a quasi-continuous extension fs: X — [0;1] of
ga, such that D(f4) = F4. Then f4 is continuous at every point of the sets
V4 and V;. Therefore, Uy = int f,! <(%;—|—oo)) and U} = int f, ' ((—oo; %)) are
disjoint open sets with V4 C Uy and V{ C Uj. Put E4 = ENUjy.

Let A and B be a distinct subset of T'. Prove, that E4 # Eg. Let A Z B. Then
there exists # € A\ B. Fix yg € V;. Then yg € VANV CUsNUg. So, UsNUp # 0.
Since E = X, there exists xo € ENU4 N Ul’g. Therefore, xg € E4 and xo & Ep.
Thus, E4 # Ep.

So, we construct a injection 2T 5 A+ E4 € 2F. Then 2¢ = card2” <
card2f =2%0 = ¢ < 2¢, which is impossible. ]

With the previous example is related the following question.

Problem 11.7. Do there exist a normal space X, a closed subspace ¥ C X and
a quasi-continuous function g: ¥ — [0; 1] without any quasi-continuous exten-
sion?
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