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INTRODUCTION TO THE LOCAL THEORY
OF PLANE ALGEBRAIC CURVES

ARKADIUSZ PLOSKI

ABSTRACT. We consider the algebroid plane curves defined by formal power
series of two variables with coefficients in an algebraically closed field. Using
quadratic transformations we prove the local normalization theorem. Then we
study the intersection multiplicity of algebroid curves and give an introduction
to the Newton diagrams.

These notes are intended as a concise introduction to the local theory of plane
algebraic curves. We consider the algebroid plane curves defined by formal power
series of two variables with coefficients in an algebraically closed field. Using qua-
dratic transformations we prove the local normalization theorem. Then we study
the intersection multiplicity of algebroid curves and give an introduction to the
Newton diagrams. We assume known the basic theorems on formal power series:
the Weierstrass Preparation Theorem, the Implicit Function Theorem and Hensel’s
Lemma. A standard reference for this material is Abhyankar [1] (see also Hefez
[5]). The book [8] by Seidenberg was very helpful when preparing this text. For
further study of algebroid curves we refer the reader to Campillo [2].

In what follows K is an algebraically closed field of arbitrary characteristic. The
ring of formal power series in two variables x,y with coefficients in the field K
will be denoted K[[z,y]] and its field of fractions K((z,y)). If f = > .5, fi is a
nonzero formal power series represented as the sum of homogeneous forms f; with
fr # 0 then we write ord f = k and in f = f;. Additionally we put ord0 = oo
and in0 = 0. We use the usual conventions on the symbol co. A power series
u € K[[z,y]] is a unit if uv = 1 for a power series v € K[[z, y]]. Note that u is a unit
if and only if its constant term w«(0) is nonzero. If f,g € K][[z,y]] are such that
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f = gu for a unit u then we write f ~ g. The principal ideal of K[[z, y]] generated
by f is denoted (f)K[[z,y]]. The reader will find the description of prime ideals of
the ring K][z, y]] in Appendix C.

1. ALGEBROID CURVES, QUADRATIC TRANSFORMATIONS

Let f € K[z, y]] be a nonzero formal power series without constant term. The
algebroid curve f = 0 is by definition the principal ideal (f)K[[z,y]] generated
by f. We also denote {f = 0} the algebroid curve of equation f = 0. Thus we
have {f = 0} = {g = 0} if and only if f ~ g. The curve {f = 0} is reduced
(resp. irreducible) if the power series f does not have multiple factors (resp. is
irreducible). If f = f"* ... f" in K[z, y]] with f; irreducible and coprime then
the curves {f; = 0} are called irreducible components of {f = 0} with multiplicities
my;.

The order (multiplicity) of the curve { f = 0} is the number ord f. The definition
is correct because from f ~ g it follows ord f = ordg. The curves of order 1 are
called regular or non-singular. The curves of order strictly greater than 1 are called
singular. If f ~ g then in f = cing for a constant ¢ € K\ {0}. The affine curve
in f = 0 (see Fulton [4]) is called the tangent cone to the curve f = 0. From the
Factorization Lemma (see Appendix A) we get

Property 1.1. The tangent cone to the irreducible curve {f = 0} is an affine line,
ice. in f =19 where | = bx — ay is a non-zero linear form.

Let ®(x,y) = (ax + by + --- ,cx +dy + ---) be a pair of formal power series
such that ad — bc # 0. Then f +— f o ® is an isomorphism of the ring K[z, y]]
(every K-isomorphism of K[[x,y]] is of this form). We have ord f = ord (f o @)
and in (f o ®) =in f o in ®, where in ® = (azx + by, cx + dy).

The algebroid curves {f = 0} and {g = 0} are equivalent if f o ® = gu for a pair
® satisfying the above conditions and for a unit w. Equivalent curves are of the
same orders and their tangent cones are affine isomorphic. Any two regular curves
are formally equivalent.

Let f = f(z,y) € K[[z,y]] be an irreducible power series of order n > 0. From
Property 1.1 it follows that ord f(x,0) =n or ord f(0,y) = n.

Definition 1.2. Suppose that f € K[[z,y]] is a power series such that ord f(0,y) =
ord f = n (in this case we say that f is y-general). Let y1 be a new variable. A
power series f1 € K[[x,y1]] is a strict quadratic transformation of f € K[[z,y]] if
f1(0,0) = 0 and f(z,ax + zy1) = 2" fr(z,y1) in K[z, y1]] for an a € K. We write
then fi = Q(f).

Let us note the basic properties of quadratic transformations. We keep the
notations introduced in Definition 1.2

Lemma 1.3. Suppose that the irreducible power series f € K|[x,y]] is y-general of
order n and put fi = Q(f). Then
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(i) the line y — ax = 0 is tangent to the curve f(x,y) =
a € K is uniquely determined by f) and ord f1(0,y1)
ord f(z,0) = n.
(i) If f ~ g in K[[z,y]] and fi = Q(f), g1 = Q(g) then fi ~ g1 in K[z, y1]].
(iii) If f € K[[z]][y] is a distinguished polynomial in y then fi € K[[z]][y1] and
f1 is a distinguished polynomial in vy .

0 (so the constant
=mn. Ifa # 0 then

Proof. Since f is y-general and irreducible we have f(z,y) = c(y — aox)™ +
-+ +(terms of order > n) in K[[z,y]] for a constant ¢ # 0 (see Property 1.1).
Therefore we get f(z,ax + zy1) = 2" fi(x,y1) in K[[z,y1]] with fi(z,y1) =
(a —ap+y1)" + -+ (terms of order > n). Thus f1(0,0) = 0 if and only if
a = ap and in this case ord f1(0,y1) = n. The remaining properties follow directly
from Definition 1.2. ]

Lemma 1.4. If f € K[[z,y]] is a y-general irreducible power series then f; =
Q(f) € K][[=,y]] is an irreducible power series.

Proof. By Lemma 1.3 (iii) we may assume that f = f(z,y) is a y-distinguished
polynomial of degree n. Then the power series f; = f1(z,y1) is a y1-distinguished
polynomial of degree n and it suffices to check that f; is irreducible in the ring
K[[z]][y1]. Suppose the contrary

file,yn) = (i +ou(@)yy ™" + -+ bi(2)) (1 +ea(@y '+ +al)
in K[[z]][y1], where k,I > 0.

Clearly k£ 4 I = n and consequently
flzyax + zyr) = 2" f1(z,y1) =
= ((zy1)" + bi(x)z(zy:) 4+ + by(2)2") -
((wy)' + er(@)z(zy) ™+t al@)al) .
Let z be a new variable. From the above identity it follows that
flz,ax + 2) =
= (F+abi(x) T+ + a:kbk(m)) (zl +aei(2)2 7+t ale(a))

This shows that the power series f(z,ax + z) € K][z, z]] is reducible. We get a

contradiction because it is irreducible as the image of the irreducible power series
f(z,y) by an isomorphism K][[z, y]] — K][z, z]]. O

Lemma 1.5. Let f = f(z,y) € K[z, y]] be an irreducible y-general power series of
order n = ord f > 1. Then there exists a sequence of power series f; = fi(x,y;) €
K[z, y:]], i = 0,1,...,m such that fo = f (and yo = y), fix1 = Q(fi), ord fi =n
fori<m and ord f,, <n.

Proof. Let yo = y and fo = f and let us counsider f; = Q(fp). If ord f1 < n
then we put m = 1 and the sequence fy, f1 verifies the condition. If ord f; = n
(we have always ord f1 < ord f since ord f1(0,y1) = n) then we put fo = Q(f1).
If ord fo < n we are done. We have to show that after a finite number of steps
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we get a sequence fo,..., fm such that f;11 = Q(fi), ord f; = n for i < m and
ord f, < n. Otherwise there would exist an infinite sequence fy, ..., fm,... such
that fiy1 = Q(f;) and ord f; = n for all ¢ > 0. Let y; — a;& = 0 be the tangent
to the curve f;(z,y;) = 0. It is easy to check that f(z,y(z)) = 0, where y(z) =
Zj:f a;_1z'. We get a contradiction because f is irreducible, ord f > 1 and the
condition f(z,y(x)) = 0 implies that y — y(z) divides f(x,y) in K[[z,y]]. O

Now we can construct the transformation reducing the order of an irreducible
power series.

Proposition 1.6. Let f(x,y) € K[z, y]] be an irreducible y-general power series
of order n = ord f > 1. Let y be a new variable.

Then there exist an integer m > 0 and a polynomial P(z) = YI", a;—12° of
degree < m such that

(i) f(z, P(x) +2™y) = «™" f(z, ) in K[[z,7]], i
(i1) f = f(z,9) € K[[z,9]] is an irreducible power series such that ord f < n,
(iii) we have ord f(0,7) =n. If P(z) # 0 then ord f(z,0) = ord P(z) - n,
(iv) if f ~W and f ~ W, where W and W are distinguished polynomials, then

W (z, P(z) + 2™3) = 2™ W (z, 7).

Proof. Let fo, f1,..., fm be a sequence of power series from Lemma 1.5. Thus
we get fi(x,a;x + xyiv1) = 2" fir1(z,yi01) (1 =0,1,...,m — 1) for some a; € K.
Let P(z) = >1", aj—12", § = ym and f(x,§) = fm(2, 7). Since fiy1 is the strict
transformation of f; (i = 0,...,m — 1) we get (i) of Proposition 1.6. Part (i)
follows from Lemma 1.4.

To check (ii1) suppose that k = ord P(z) < co. Hence we have ar_1 # 0 and
a;—1 = 0 for i < k. Consequently we get f;(z,zy;+1) = 2" fiy1(x,yi41) fori < k—1
and fr—1(x, ap—12 + zyr) = ™ fr(x, yx). Since ar—1 # 0, from the last identity we
obtain ord fx_1(z,0) = n by Lemma 1.3 (i). From ord f;(z,0) = n+ ord f;11(x,0)
for i < k — 1 we infer that ord f(z,0) = ord fo(x,0) = nk.

Property (iv) follows from the fact that f ~ W and f; ~ Wy imply W7 = Q(W).
O

Remark 1.7 In the above considerations the power series f € Kl[z,y]] is y-
general and for such a power series we define quadratic transformation. If f €
K[[z, y]] is z-general then we can easily reformulate the definition. In particular if
ord f(x,0) = ord f = n then the quadratic transformation is of the form f(by +
yr1,y) = y"fi(x1,y), f1(0,0) = 0. If ord f(x,0) = ord f(0,y) = n and ab # 0
then the obtained strict quadratic transformations of f are equivalent.
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2. PARAMETRIZATIONS

Let t be a variable. A paramerization is a pair (¢(t),(t)) € K[[t]]* such that
$(0) = ¥(0) = 0 and ¢(t) # 0 or ¥(t) # 0 in K[[t]]. Two parametrizations
(p(t), () and (d1(t), 11 (¢)) are equivalent if there exists 7(¢) € K[[t]], ord 7(¢) = 1
such that ¢(t) = ¢1(7(t)), ¥(t) = ¥1(7(t)). A parametrization (¢(t),(t)) is good
if there does not exist 7(¢), ord7(¢) > 1 and a parametrization (¢1(¢1),v1(t1))
such that 6(t) = 1 (r()), ¥(2) = 1 (7(1)).

Theorem 2.1 (Normalization Theorem). Let f(z,y) € K[[z,y]] be an irre-
ducible power series. Then there exists a good parametrization (p(t),1(t)) such
that f(o(t),¥(t)) = 0, ord f(z,0) = ordy(t) and ord f(0,y) = ordp(t). If
(¢*(u),¥*(w)) is a parametrization such that f(¢*(u),v*(u)) = 0 then there exists
a series o(u) € K[[u]], o(0) = 0 such that ¢*(u) = ¢(o(u)) and Y*(u) = ¢P(o(u)).

A good parametrization (¢(t), 9 (t)) such that f(¢(t),1(t)) = 0 is called a nor-
malization of the curve f(z,y) = 0. From Theorem 2.1 it follows that every irre-
ducible curve has a normalization unique up to equivalence.

Proof. (of Theorem 2.1) We use induction on ord f.

If ord f = 1 the theorem easily follows from the Implicit Function Theorem.
Suppose that n > 1 is an integer and that the theorem is true for all irreducible
power series of order < n. Fix an irreducible power series f such that ord f = n.
Without diminishing the generality we may assume that ord f(0,y) = n. Let
f(z,7) € K[[z, §]] be a power series from Proposition 1.6. Thus we get f(z, P(z) +
™) = ™ f(z,7), where P(z) is a polynomial of degree < m, ord f(0,7) = n
and ord f < n. By induction hypothesis there is a normalization (o(2), 1[)(15)) of the
curve f(z,7) = 0 such that ord ¢(t) = ord £(0,7) and ord+(t) = ord f(z,0). Let
us put ¥(t) = P(é(t)) + ¢(t)™)(t) and consider the parametrization (¢(t),1(t)).
Obviously we have f(¢(t),(t)) = 0.

To check that the parametrization (¢(t),%(t)) is good suppose that ¢(t) =
d1(7(1)), ¥ (t) = ¥1(7(t)) for a parametrization (¢1(t1),%1(¢t1)) and for a series
7(t) € K[[f]], ordr(t) > 1. Thus ¢1(() = P(¢1(7(1))) = ¢1(r(£))™(t) and
consequently ord (1/J1(t1) - P(qbl(tl))) > ordg(t])™. Let us put ¢ (t;) :=
%. We get then ordey(t1) > 0 and 9(t) = ¢y (7(t)). From the
equalities ¢(t) = ¢1(7(t)) and ¥(t) = 1 (7(t)) it follows that ord7(¢) = 1 since the

parametrization (¢(t), ¥ (t)) is good. This proves that (¢(t),1(t)) is a normalization
of the curve f(z,y) =0.

Let us recall that ord ¢(t) = ord f(0,7) = n = ord f(0,y). To calculate ord ¢(t)
let us suppose first P(z) # 0. Then ord P(¢(t)) = (ord P)(ord ¢) < m(ord¢) =

ord¢™ < ord ™ and ord(t) = ord (P(¢>(t)) +¢(t)m1;(t)) — ord P((t)) =
(ord P)(ord ¢) = (ord P)n = ord f(z,0) by Proposition 1.6 (4ii). If P(x) = 0 then
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ord(t) = ord ¢(t)™)(t) = mn + ordy) = mn + ord f(z,0) = ord f(z,0). Sum-
ming up we have checked that ord ¢(t) = ord f(0,y) and ord¢(t) = ord f(x,0).

Now let (¢*(u),v*(u)) be a parametrization such that f(¢*(u),v*(u)) = 0.
Put ¢*(u) = W € K((u)). Let W(x,y) be a distinguished polynomial
associated with f(z,y). We get

0=W (" (), 0" (w) = W (9" (), P(6" (w) + " ()" " () =

and hence W ((ﬁ*(u)7 z[)*(u)) =0.

From the last equality it follows that ord ¢*(u) > 0 since ¢* (u) is a root of the
distinguished W (¢*(u),y) € K[[u]][y] (see Remark 2.2 given below). Let (4(t), ¥ (t))
be a normalization of the curve f(z,§) = 0. By assumption we get ¢*(u) = ¢(7(u))
and 9*(u) = P(7(u)), which implies ¢*(u) = ¢(r(u)) and Y*(u) = P(r(u)). O

Remark 2.2 If ((u)" + ai(u)¢(w)" ™t + -+ + a,(u) = 0 in K((u)) then it is
easy to check that ord((u) > inf;{}orda;(u)}. In particular if the polynomial
y" + ar(u)y™ ' + - 4 a,(u) is distinguished then ord a;(u) >0 fori=1,...,n
and consequently ord ¢(u) > 0.

Corollary 2.3. If f(z,y) € K[[z,y]] with n = ord f(0,y) < oo then there exist
power series a(s), 81(8),...,0n(s) € K[[s]] (s is a variable) without constant term
such that

)~ 1=, in Kl o)

Proof. Using the Weierstrass Preparation Theorem we may assume that f(x,y) €
K[[z]][y] is a distinguished polynomial of degree n. We prove the corollary by
induction on n = deg,, f. If n =1 the corollary is obvious. Suppose that n > 1 and
the corollary is true for polynomials of degree n — 1. Let f(x,y) be a distinguished
polynomial of degree n. Using Theorem 2.1 to an irreducible factor of the series
f(z,y) we find a parametrization (a(s), 3(s)) such that f(a(s),B(s)) =0. We get
then f(a(s),y) = (y — B(s))g(s,y) in K[[s]][y], where g(s,y) = y" ' +... is a
distinguished polynomial of degree n — 1. We apply the induction hypothesis to
9(s,y). O

Let us note

Corollary 2.4 (Puiseux Theorem). Let K be an algebraically closed field of char-
acteristic . Let n > 0 be an integer such that n £ 0 (modl). Then for every
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distinguished and irreducible polynomial P(x,y) = y™ + > i, a;(x)y" " there ex-
ists a series y(s) € K[[s]], y(0) = 0 such that

P(s"y) = [] (v —u(es)).
en=1
Proof. Let (¢(t),1(t))be a normalization of the curve P(z,y) = 0. Then ord ¢(t) =
ord P(0,y) = n and there exists a series o(t) such that ¢(t) = o(t)" in K[[t]] since
n # 0 (mod !) (we use the Implicit Function Theorem or Hensel’s Lemma to the
equation y™ — ¢(t) = 0). Clearly ordo(t) = 1 and ¢(t) = y(o(t)) for a power
series y(s) € K[[s]]. The parametrization (s™,y(s)) is good. Therefore we have
GCD ({n} Usupp y(s)) =1 and y(e18) # y(eas) if €} = € =1 and €; # 3. Hence
we get the corollary because P(s™,y(es)) = 0 for all € such that e” = 1. O

Lemma 2.5. Let ¢(t) € K[[t]] be a nonzero power series of order n > 0. Then any
power series g(t) € K[[t]] can be expressed in the following form

g(t) = i ai(d(t)t',  where a; = a;(x) € K[[x]] fori=0,...,n— 1.
i=0

The coefficients a; = a;(x) are uniquely determined by ¢(t) and g(t).

Proof. Let us fix g(t) € K[[t]] and put F(z,t) = ¢(t) —x. Then we get ord F(0,t) =
ord ¢(t) = n and the Weierstrass Division Theorem gives g(t) = ¢(z,t)F(x,t) +
S5 ai(z)t. Substituting ¢(t) for = we obtain g(t) = 31 a;(6(t))t". To show
the uniquess it suffices to observe that if we had a relation as above with g(t) =0
and with some nonzero a;(z), then two terms a;(¢(¢))t* and a;(¢(t))t?, i # j would
necessarily have the same finite order. This obviously cannot be the case. ]

Now we can prove a theorem partialy converse to Theorem 2.1.

Theorem 2.6. For every parametrization (¢(t),(t)) there exists an irreducible
power series [ = f(x,y) such that f(¢(t),¥(t)) = 0. It is determined uniquely by
the parametrization up to a unit of the ring K[[z, y]].

Proof. Suppose that ¢(t) # 0 and put n = ord ¢(t). By Lemma 2.5 we get that
K[[)] = K[[¢@®)] + K[[p®))]t + --- + K[[¢(t)]]t" !, which implies that the ring
K[[¢]] is a finite module over K[[¢(¢)]]. Therefore the ring K[[¢]] is integral over
K[[¢(t)]]. In particular, the series ¥(t) is integral over K[[¢(¢)]] and there exists
f(z,y) € K[[z]][y] monic with respect to y such that f(4(t),9(t)) = 0. Replacing
f(z,y) by its irreducible factor we get the first part of the theorem. The uniqueness
follows from the fact that the ideal I of power series g(x,y) € K[[z,y]] such that
g(@(t),¥(t)) = 0 is a prime ideal and it is not maximal since (¢(¢),4(t)) # (0,0)
(see Appendix C). O

Lemma 2.7. Suppose that the domain A is a subring of the domain B such that
B is a free A-module of rank n > 0. Let K be the field of fractions of A and L the
field of fractions of B. Then (L : K) = n.
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Proof. By assumption there exists a sequence ey, ..., e, of elements of B such that
every element b € B can be written uniquely in the form b = a1e; + -+ + anen
for some ay,...,a, € A. In particular B is a finite A-module and consequently
B is integral over A. Therefore for every b € B, b # 0 there exists b’ € B such
that bb’ € A\ {0}. In fact if b ¢ A and b* + a;bF~! + - + a5, = 0 is the equation
of integral dependence of minimal degree k > 0 then ax # 0 and bV’ = —ay, for
¥ =01+ a0 2+ .-+ ap_1. Thus every element of the field L may be written
in the form %, where a € A\ {0} and b € B. If b = aje; + -+ + ape, then
b= (2)er+-+ (%) e, and (L : K) < n. The equality follows from the fact

a
that e1,...,e, are hnearly independent over K. (]

We denote by K((¢(t))) the field of fractions of the domain KJ[¢(¢)]].

Theorem 2.8. Let (¢(t),1(t)) be a good parametrization such that ¢(t) # 0. Let
n = ord ¢(t). Then

(a) (K(() : K((6(®)) =

(b) K((£)) = (( (1)) (¢

Proof. By Lemma 2.5 the ring K[[t]] is a free module over K[[¢(¢)]] of rank n.
Therefore Property (a) follows from Lemma 2.7. On the other hand by Theorems
2.6 and 2.1 there exists an irreducible power series f = f(x,y) € K][z,y]] such
that f(¢(f),4(t)) = 0 and ord f(0,y) = ord¢(t) = n. Using the Weierstrass
Preparation Theorem we may assume that f is a distinguished polynomial in y of

degree n with coefficients in K[[z]]. Furthermore, f(x,y) is irreducible in K[[ Nly]
and consequently in K((z))[y] since the ring K[[ ]] is normal. Thus f ( (

y) is
a minimal polynomial of 1 (t) over K((4(t))) and (K((qﬁ(t)))(w )
the degree of f(¢(t),y) in the indeterminate y, which is equal to n = ( (( t)

K((d)(ﬂ))) This shows that K((6())) (4 (1)) = K((2))-

For any parametrization (¢(t),(t)) € K[[t]]?> we denote by K((¢(t),(¢))) the
field of fractions of the ring K[[4(t), 1 (t)]

I
Theorem 2.9. A parametrization (p(t),(t)) is good if and only if

K((o(t),v(t))) = K((2))-
Proof. Suppose that ¢(t) # 0. It is easy to see that K((¢(t)))(w(t)

) C
K((¢(t),9(t))). Therefore if (¢(t),¥(t)) is good then K((¢(t), ¢ (1)) = K((£)) b
Theorem 2.8. Suppose that K((¢(t),4(t))) = K((¢)) and let 7(¢t) € K[[t]] be a
power series without constant term such that ¢(t) = ¢1(7(t)), ¥(t) = ¥1(r(t))
for a parametrization (¢1(s),¥1(s)). Then ¢t € K((¢(¢),4(t))) C K((7(t))), which
implies ord 7(t) = 1. Therefore (¢(t),%(t)) is a good parametrization. O

Here is another application of Theorem 2.8.
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Theorem 2.10. There exists a nonzero power series d(t) € K[[o(t), v (t)]] (“a
universal denominator”) such that d(t)K[[t]] C K[[¢(t), ¥ (t)]].

Proof. Suppose that ¢(t) # 0. Since K((¢)) = K((¢(t)))(¢(t)) is an extension of
K((4(t))) of degree n, the elements 1,1)(t), ... ,1(¢)" ! form a linear basis of K(())

over K((¢(?)))-

Therefore, we may write

(1) t' = aio(¢(t) + @i (SO))(t) + - + i1 (D)L ()",
where 1 =0,1,...,n — 1.

Let d(t) € K[[¢(t)]] be a common denominator of the elements «; j(¢(t)), where
i=0,1,...,n—1and j =0,1,...,n — 1. The relation (1) implies

(2) dt)t" € K[[p(O)]][(t)] for i = 0,1,...,n — 1,
Since K[[t]] = K[[¢(t)]]+ - +K[[¢(¢)]]t" ! by Lemma 2.5 we get by (2) d(¢)K[[t]] C
Klle@N(@)]- 0

3. INTERSECTION MULTIPLICITY

Let f = f(z,y) € K][[z,y]] be an irreducible power series. Let us fix a normal-
ization (4(t),v(t)) of the curve f(z,y) = 0. For every g = g(x,y) € K[z, y]] we
define:

vy(g) = ordg(é(t),9(t)) € NU{oo}.
Proposition 3.1. For any g,9" € K[[z,y]] the following properties hold:

(1) v(g) = 0 if and only if g(0) # 0, vy(g) = oo if and only if f divides g in
K(lz, yll,
(ii) ve(g+g") = inf{vs(g),v(g")}. If vs(g) # ve(g') then the equality holds,
iii) vp(g9') = vy(g) +vs(g),
g+ hf) =vs(g) for h € K[[z,y]].

Proof. To check part (i) note that the ideal I = {h(x,y) € K[[z,y]] : h(o(t),¥(t)) =
0} is a prime non-maximal ideal. This implies (see Appendix C) that I = (f) which
proves that vy(g) = oo if and only if f divides g. The remaining properties follow
directly from the definition. O

Remark 3.2 With every irreducible curve {f = 0} we associate the field My of
meromorphic fractions on {f = 0}. For this purpose we consider fractions 7, where

g9.h € K[[z,y]] and h # 0 mod f. We write { = { if f divides gh1 — g1h. The
cosets of the relation = form in a natural way a field denoted M ¢. The function v

extends to the valuation vy : My — Z U {oo} defined by vy (£) = vs(g) — vs(h).

Proposition 3.3 (Basic Inequality). We have vy(g) > (ord f)(ord g). The equality
holds if and only if {f = 0} and {g = 0} don’t have a common tangent.
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‘We need

Lemma 3.4. Let (¢(t),4(t)) be a parametrization, n=inf{ord ¢(t), ord¢(t)} <
00, p(t) = at™+---, () =bt" +---, wherea # 0 or b # 0. Then for every power
series g = g(x, y) € K[z, y]]: ordg(o(t), 4 (t)) = (ord g)n with equality if and only
if (ing)(a,b) # 0.

Proof. (of Lemma 3.4) Let us write g(z,y) = Z Gap(z,y)xy”, where m =

a+B=m
ord g and Z 9ap(0,0)2%y? = ing (“Hadamard’s Lemma”).
a+pB=m
o o)\ (v(t)\"
W gt gl 00) = ™ 3 gt (4F) (Y1) -
a+pB=m
t"" ((ing)(a,b) + terms of order > 0) which proves the lemma. O

Proof. (of Proposition 3.3) Let (¢(¢),1(t)) be a normalization of the irreducible
curve f(z,y) = 0. Then inf{ord ¢(t), ord®)(t)} = inf{ord f(0,y), ord f(z,0)} =
ord f since f = 0 has exactly one tangent. Let n = ord f, ¢(t) = at™ + -+,
P(t) =bt" 4+ ---. Thus a # 0 or b # 0. Since ord f(¢(t),1(t)) = ord0 = oo we
get from Lemma 3.4 that (in f)(a,b) = 0 and consequently the unique tangent to
f =0 is given by the equation bz — ay = 0.

Now we get vp(g) = ordg(é(t),v(t)) > (ordg)inf{ord¢(t), orde(t)} =
(ord g)(ord f) by the first part of Lemma 3.4. The equality v;(g) = (ord g)(ord f)
holds if and only if (ing)(a,b) # 0, which takes place exactly when the system of
equations in g = in f = 0 has the unique solution z = 0, y = 0 that is if f =0 and
g = 0 don’t have a common tangent. (I

Proposition 3.5. For any irreducible f,g € K[z, y]] we get vi(g) = vy(f).

To prove Proposition 3.5 we check the following lemma.

Lemma 3.6. Suppose that f is irreducible, n = ord f(0,y) < oo and f(a(s),y) ~
[Ti=i(y = Bi(s)) in K[[s]]ly]. Then for any g(z,y) € K|z, y]]:

> ordg(als), 5;(s) = (orda(s))vr(g).
j=1

Proof. (of Lemma 3.6) Let (¢(t),1(t)) be a normalization of the curve f(x,y) = 0.
Then a(s) = ¢(o;(s)), B;(s) =¥ (o;(s)) for a power series o;(s), ¢;(0) = 0.
We get then

Z ord g(a(s), B;(s)) = Z ord g(o(t), ¢ (t)) ordoj(s) = vs(yg Z ordo;(s
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To calculate the last sum let us note that orda(s) = ord¢(t)ordo,(s) =
nordo;(s) and consequently 3 >7_, ordo;(s) = ord a(s), which proves the lemma.
(]

Proof. (of Proposition 3.5) Let f, g € K][[z, y]] be irreducible. Suppose that f, g are
y-general; n = ord f(0,y), p = ord g(0,y). By Corollary 2.3 we get

NHy /8]

Jj=1

gla(s),y) ~ [ =)

Using Lemma 3.6 twice we get:

Then vs(g) = vg(f).
Suppose that ord f(0,y) = n < oo and ordg(0,y) = oo. The last conditions
imply that g ~ « and vf(g) = v¢(z) = ord ¢(t) = ord f(0,y) = va(f) = ve(f).
Similarly we check the proposition when ord f(0,y) = oo and ordg(0,y) =
p < oco. If ord f(0,y) = ordg(0,y) = oo then f and g are divisible by = and
vf(g) = 00 = vy(f).

Let us note the formula for the order of the resultant of two polynomials.

Proposition 3.7. Let Ry 4(x) be the resultant of two polynomials f(z,y) = y™ +
ar1(z)y" '+ -+ an(z) and g(z,y) = bo(z)y? + by (z)y?~' + -+ + b,y(x). Assume
that f is irreducible and distinguished. Then

ord Ry ,(2) = vy(g).

Proof. By Corollary 2.3 there exist power series «(s),b1(s),...,8.(s) € K[[s]]
without constant term such that f(a(s),y) = [[j=;(y — B8;(s)). From the def-
inition of resultant we get Ry ,(a(s)) = i]_[?:lg(a(s),ﬁj(s)) and consequently
ord Ry o(af(s)) = Z?zl ord g(a(s), B;(s)) = (orda(s))vs(g) by Lemma 3.6 and
ord Ry, = vs(g) since ord Ry 4(a(s)) = (ord Ry 4) ord a(s). O

Now let f € K][z,y]] be an arbitrary non-zero power series without constant
term and let f = [[;_, f; be the decomposition of f into irreducible factors. We
define io(f,g) = >_i_, vy, (g). Moreover if f(0) # 0 then we put io(f,g) = 0 and
if f=0: i9(f,g) = co. From the properties of vy (Propositions 3.1, 3.3, 3.5) we
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get the fundamental properties of ig(f, g) (if f(0) = ¢g(0) = 0 then io(f, g) is called
intersection multiplicity of the curves f =0 and g = 0).

Proposition 3.8. For any f,g,9" € K[[z,y]]:
(i) 0<io(f,9) <00, i0(f,g9) =0 if and only if f(0) # 0 or g(0) # 0; ig(f,g) = 0o

if and only if f7g have a common factor in K[z, y]],

(ii) 40(f,99") = i0(f,9) +io(f. 9'),
(i llg io(f, g+ hf) =1io(f,g) for every h € K[[x,y]],
)

i
(IV 7’0( ) ZO(Qaf))
(v) io(f,9) = (ord f)(ordg); the equality holds if and only if the curves f = 0

cmd g =0 do not have a common tangent.

From Proposition 3.7 we get easily the following:
Proposition 3.9. If f(z,y) = y" + ai(z)y" ' + .-+ + an(x) is distinguished,
g(z,y) = bo(z)y? + by (z)y?~' + -+ + by(x) and Ry () is their y-resultant, then
ord Ry 4(x) = io(f,9).

We can give here an axiomatic characterization of the intersection multiplicity
(see Kaluzny-Spodzieja [6]).
Theorem 3.10. Let I : K[[z,y]] xK[[z,y]] = NU{co} be a function with properties
(1) I(f,9) = 1(g, f),
(2) I(fanQQ) = I(fagl) + I(faQZ);

(3) I(f,9) =I(f,g+hf),
(4) I(z,y) # 0,00

Then I(f,q) =io(f,9)I(x,y).

Clearly properties (1) and (2) imply
(2) I(fif2r9) = I(f1,9) + 1(f2,9).

To prove Theorem 3.10 we need the following lemma.
Lemma 3.11. If I is a function such as in Theorem 3.10 then the following prop-
erties hold:

(5) if f or g is a unit then I(f,g) =0,
(6) if f and g have a common divisor of positive order then I(f,g) = co.

Proof. (of Lemma 3.11) To check property (5) note that using properties (2’) and
(3) we get
Iz,y) =1(1,y) + I(z,y) = I(1,y + (=y)1) + I(z,y) = I1(1,0) + I(z,y)
and
1(1,0) + I(z,y) = I(L,g + (=9)1) + I(z,y) = I(1,9) + I(z,y).

Using the above equalities we get I(z,y) = I(1,9) + I(z,y) hence I(1,g) = 0 since
I(z,y) # 0, 00.
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If £(0) # 0 then we have

-t (1(3)) 1o (1) 101(3)

Hence I(g, f) = 0 and consequently I(f,g) = 0.

To check (6) consider a power series h such that h(0) = 0. We can write
h = zhy + yhs in K[[z,y]] and

I(h,0) = I(h,0-z) =I(h,0)+ I(h,x)=1I(h,0)+ I(xhy + yha,x).
From properties (1) and (3) we get that I(xh; + yhe, ) = I(yha,x) and
I(h,0) = I(h,0) + I(yhe,z) =
= I(h,0)+ I(y,x) + I(he,z) = I(h,0) + I(x,y) + I(ha, x).
Hence I(h,0) = oo since I(z,y) # 0, 00.

Now suppose that f and g have a common divisor h, h(0) = 0. So we have
f = fih, g = ¢1h in K[[z,y]] and we get

I(fvg) :I(flvglh) +I(hvglh) = I(flvglh) +I(h?0) = 00.
g

Remark 3.12 From property (5) it follows that I(f,g) = I(uf,vg) for any units
u,v.

Now we can give the proof of Theorem 3.10.

Proof. (of Theorem 3.10.) If ig(f,g) = oo then f and g have a common factor of
positive order and I(f,g) = oo by property (6).

It suffices to check that if f, g are coprime then I(f,g) = io(f, g)I(x,y). We
will prove this equality by induction with respect to io(f, g). If io(f,g) = 0 then f
or g is a unit and I(f,g) = 0 by property (5).

Let k > 0 be an integer and suppose that the equality I(f,g) = io(f, 9)I(z,y)
is true for every pair f, g such that io(f,g) < k. If the series f or g is reducible
then the equality I(f,g) = io(f,g)I(z,y) is true: we use properties (2) and (2’)
of function I and the induction hypothesis. Thus it suffices to consider the case
where f, g are irreducible and io(f, g) = k. If a power series h is irreducible then
h~xorh~y"+a(x)y" '+ -+ a,(x), where y" + ar(x)y" L+ -+ + an(x) is
a distinguished polynomial. We have to consider three cases:

(1) f(x,y) ==, g(z,y) = y" + a1 (x)y"~* + - + an(x) is a distinguished polyno-
mial. Then io(f,g) =n and I(f,g) = I(z,y"™) = nl(z,y) = io(f, 9)I(x,y).

(2) flz,y) =y" +ar(z)y" L+ +a,(x), g(x,y) = 2. We use the first case and
symmetry of I, ig.

3) flz.y) =y" +ar(@)y" "+ +an(@), g(z,y) = y? +bi(2)y? " + -+ by(2)
are distinguished polynomials of degrees n,p > 0. Without diminishing the
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generality we may suppose that p > n. Then we may write g = y?~"f + xh
in K[[z,y]] and consequently

I(f,9) = I(f,y"~" f + xh) = I(f,2) + I(f, ) = nl(z,y) + I(f, h)
since I(f,z) = nl(x,y) by Case 2.
To finish the proof it suffices to check the formula I(f,h) = io(f, h)I(z,y).
If h(0) = O then this equality follows from the induction hypothesis since
io(f,h) <io(f,g) = k. If h(0) # 0 then the both sides of this equality are 0.

O

As the first application of the theorem proved above we give the following prop-
erty.

Proposition 3.13. Let f, g be coprime power series without constant term. Then
for any power series ®, ¥ € K[[u, v]] we have:

io(®(f,9), ¥(f,9)) = io(®, ¥)io(f, 9)-

Proof. Let us consider the function I given by formula I(®,¥) =
i0(®(f,9),¥(f,9)). It is easy to see that the function I satisfies the condi-
tions (1), (2), (3) and (4) of Theorem 3.10. Thus I(®, V) = io(P, ¥)I(u,v) =
io(®, W)io(f, 9)- O

For any power series f,g € K][x,y]] the ideal (f,g) generated by f and g is a
K-linear subspace of the algebra K][x, y]].

Theorem 3.14 (Macauley’s Formula). For every f,g € K[[z,y]]:
io(f,9) = dime Kl yH/(f7 g9)"

Proof. Let us denote by I(f, g) the right side of the above equality (the codimension
of the ideal generated by f, g). It is easy to see that the function I satisfies (1),
(3) and (4) of Theorem 3.10 and I(x,y) = 1. Thus to check the theorem it suffices
to prove property (2): I(f,g9192) = I(f,g1) + I(f,g2). If I(f,g192) = oo then f,
9192 have a common prime divisor (see Appendix B). Then f, g; or f, go have a
common divisor and consequently I(f,g1) = oo or I(f,ga2) = 0.

Suppose that I(f, g1g2) < 0o i.e. f,g1g2 are coprime. Recall the following fact
of Linear Algebra. If U, V', W are K-linear spaces such that W C V C U and W
have a finite codimension in U then

dlmK(}W = dlmK(}V + dlmK‘?W
Applying the above formula to W = (f,g192),V = (f,g1) and U = K[[z, y]] we get
I(fu 9192) = I(fu gl) + I(f7 92) since dlmKWW = I(f7 g2) O

Let f,g € K[[z,y]] be power series without constant term. Let K((f,g)) be
the field of fractions of the ring K[[f, g]]. Then K((f,g)) is a subfield of the field

K((z, y))-
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Theorem 3.15 (Weil’s Formula). If power series f, g without constant term are
coprime then

io(f,9) = (K((@,1) : K((£,9)))-

Proof. By Palamodov’s Theorem (see Appendix D) the extension K[[z,y]] D
KI[f,g]] is a free module of rank dimKKHw’yH/(f 9)" Thus Theorem 3.15 follows
from Theorem 3.14 and Lemma 2.7. ]

4. NEWTON DIAGRAMS AND PARAMETRIZATIONS OF ALGEBROID CURVES

In this section we sketch an approach to Newton’s study of plane curve singu-
larities valid in arbitrary characteristic. A lucid and interesting introduction to
Newton’s method is due to Teissier [9]. See also Teissier [10] where a systematic
treatment of the subject is given and Cassou-Nogues, Ploski [3] for applications to
invariants of singularities.

Let Ry = {a € R : a > 0}. For any subsets A,A’ C R% we consider the
Minkowski sum A + A’ = {u+v:u € A and v € A’}. For any subset £ C N? we
denote by A(E) the convex hull of the set E + R%. The sets od the form A(E),

where E C N2 are called Newton diagrams. We use Teissier’s notation: {%} =
k 00

A0, .00, {2} = a0 = (0 + 72 (S} = Ad0.0) -

(0,1) + ]Rf_ for any integers k,I > 0. For any power series f = Y cop2%y® €

K[[z,y]] we put supp f = {(a,8) € N? : cop5 # 0}. It is easy to check that

supp fg C supp f + suppg. The Newton diagram A, ,(f) of a power series f

is by definition A(supp f). Note that if the coordinates (x,y) are generic i.e.

ord f(z,0) = ord f(0,y) = ord f then A, ,(f) = Zij;

ord fg = ord f + ord g may be generalized as follows:
Lemma 4.1. A, ,(fg) = Az, (f) + Az ,(9).

}. The property of order:

Proof. The rule of multiplication of formal power series implies the following two
properties:

(a) if (o, B) € supp fg then (o, ) = (v, f1) + (2, B2), where (a1, 81) € supp f

and (a2, B2) € supp g,
(b) if (o, 8) € N? has a unique representation (a, 8) = (a1, 81) + (a2, B2) for some

(a1, P1) € supp f and (g, f2) € suppg then (a, 8) € supp fg.
To abbreviate the notation we write A instead of A, ,. Note first that the set
A(f)+ A(g) being the sum of two convex subsets of R is convex. From (a) we get
supp fg + R2 C (supp f + R2) + (suppg + R2) C A(f)+ A(g) and consequently
A(fg) C A(f) + A(g) since A(fg) is the smallest convex subset which contains
supp fg + R%.
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On the other hand if («, 8) is a vertex of A(f) + A(g) then (a, 8) has property
(b) and («, 8) € supp fg C A(fg). Since the vertices of A(f) + A(g) belong to

A(fg) we get A(f) + A(g) € A(fg).
Summing up, we have A(fg) = A(f) + A(g). O

Proposition 4.2. Let f € K[[z,y]] be an irreducible power series. Then

Apy(f) = {%}

Proof. If f ~ x or f ~ y then the proposition is obvious. Let f(x,0)f(0,y) # 0 and
put m = ord f(z,0), n = ord f(0,y). Since A, ,(f) = Az, (fu) for any unit u we
may assume by the Weierstrass Preparation Theorem that f = y™ + a;(z)y" ! +
-+ 4 ap(x) is a distinguished polynomial. Let (¢(t),%(t)) be a normalization of
the branch f = 0. Then ord ¢(t) = io(f,z) = n and ord¢(t) = io(f,y) = m. By
Corollary 2.3 there are nonzero power series a(s), 81($), ..., Bn(s) € K][s]] without
constant term such that

y" +ar(a(s)y" T 4+ an(als) = (y = Bu(s)) - (y = Bals)).

We have a(s) = ¢(o;(s)), B;(s) = ¥(o;(s)) for a o;(s) without constant term. Thus

we get ord f;(s) = 2?‘;1; orda = Zorda for j = 1,...,n. Let k € [1,n] be such

that ay(x) # 0. Then ag(a(s)) = (=1)¥(B1(s)---Bi(s) + ---) and ordag(a(s)) >
inf{ordB;, ---Bj, : 1 < j1 < -+ < ji < n} = k= ord o, which implies % >

o= % with equality for £k = n. This proves the proposition. O

Now we can pass to the main result of this section

Theorem 4.3. Let f € K][z,y]] be a nonzero formal power series without con-
stant term and let f = f1--- fr in K[[z,y]] with irreducible f;, i = 1,...,r. Let
(¢i(ts),¥i(t;)) be a normalization of the branch f; =0 fori=1,...,r. Then

- rd i

Proof. By Lemma 4.1 we get A, (f) = >.i_; Ay y(fi). On the other hand by

Proposition 4.2 and the Normalization Theorem we have A, ,(f;) = {%} for

1=1,...,r.

APPENDIX

Let K be an arbitrary field not necessarily algebraically closed.
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A. Factorization Lemma. Suppose that a power series | € K|[z,y]] satisfies the
condition in f = ¢1p, where ¢, ¥ are coprime homogeneous forms of positive degree.
Then there exist g,h € K[[z,y]] such that f = gh in K[[z,y]], where ing = ¢,
inh=1.

The proof of the lemma is based on the following property:

Macauley’s property If ¢,v¢ € K[z, y] are coprime homogeneous forms of degree
m > 0 and n > 0 then every homogeneous form of degree > m + n — 1 can be
written as ag + B, where o, B are homogeneous forms.

Proof. Every homogeneous form y of degree > m + n — 1 can be written as
Z Xijxiyj , so it suffices to check Macaulay’s property for forms of degree

i+j=m+n—1

m+mn — 1. Let Hy be the K-linear space of homogeneous forms of degree k (by

convention the zero is a homogeneous form of degree k for all k). The mapping

Hn—l X Hm—l 2> (05;6) = a¢ + B'(/) S Hm+n—1

is a linear mapping of vector spaces of the same dimension m + n. Since the forms
¢, ¥ are coprime the mapping is injective. Hence, the mapping is also surjective.
O

Proof of Factorization Lemma. Write f = fo4n + frnent1 + - We are looking
for power series g and h in the form g = ¢y, + Gri1+--- and h = Y + Y1+ -+,
where ¢,, = ¢ and ¥, = 1. The equality f = gh holds if and only if the following
conditions are fulfilled

¢m¢n = fm+n
¢m+1¢n + ¢TVL¢7L+1 = f7rn+'rz+1
¢m+2wn + ¢m+lwn+1 + ¢m'¢n+2 = fm+n+2

Applying Macauley’s property to the given ¢,, = ¢, ¥, = 9 and utilizing the
above equations, first we find the forms ¢, 11, %11, then the forms ¢, 42, ¥n4a,....
Proceeding in this way we get step by step the homogeneous components of g and
h. |

B. Elimination Lemma. Let f,g € K][z,y]] be non-zero power series without
constant term. Then f, g are coprime if and only if the following condition holds

(%) there exist integers d,d’ > 0 such that the monomials ¢, y? lie in the ideal
(f,9) generated by f and g in K[[z,y]].

Proof. If a:d7yd/ € (f,9) then every divisor of f and g divides z¢ and yd/ so f, g
are coprime. Suppose that f and g are coprime. Then f(0,y) # 0 or g(0,y) # 0
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since if f(0,y) = ¢(0,y) = 0 in K][y]] then = divides f and g. Suppose that
f(0,y) # 0. Using the Weierstrass Preparation Theorem we may assume that
f=y"+ai(z)y" 1+ - +a,(x) is a distinguished polynomial. Replacing g by the
remainder of division by f, we get g = bo(x)y" 1+ -+ b,_1(x). Let R(x) be the
y-resultant of polynomials f, g. Then f, g are coprime as elements of K[[z]][y] and
consequently R(z) # 0. Let d = ord R(z). We get #% € (f,g) since the resultant
lies in the ideal generated by f and g. Similarly we check that y? € (f, g) for an
integer d’ > 0. O

C. Prime ideals in the ring K[[z, y]]. Prime ideals in the ring K[z, y]] are: (0),
mazimal ideal M = (z,y) and principal ideals (f) generated by irreducible power
series f € K[z, y]].

Proof. Let I be a non-zero prime ideal of the ring K[[z, y]]. Since the ring of power
series is a unique factorization domain there exists an irreducible power series f € I.
If I # (f) then there exists a power series g € I such that f does not divide ¢
and hence the power series f, g are coprime. By the Elimination Lemma we get
2,y e (f,g) C I which implies z,y € I i.e. I = (z,y) and we are done. O

From the description of prime ideals it follows that the Krull dimension of
K[z, y]] is equal to 2.

D. Parameters of the ring K[[z,y]]. Every ideal I of the ring K[[z,y]] is a

K-linear subspace of K[[z,y]] and its codimension codim] = dimKKHx?yH/I is
defined. The powers of the maximal ideal M* = (2F 2%~ 1y, ... 2y*~1 y¥) have a
finite codimension codim M* = 1k(k+1). It is easy to see that codim I < oo if and
only if I > MP¥ for some k > 0 i.e. if I contains all monomials of degree big enough.
A pair of power series f, g without constant term is a system of parameters (s.p.)
of the ring K[[z, y]] if the ideal (f,g) has a finite codimension. This takes place if
and only if 27, y¥ € (f,g) for some d,d > 0. Hence, from the Elimination Lemma
it follows that a pair of power series f, g without constant term is a s.p. if and
only if the series f, g are coprime.

Palamodov’s Theorem Let f, g be a s.p. of the ring K[[z,y]]. Then K[[z,y]] is
a finitely generated free module over K[[f, g]] whose rank is equal to the codimension

of the ideal (f,g).

Proof. Let m be the codimension of the ideal I = (f,g) and let eq,..., e, be
a sequence of power series such that the images of ej,...,e, under the nat-
ural epimorphism Kl[z,y]] — KHCU»?J]]/I form a K-linear basis of K[[:E,y]]/I
For any h € K]|z,y]] there exist constants ci,...,¢,, € K such that
h=cie; + -+ cmem (mod I). We put AY(u,v) = ¢; for i = 1,...,m. We get
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then
h= Z cie; +hif + hog in K[[x, y”
i=1
and

hy = chiei mod (f,g),
i=1
m

ho = Zc2i€i mod (f, g)-

i=1

From the above relations we get:
m m m
h= Z ciei + Z(Clif)ei + Z(CQiQ)ei mod (f, ).
i=1 i=1 i=1
Let Al(u,v) = ¢; + c1u + c2;v; so we get

h=> Al(f,9)e; mod (f,9)*.

i=1

In this way we define by induction the sequences of polynomials A¥ = A¥(u,v)
(i=1,...,m, k=0,1,...,m) such that:

(1) h= iz‘lf(f, g)ei mod (f, )",

i=1
(2) AP is a polynomial of degree < k; A;H'l — A¥ is a homogeneous form of degree
k+1.
Let us put A; = Z(A;H'1 — AM) 4 ¢ fori=1,...,m. It is easy to show that

k>0
m
h = Z Ai(fa g)eZ
i=1
It remains to check that the above representation is unique. It suffices to prove
that

ZAi(f, 9)e;i=0 = A;j(u,v) =0 in K[u,v]] fori=1,...,m.
i=1
Let us suppose, to get a contradiction, that the set Iy = {i : A;(u,v) # 0} is not
empty. We get
3" 4,(0,0)e: = 0 mod (f,9)
i€l
hence A;(0,0) = 0 for ¢ € Iy. Dividing A;(u,v) by a sufficiently large power of
u we may assume that » = inf{ord 4;(0,v)} < co. We get A;(u,v) = A4;(0,v) +
ug;(u, v) = v"¢;(v) + ug;(u,v), where not all ¢;(0) are equal zero.
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So we have
m m
Z g ci(g)e; + Z fai(f.g)e; =0
i=1 i=1
and
m
g" Zci(g)ei =0 mod (f).
i=1
The power series f, g are coprime because they form a s.p. Therefore from the last

relation we obtain

m

Zci(g)ei =0 mod (f)

i=1

and

ZCZ(O)QZ =0 mod (fa g)

1

i
so we get ¢;(0) =0 for all i = 1,...,m, which is a contradiction.

An elementary treatment of parameters in power series ring in n variables is

given in [7].
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