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ESTIMATION OF FUNCTIONS MOMENTS
1. INTRODUCTION

Most statistics, used 1in multivariate statistical analysis,
are functions of moment matrices (including covariance and cor-
relation matrices). In applied statistics, one of the most es-
sential problems is to estimate these statistics on the basis of
finite (not very large) sample.

Practically, in many cases, the corresponding functions of em-
pirical moments are wused as estimates of functions of theoreti-
cal moments. It is well known that these estimates are asympto-
tically unbiased, but the problem of estimating the bias in the
case of finite sample is, in general, not solved.

The aim of the report is

1) to find the expression

Et(XC) = Z A,n i (D

1*0
where t(X) 1is a matrix-formed statistics where all the elements
are some moments® functions, A are Tfixed matrices of theoreti-
cal moments? here, the term A. defines the bias of order i, i *

3 If 2, ...; Aq 1is the leading term of the estimation (asympto-
tically unbiased sstimator).

2) to construct the family of estimators Bi(X) for a given

matrix function T of theoretical moments (correlation or co-
variance matrices), Tulfilling the conditions
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T - EBi@®) = O(n_i), 1*1, 2,..., @

then BA*(X) is a n_1-biased estimator for T.

We shall consider the special case when t and T are entire
rational functions of the sample (correspondingly theoretical)
moments of the arbitrary finite order. From here it follows that
all results are useable for functions of variance covariance
matrix, but to use them for correlation matrix the Taylor®"s ex-
pansion of the function must be exploited.

There exists a lot of solutions of problems noticed for spe-
cial functions of moments, but in most cases thure are some im-
portant restrictions (see Her ze 1, 1987, Cramer , 1946)
for iInstance;

1) the order of the highest moment I3 restricted;

2) the type of initial distribution is assumed to be known
(initial distribution N(m, a));

3) instead of matrices, the univariate statistics are regarded

2. ESTIMATION OF UNIVARIATE MOMENTS® PRODUCT

Let X be given variable, having p-order distribution (p e N).
Let v be a given partition of integer p (see Andrews 1976)
v = (N ...,vs), Vi >0, ivi=p; s denotes the number of
parts of the partition v, s(v) = s. Let Y bo a set of all pos-
sible partitions of integer p.

Every partition v defines a product of moments for variable X:

S V, s
Jiv) «N EX 1 = FI Pv (©))
l_

1 i
as well as for fixed sample X of size n the product of empirical
moments

For product m(v) the expression (1) has the form



where B(v, v") is the number of different possibilities of get-
ting partition vVv" by adding the parts of partition v. Note that

{f*> are the coefficients of the expression

171 i -i
FC) * E ftn 1
i-0 1
where
1, if 1*1
F(D
(1 - 1/n) . @ -<1-D/m), ifl>1 ®6)

All the constants by y(v®) are standard, independent of the ini-
tial distribution of X.
By (5) and

Em(v) = u(v) + o(n-1), 17)
the step by step procedure for calculation of estimator for the
product p(v) with bias of given order Bk(X), see (2), Is des-

cribed in (T i i t 1988, Tiit 1986). Since all estimators
Bk (¥ have the form

Bl:(X) - 12_0 n_i mv
it follows from (6) that their expectations have the form

£ n"1G £ .

i-0 K’i veV H\\f

and from the convergence of the series

£ EBKQO - BK.100> = Z n"L I (G
k-1 0 k1l 4 Gkg_p» E N ®)

the existence of unbiased estimator B (¥ for product [i(v) fol-
lows. The necessary condition of existance of B (0.

n >C, 9
where p is the sum of degrees of product Kv) and s the number of
factors in it. The existance of the estimator B (X) does not de-
pend on the initial distribution of X.

It is important for practical applications that the variance
of estimators B~xt, ..., and B <*) all have the same mean term

(of order n*"1).



3. ESTIMATION OF MIXED MOMENTS® PRODUCT

Let us regard theh-variate random vector X, X = ., ..., xh)
and let

A *y.1 ..1* y 2 ... 2 ...39--- .9

1 n Al h Al xh
be the product of g mixed moments Pjj ... ,J G =1, ..., 9),
1 h
P.J * EX. 1 ... Xjh
1 Ah 1 h

To describe product p(J) we must use the bivariate partition

b g - ,
ct number p (p = X £ 1,, i? > 0), having the form of the fol-
= 31~
lowing matrix:
‘I

ih
Let us denote L 1™ = 10, i=1 ..., h and say, Vvector 1 =
= (°, ..., 1°) is the marginal vector of partition /. Leta: be

the set of all partitions of number p having the marginal vector
equal to 1.
Then we are able to wuse the formula (56) for calculating the
expectation ET(n) in the following form
sl

i
ETUD) = £ n"3 £ f@"< T.:. B, N9)pU"),
j=0 u=0 J Jlear

where B/, 1) is the number of possibilities of getting /1 from
N* by adding parts (columns) of n.

From here, analogously, the estimations of given order can be de-
rived.



4. ESTIMATION OF MATRICES OF MIXED MOMENT®"S PRODUCTS

Let X be a random vector X = (X, ..., Xm) and let X({1) be

q X X -matrix of products of mixed moments of X, having the fol-
lowing elements:

*1J = WCA" XI1j+
where 17~ 1is a subvector of h size (fixed by A) of the random
vector X.

Then all elements of the matrix X are products of mixed mo-
ments of vector X, consisting, in general, of different compo-
nents, but all having the same form.

Analogously, let H(A) bo the matrix of products of empirical
moments of X, having elements

hil * m(A, 1*1, wee=, Q; J* 1, ix, r.

Then for the expectation of matrix H the Tformula (9) is ap-
plicable, where instead of moments m(1"), the matrices X(A") are
replaced.

Notice that most of matrix formed statistics used in multi-
variate statistical analysis have the form of matrix H(1) or are
expressed by the sum (linear combination) of such matrices.
From here it follows that for all these matrix-formed statistics
the estimators of given order Kk or unbiased estimators (in the
case of sample size, Tulfilling the condition (9)), can be con-
structed.
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ESTYMACJA FUNKCJI MOMENTOW

Problem obcigzenia funkcji momentéw pojawia sie woéwczas, gdy proéba jest
skonczona 1 nie jest duza (np. 10, ..., 100), a szczeg6lnie wtedy, gdy sa
stosowane momenty wyzszych rzadow.

Wyrazenie definiujace obcigzenie funkcji momentéw ma nastepujaca postac:

gdzie n jest llcznoscig proby, a wspoédczynnik A~ zalezy od momentéw teore-
tycznych 1 jest dany dla dowolnej wymiernej funkcji (o wartosciach catkowitych)
momentéw empirycznych. Jezeli T jest wymierna funkcja momentéw teoretycz-
nych, to nieobclgazony estymator tej funkcji przybiera postac nastepujacego

skonczonego iloczynu

gdzie sg wspotczynnikami niezaleznymi od poczatkowego rozktadu, a w(r™) sa
iloczynami danych momentéw empirycznych. Istnienie estymatora t zalezy Jedynie
od licznosci proéby n.

Stosujac rozwiniecie Taylora, mozemy skonstruowa¢ dla szerokiej klasy mo-
mentéw estymatory o danym rzedzie obciazenia;

t - 0 (n*h),
gdzie ne N 1 jest skonczong liczba.

Wszystkie otrzymane wyniki sa réwniez prawdziwe w przypadku wielowymiaro-
wym.



