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Abstract

The study of the symmetry of Pais—Uhlenbeck oscillator initiated in Andrzejewski et al. (2014) [24] is
continued with special emphasis put on the Hamiltonian formalism. The symmetry generators within the
original Pais and Uhlenbeck Hamiltonian approach as well as the canonical transformation to the Ostro-
gradski Hamiltonian framework are derived. The resulting algebra of generators appears to be the central
extension of the one obtained on the Lagrangian level; in particular, in the case of odd frequencies one
obtains the centrally extended /-conformal Newton—Hooke algebra. In this important case the canonical
transformation to an alternative Hamiltonian formalism (related to the free higher derivatives theory) is
constructed. It is shown that all generators can be expressed in terms of the ones for the free theory and the
result agrees with that obtained by the orbit method.
© 2014 The Author. Published by Elsevier B.V. This is an open access article under the CC BY license
(http://creativecommons.org/licenses/by/3.0/). Funded by SCOAP3.

1. Introduction

The theories we are usually dealing with are Newtonian in the sense that the Lagrangian func-
tion depends on the first time derivatives only. There is, however, an important exception. It can
happen that we are interested only in some selected degrees of freedom. By eliminating the re-
maining degrees one obtains what is called an effective theory. The elimination of a degree of
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freedom results in increasing the order of dynamical equations for remaining variables. There-
fore, effective theories are described by Lagrangians containing higher order time derivatives [1].
Originally, these theories were proposed as a method for dealing with ultraviolet divergences [2];
this idea appeared to be quite successful in the case of gravity: the Einstein action supplied by the
terms containing higher powers of curvature leads to a renormalizable theory [3]. Other examples
of higher derivatives theories include the theory of the radiation reaction [4,5], the field theory on
noncommutative spacetime [6,7], anyons [8,9] or string theories with the extrinsic curvature [10].

Of course, the appearance of terms with higher time derivatives leads to some problems. One
of them is that the energy does not need to be bounded from below. To achieve a deeper insight
into these problems and, possibly, to find a solution it is instructive to consider a quite simple,
however nontrivial, higher derivatives theory. For example, it was shown in Ref. [11] (see also
[12]) that the problem of the energy can be avoided (on the quantum level) in the case of the
celebrated Pais—Uhlenbeck (PU) oscillator [13]. This model has been attracting considerable
interest throughout the years (for the last few years, see, e.g., [11,12,14-24]). Recently, it has
been shown (see [24]) that the properties of the PU oscillator, rather surprisingly, for some special
values of frequencies change drastically and are related to nonrelativistic conformal symmetries.
Namely, if the frequencies of oscillations are odd multiplicities of a basic one, i.e., they form
an arithmetic sequences wy = (2k — )w, w # 0, for k =1, ..., n, then the maximal group of
Noether symmetries of the PU Lagrangian is the /-conformal Newton—Hooke group with [ =
2”2_ L (for more informations about these groups see, e.g., [25-28] and the references therein).
Otherwise, the symmetry group is simpler (there are no counterparts of dilatation and conformal
generators (see the algebra (2.5)).

Much attention has been also paid to Hamiltonian formulations of the PU oscillator. There
exists a few approaches to Hamiltonian formalism of the PU model: decomposition into the set
of the independent harmonic oscillators proposed by Pais and Uhlenbeck in their original paper
[13], Ostrogradski approach based on the Ostrogradski method [29] of constructing Hamiltonian
formalism for theories with higher time derivatives and the last one, applicable in the case of odd
frequencies (mentioned above), which exhibits the /-conformal Newton—Hooke group structure
of the model. Consequently, there arises a natural question about the relations between them as
well as the realization of the symmetry on the Hamiltonian level? The aim of this work is to give
the answer to this question.

The paper is organized as follows. After recalling, in Section 2, some informations concern-
ing symmetry of the PU model on the Lagrangian level, we start with the harmonic decoupled
approach. We find, on the Hamiltonian level, the form of generators (for both generic and odd
frequencies) and we show that they, indeed, form the algebra which is central extension the one
appearing on the Lagrangian level. Section 4 is devoted to the study of the relation between
the above approach and the Ostrogradski one. Namely, we construct the canonical transforma-
tion which relates the Ostrogradski Hamiltonian to the one describing the decouple harmonic
oscillator. This transformation enables us to find the remaining symmetry generators in terms
of Ostrogradski variables. The next section is devoted to the case of odd frequencies where the
additional natural approach can be constructed. In this framework the Hamiltonian is the sum of
the one for the free higher derivatives theory and the conformal generator. We derive a canonical
transformation which relates this new Hamiltonian to the one for the PU oscillator with odd fre-
quencies. Moreover, we apply the method (see [30]) of constructing integrals of motion for the
systems with symmetry to find all symmetry generators. Next, by direct calculations we show
that they are related by the, above mentioned, canonical transformation to the ones of the PU
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model described in terms decoupled oscillators. We also express symmetry generators in terms
of their counterparts in the free theory.

In concluding Section 6, we summarize our results and discuss possible further developments.
Finally, Appendix A constitutes technical support for the mains results. We derive there some
relations and identities which are crucial for our work.

2. PU oscillator and its symmetry

Let us consider the three-dimensional PU oscillator, i.e., the system which is described by the
following Lagrangian [13]

lt5(d>
L:—Exn<w+a)k>x, @.1)
k=

where 0 < w) <wy <...<wp and n=1,2,.... Lagrangian (2.1) implies the following equa-
tion of motion

]‘[(W +a)k>x =0, (2.2)

k=1

which possesses the general solution of the form

n
F(t)=) (@ coswyt + fr sinwyt), (2.3)
k=1

where @’s and ,5 ’s are some arbitrary constants.

As it has been mentioned in the Introduction the structure of the maximal symmetry group
of Lagrangian (2.1) depends on the values of w’s. If the frequencies of oscillation are odd, i.e.,
they form an arithmetic sequence wy = 2k — 1)w, w #0, k =1, ..., n, then the maximal group
of Noether symmetries of the system (2.1) is the /-conformal Newton—Hooke group, with [ =
2”—2_1. It is the group which Lie algebra is spanned by H, D, K, J*¥ and C%, o, 8 =1,2,3,
p=0,1,...,2n — 1, satisfying the following commutation rules

[H,D]=H —2w*K, [H,K]=2D, [D,K]=K,

- m—1\ = - -

[H,Cpl=pCpi+(p =21+ 1)’ Cpy1,

[J9B, J78] = 60 g7B 4507 JBS 4 5By g 4 gbe jo.

(19, Cy] =067 Ch — 8Pl (2.4)
Although this algebra is isomorphic to the /-conformal Galilei one (the latter can be obtained
by a linear change of the basis H - H — w?K, see [25,26,28] and [31-36] for more recent
developments of this algebra) the use of the basis (2.4) implies the change of the Hamiltonian
which alters the dynamics.

In the case of generic frequencies the maximal symmetry group is simpler. Its Lie algebra
consists of H, J%? and C,it, k=1,...,n. The action of J*} remains unchanged and only com-
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mutations rules between H and C’s must be modified
[H.C{] =~ Cy
[H.C; ] =wCy
Both symmetry algebras posses central extension:
[Ca, CPT=(=1)? p'q'8apd2n—1.ptg-
in the odd case and

-B1 _ Wk )
(Gt = ESkijaﬁ»

(2.5)

(2.6)

2.7)

in the generic case; which will turn out to be necessarily (see the next section) to construct the

symmetry algebra on the Hamiltonian level.

3. Decoupled oscillators approach

An approach to the Hamiltonian formalism of the PU model was proposed in Ref. [13] where
it was demonstrated that the Hamiltonian of the PU oscillator (in dimension one) turns into the
sum of the harmonic Hamiltonians with alternating sign. To show this we follow the reasoning

of Ref. [13] and introduce new variables
Xx=Iix, k=1,....n

where [T is the projective operator:
I = v/ pxl 1_[(—+60 )
l;ék

and

1
= k=1,2,...,n.

[Ti= (w,-z - w,%)’
ik
Note that pj are alternating in sign. Then one finds
n
=Y (=Dl
k=1
as well as

———Z( DF1x ( —i—a)k))? Z( D*=1 (X — wii) +1.d.

k 1
The correspondmg Hamiltonian reads

Z( DN (BF + %),

while the canonical equations of motion are of the form

Y= (=D""5 = (=DroiF.

3.

(3.2)

(3.3)

3.4)

(3.5)

(3.6)

(3.7)
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Taking into account the form of the general solution (2.3) we see that the dynamics of the new
canonical variables is given by

L (=D

Xk = W(&k cos(wkt) + Br sin(wkt)),
B = —— (B cos(wit) — & sin(ax)). (3.8)
o= ol

Therefore, we have a correspondence between the set of solutions of the Lagrange equation (2.2)
and the set of solutions of the canonical equations (3.7). Consequently, we can translate the
action of the group symmetry from the Lagrangian level to the Hamiltonian one and find all the
symmetry generators in terms of oscillator canonical variables. We will show that the generators,
obtained in this way, form the algebra which is the central extension of the symmetry algebra on
the Lagrangian level.

In the generic case it is very easy to find the form of the remaining (the Hamiltonian is given
by (3.6)) symmetry generators on the Hamiltonian level. First, let us note that the infinitesimal

action of i C ,j' and v, C > k=1, ...,n,on the Lagrangian level, takes the form
n
¥ (1) =X()+ Y _ (i coswxt + Vg sinay). (3.9)
k=1

Acting with IT; and applying Eq. (3.7) we find the infinitesimal action of CT’,?E on the phase space;
by virtue of

6(-) = €{-, Generator}, (3.10)

we obtain the following generators:

o (=Dt (0 5r + — 2 sin(orn)i
= —— cos(wi!) pk + —— sm(wk! )Xk,
el Nl

o (_1 k—1

cos(wit) Xk, (3.11)

. . wk
= ——sin(wit) py — —
VA Nl

which commute to the central charge — according to (2.7). Similarly, the angular momentum
generators read

n

JoP = Z(x,‘fpf —p,‘i‘xﬂ). (3.12)
k=1

Consequently, we obtain the centrally extended algebra (2.5).
3.1. Odd frequencies

In the odd case the symmetry group is reacher and, therefore, this case is much more inter-
esting. We assume now that the frequencies form the arithmetic sequence, i.e., vy = 2k — 1w,
k=1,...,n. In this case the main point is that the numbers p; can be explicitly computed; the
final result reads

_ (=D =1
(@)t m—k)!(n+k—1)!

Ok k=1,...,n. (3.13)
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Consequently, one has useful relations

| ok | _ Qk—=1(n+k)
lok+1l  Qk+1D(n—k)’

Next, let us note that the following Fourier expansion holds (see Appendix A)

—1,...,n—1. (3.14)

Yoy yk‘; cos(2k — Dwt, p-even;
Yo Vip Sin(2k — Dot,  p-odd;

sin? wt cos™ 1P wt = (3.15)

where y,; can be expressed in terms of sum of products of binomial coefficients; however, their

explicit form is not very useful; for our purposes some properties of ykj; (see (A.2)—(A.6)) will
turn out to be more fruitful. Now, using Eq. (3.15) we can rewrite the infinitesimal action (3.9),
in the case of odd frequencies, in the equivalent form

. R 1. . 1
Y@ =30+ —€p sin” wt cos” 1P wt, (3.16)
®

which gives suitable family of the generators 6‘,,, p=0,1,2,...,2n — 1, on the Lagrangian
level, i.e., satisfying commutationﬁrules of the /-conformal Newton—Hooke algebra (cf. [24]).

In order to find the action of C), in the Hamiltonian formalism, we use Eq. (3.15) together
with (3.1) and (3.7), which yields

I (_1)k—lgp yk; cos(2k — wt, p-even;
X=X+ ———1 _ . (3.17)
P /1 pk| Yip sin(2k — Dwt,  p-odd;
oo 2k — Dwé, —yk‘; sin(2k — )wt, p-even; 3.18)
= Dk _ .
Pe=p P /| pk| Vk; cos(2k — 1 wt, p-odd.

Using Eq. (3.10) we derive the explicit expression for the generators C p in terms of the canonical
variables

n

+
- ykp k=1 . - . . _ N
C”_;r W(( D eos((2k — Dwt) pr + 2k — Dwsin((2k — Dwt)3x), (3.19)

for p even, and

n —

A A _yk=1 . S _ _ >
C”_kgaﬂ’ JW(( D =Lsin((2k — Dot pr — 2k — Dwcos((2k — Dwt)Ft), (3.20)

for p odd. Egs. (3.19) and (3.20) can be inverted to yield X and py in terms of the generators c p

2n—1
o _ " -
P = (=" ""/lpxl cos((2k — Dat) > Bh@"Cp
p=0
2n—}
+ (=D sin((2k = Dor) Y ﬁ;kwpé,,, (3.21)

p=0
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2n—1

. Vied "Bt wPC
f= sin((2k — Dor) ;0 Ha’C,
N S
k "B wPC
~ Gk—Do cos((2k — Dar) Z ﬂpka)”Cp, (3.22)
p=0

where 87, B~ are the inverse matrices to ¥+, ¥~ while one and two primes ’,” denote the sum
over odd and even indices, respectively.”

Next, we find the action of the dilatation generator. To this end let us recall (cf. [24]) that the
infinitesimal action of dilatation on coordinates is of the form

X () =3() — i (2n — Dwcosoni (1) — sinwn)i (7). (3.23)

Substituting (3.4) and acting with the projectors I1; we obtain, due to (3.1) and (3.7), the in-
finitesimal dilatation transformation on the phase space

X=Xk + 2«/_ coswt) (v/|pk—11(n — k + DXr—1 + /| prs11(n + k) Xig1)
e(=D*F Vioil B, Vil ,
—_— 2wt —k+Dpr_1— k ,

+2w kalsm(w)( 2k—3(n + Dpr—1 2k+1 (n+k) ) pr+1

o o +1 i

x{ =X — 2\/_ <‘/|p2 (n 4+ 1) cosQuwt )Xo +s1n(2wt)\/|p2 )

L ono -
—ncosCwi)/|pilx1 + > sin2wt)+/|p1 |P1>, (3.24)

. - €Rk—-1 A or—-1l - N or+11 .

=pp— ———— 2wt —k+1D)pr_ k
Pie= Pk = = s cosQon| Z 5 (k4 Dper + 5 =7 1+ ) preg

—D*Qk =1 - 2
4 2R D G wn (Vioetl(n — k + Dt — ipeatl(n + D).

2V pxl
ﬁ;:ﬁl—ﬁcos(2wt)< ny/lpilp1 + (n+1) >
+ Z\;%Sm(zwz)(n\/m] %1+ V/1o2l(n + 1)22), (3.25)

where k > 1 and, by definition, we put X,+1 = puy+1 = 0. One can check, using Eq. (3.14),
that (3.24) and (3.25) define the infinitesimal canonical transformation generated (according to
(3.10)) by

-1
D= o (wA cos2wt) + B sinQQwr)), (3.26)
®

where

2 We will use this convention throughout the article.
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n
Pk—1 = Pk+1 - - .
A=—Z<,/ — | —k+Dx1+ | - (n+k)Xk+1>Pk+nX1P1,
=1 Pk Pk

n

n—k+1 Pk—11,- = 5 >
B=-) (-D'—— | (PrBrmt = Gk = D(2k 3)w ¥ Xe-1)
k=1
1 - o
+ 5n(a)zxf - B?), (3.27)

and, by definition, Xy = po = 0. The meaning of the components A and B will become more
clear in Section 5 (see (5.5)).

Similar calculations can be done for the conformal generator K. Namely, the infinitesimal
conformal transformation, on the Lagrangian level, reads

() =X() — 267((211 — DaosinQw)i(1) + (coswt) — 1)3(1)). (3.28)

Substituting ¥ and acting with the projector IT; we obtain the infinitesimal conformal transfor-
mation on the phase space and consequently (due to (3.10)) the explicit form of the generator K

1
K= F(B cosQwt) — wA sinQwt) + H). (3.29)
w

Finally, the angular momentum takes the same form as in the generic case

n

JP = Z(x,‘fpf — p,‘fxﬁ). (3.30)
k=1

It remains to verify that obtained generators, indeed, yield integrals of motion and define the
centrally extended /-conformal Newton—Hooke algebra. To this end we need a few identities
which are proven in Appendix A. First, we compute the commutators of C’s and check that they
give the proper central extension. The only nontrivial case is [C%, C}? ] with p even and ¢ odd (or
conversely). We have

®Qw)* " D§*P & _ -
e 2 D T =B k= Dl v

k=1

571

n

_pl@n—1- )l 1598 Z(—l)"‘lﬂ+

T pkYkg
wPT49 Pt
pl2n—1— p)lo*—lseh Ly _
= wPtd Bon—1-piViq
k=1
p!2n — 1 — p)lw?*~15%P
= 8on—1,p+q = P'q8apd2n—1,p+q> (3.31)

wbta

where we use consecutively Eqs. (3.19), (3.20), (3.13), (A.3) and (A.2). For p odd and g even
we obtain the same result except the extra minus sign. Consequently, we obtain the central
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extension (2.6). In order to find the remaining commutators let us note that

[A, B]= —2H,
[B, H] =2 A,
[A, H] = —2B. (3.32)

The proof of the above relations is straightforward although tedious and involve the use of (3.14).
Now, by virtue of Eq. (3.32), it is easy to check that the generators H, D, K satisfy the first line
of Egs. (2.4). .

Now, we find the adjoint action of H, D, K, J @B on Cp. Since the calculations are rather
wearisome and lengthy we sketch only the main points. To show that [H, c p] gives proper
rule we use the identity (A.4). The case [D, C p] is more involved; however, using repeatedly
Egs. (3.14) and (A.5) we arrive at the desired result. Similarly to obtain [H, 6k], first, we use
Eq. (3.14) and then Eq. (A.6). Finally, it is easy to compute the commutators involving angular
momentum.

Having all the commutation rules and (A.4) it is not hard to check that the obtained genera-
tors are constants of motion. This concludes the proof that, on the Hamiltonian level, they are
symmetry generators and form the centrally extended /-conformal Newton—Hooke algebra.

4. Ostrogradski approach
Since the PU oscillator is an example of higher derivatives theory, it is natural to use the

Hamiltonian formalism proposed by Ostrogradski [29]. To this end let us expand Lagrangian
(2.1) in the sum of higher derivatives terms (here Q = X)

1 = [ d> R B o 2
L=—§QH<W+w,%>Q=EZ(—I)" lor(0%)7 (4.1)
k=1 k=0
where
o = Z wi21~~~a),-2n7k, k=0,...,n, o,=1. 4.2)
<..<ip—k

It can be shown (by standard reasoning) that the following identities hold

n
Zpkwgmzo, m=0,...,n—2, 4.3)
k=1

n
> "D = (=, (4.4)
k=1

n n

Yo on(=D" Y g V=0, rzn, (45)
m=0 k=1

where pi is given by Eq. (3.3). Now, we introduce the Ostrogradski variables
n—k j n
- d\’ oL 1 .
_ _“ — (—_1)k— .0Ri—b

h=3(5) g =0 e s

=0 j=k
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for k=1, ..., n. Then the Ostrogradski Hamiltonian takes the form

(1)nl n

H="— P2+ZPk le——Z< D¥or10;. (4.7)

By virtue of Egs. (3.7) and (4.6), for k =1, ..., n, we find

Or=(-17 Z\/m,( /TR, k-odd;

Ok = (— 1)7_12 Ipr 2pj, k-even; 4.8)
j=1

and

n n
ﬁk=(—1)'%—1Z(—l)f”\/w(Za,-(—l)f'w?’")zi, k-even;
i=1 =k

- k=3 n n . c N
Po=(=17 3 Vinl| Yooi=DIw ™7 B, k-odd 49)
i=1 j=k

One can show that Egs. (4 8) and (4.9) define a canonical transformation; to compute the P01sson
brackets {Qk Q } and {Qk, P } we use (4.3) and (4.3)—(4.5), respectively; computing {Pk, P }
is the most comphcated one and involves considering two cases k — j < 1 as well as applylng
Egs. (4.3) and (4.5).

Next, let us note that the inverse transformation is of the form

Z( n'T Za( D o™ o] Qk+2( LN T8

n n n

o " ki S0k > ’ k+1 o

pi=Y (DTN oD el Ok + Y (=D T T pilef T P (4.10)
j=k k=1

k=1

No, we can try to find the symmetry generators (both in the odd and generic cases) in
terms of the Ostrogradski variables. Of course, we expect that the Hamiltonian (3.6) should
be transformed into the Ostrogradski one. Indeed, using (4.3)—(4.5) repeatedly we arrive, after
straightforward but rather arduous computations (considering two cases: n-odd, even), at the
Ostrogradski Hamiltonian (4.7).

Similarly, applying Eqgs. (4.3)—(4.5), we check that the angular momentum (in both cases
(3.12) and (3.30)) transforms under (4.10) into Ostrogradski angular momentum

n

I =3 (¢ Pl — OF PY). @.11)

k=1

As far as the generators C’s are concerned (again using (4.3)—-(4.5)) we obtain the following
expressions:
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5,: = Z(cosa)it)(k_l)lgk — 2:((—1)]‘_1 Zaj (cos a)it)zj_k> Qk,

k=1 k=1 j=k
n n n
Cp = Z(sin wit)*Vp, — Z((—l)k1 Zaj(sina)it)zjk) Ox, (4.12)
k=1 k=1 j=k

in the case of generic frequencies, and

n

Cp= ﬁ Z(ﬁk(sinf’ wt cos* 1P a)t)(k_l)

k=1

n
+(=DF0r Y o (sin” wr cos 1P wr) "”), (4.13)
Jj=k

in the odd case; which perfectly agrees with the definitions of the Ostrogradski canonical vari-
ables (4.6) and the action of C’s on Q (Egs. (3.9) and (3.16)). Similar reasoning can be done for
the remaining two generators D and K in the odd case. Then, they become bilinear forms in the
Ostrogradski variables; however the explicit form of coefficients is difficult to simplify and not
transparent thus we skip it here.

5. Algebraic approach to odd case

Since the /-conformal Newton—Hooke algebra is related to the /-conformal Galilei one by the
change of Hamiltonian

H=H + oK, (5.1)

where tilde refers to generators of the free theory (which possesses the /-conformal Galilei sym-
metry); therefore, it would be instructive to construct an alternative Hamiltonian formalism for
the PU-model (in the case of odd frequencies) with the help of the one for the free higher deriva-
tives theory.

Denoting by G, T, m=0,...,n — 1 the phase space coordinates of the free theory and
adapting the results of Ref. [37] to our conventions we obtain the following form of the generators
of the free theory (at time r = 0)

1 n—1
D ..
Tnn_l— E qmTTm—1,

m=1

.o 2n—1\. .
D=>(m- 5 )amTm,
m=0

H

2 n—2
~ n N 5 S
K = (—])n+17q}171 + Z(Zn —1—m)m+ 1)gmTm+1,
m=0
n—1
TP =" (ammh — b)),
m=0
Co=(=D""ml7,, m=0,...,n—1,

Contom=Cn—1=m)Gm, m=0,....n—1. (5.2)
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Of course, the change of the algebra basis given by (5.1) induces the corresponding one for
the coordinates in dual space of the algebra (denoted in the same way); consequently we define
the new Hamiltonian as follows

B ) - ( 1)n+1 -
H=H+wK = ZCImﬂm 1
lnzwzﬁ n—2
+ (=" T S+ Z(2n —1—m)(m+ l)a) GnTtmt1- (5.3)
m=0

We will show that (5.3) is indeed the PU Hamiltonian in g,,, 77,, coordinates and we will find the
remaining generators in terms of them. To this end let us define the following transformation

n—1
r mlw™ /] pkl -
= (= 1>k(Z ,Fykmqm Z = Do Par1-m i m>

1 n—1
ok roT"2k - Do L " m N
Pe=(-1) (%‘; R plim +m§ mlo™ /| oel Byl m | (5.4)
for k =1,...,n. Using (3.14) and (A.3) we check that (5.4) define a canonical transformation.

Moreover, by applying Eqgs. (3.14) and (A.2)—(A.4) we check that the PU Hamiltonian (3.6) (with
odd frequencies ) transforms into (5.3). The remaining generators can be also transformed. First,
using (3.14), (A.2), (A.3), (A.5) and (A.0), after troublesome computations, we find that

A=-2D,
B=—H+w’K, (5.5)

and, consequently, we obtain a nice interpretation of A and B. Using Egs. (5.5), one checks that
H, D, K take the form

H:I:I+a)216,

~ 1 - ~
D = D cos2wt + 2—(H —sz) sin 2wt
w

1 - 1 -~ sin2wt ~
=—(1+cos2wt)K + — (1 — cos2wt)H + D. (5.6)
2 2w?
Finally, the angular momentum reads
n—1
I =Y (anmh — ahm), (5.7)
m=0

i.e., takes the same form as the one for the free theory (according to it commutes with H). The
generators 6’k are obtained by plugging (5.4) into (3.19) and (3.20), see also (5.17).
Summarizing, we expressed all PU symmetry generators in terms of the ones for free theory
(and consequently in terms of g,, and 7,,) and we see that the both sets of generators (except
Hamiltonian) agree at time ¢ = 0. This result becomes even more evident if we apply the al-
gorithm of constructing integrals of motion for Hamiltonian system with symmetry presented
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in Ref. [30]. Namely, for the Lie algebra spanned by X;, i =1,...,n, [X;, X;1=2";_, chij,
with the adjoint action

n
Ady(X) =gXig™' =) D] (@)X, (5.8)
j=1

the integrals of motion X; (&, t) corresponding to the generators X; are of the form

n
Xi(€,0)=)_ D] (Mg, (5.9)
j=1
where &’s are the coordinates of the dual space to the Lie algebra (more precisely, their restriction
to the orbits of the coadjoint action in the dual space).

Let us apply this approach to our case. One can check that for H, D, K, J “f Eq. (5.9) gives
(5.6) and (5.7). For C), we have

2n—1 -
Cr=e"Cpe™™ =" a,nC,, p=0.....20—1, (5.10)
r=0
where the functions a, satisfy the set of equations

apr(t) = (r + Dap 1) + (r = 2m)w?ap 1 (1), (5.11)
with ag, _1 = a2, = 0 and the initial conditions a,,(0) = 8. Substituting a,, (t) = ap,-(tw)w"
we obtain

apr(t) =+ Dép 1 () + (r = 20)ap 1 (1), (5.12)

with appropriate initial conditions. It turns out that for fixed p Eq. (5.12) is strongly related to
the evolution of g’s and 7’s in the PU model with odd frequencies. More precisely, the canon-
ical equations of motion for the Hamiltonian (5.3) are equivalent to Eq. (5.12) for fixed p (cf.
[38]). Consequently, the solution can be written in terms of combinations of harmonics with odd
frequencies:

2n—1
/ .
apr(y=" Y i"Brac' sk, (5.13)
a=—2n—1)
where B, is given by (A.24) and st are some constants (see [38])). Taking into account the
initial conditions, we obtain
2n—1

ap =" S Brayape (5.14)
a=—Q2n—1)

By virtue of Egs. (A.25) and (A.29), we have
n
apr(t) =P By cos 2k — Do, (5.15)
k=1
where upper (lower) sign corresponds to p, r even (odd); and

n
apr(t) =Fo' Py ﬂfky,; sin 2k — Doot, (5.16)
k=1
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where upper (lower) sign corresponds to p even and r odd (p odd and r even). Having the explicit
form of a, (t), and using Eqgs. (5.2) and (5.10) we obtain C’s in terms of g’s and 7’s:

n—1

Cp=> (=1 "rlap )i, + @n = 1 = Mlap u—1-r (1)) (5.17)
r=0

As we have mentioned above (5.17) is related by canonical transformation (5.4) to (3.19)
and (3.20).

6. Discussion

Let us summarize. In the present paper we focused on the Hamiltonian approaches to the
PU model and its symmetries. First, we derived the form of the symmetry generators, in the
original Pais and Uhlenbeck approach (for both generic and odd frequencies). We have shown
that the resulting algebra is the central extension of the one obtained on the Lagrangian level, i.e.,
the centrally extended /-conformal Newton—Hooke algebra in the case of odd frequencies and the
algebra defined by Eqgs. (2.5) and (2.7), in the generic case. Next, we considered the Ostrogradski
method of constructing Hamiltonian formalism for theories with higher derivatives. We derived
the canonical transformation (Egs. (4.8)—(4.9)) leading the Ostrogradski Hamiltonian to the one
in decoupled oscillators approach.

Let us note that the both approaches, mentioned above, do not distinguish the odd frequencies
and in that case do not uncover the richer symmetry. A deeper insight is attained by nothing
that for odd frequencies an alternative Hamiltonian formalism can be constructed. It is based
on the Hamiltonian formalism for the free higher derivatives theory exhibiting the /-conformal
Galilei symmetry. More precisely, we add to the Hamiltonian of the free theory the conformal
generator. As a result, we obtain the new Hamiltonian, which turns out to be related, by canonical
transformation (5.4), to the PU one. This construction can be better understood from the orbit
method point of view, where the construction of dynamical realizations of a given symmetry
algebra is related to a choice of one element of the dual space of the algebra as the Hamiltonian
(see [30] and the references therein). In our case, both algebras (/-Galilei and /-Newton—-Hooke)
are isomorphic to each other; only the one generator, corresponding to the Hamiltonian, differ
by adding the conformal generator of the free theory. This gives the suitable change in the dual
space and consequently the definition (5.3).

The change of the Hamiltonian alters the dynamics, which implies different time dependence
of the symmetry generators (which do not commute with H); however, all PU generators should
be expressed in terms of the generators of the free theory (for # = 0). This fact was confirmed by
applying the method presented in Ref. [30] as well as, directly, by the canonical transformation
(5.4) to the decoupled oscillators approach for the PU model.

Turning to possible further developments, let us recall that in the classical case (I = %) the dy-
namics of harmonic oscillator (on the half-period) is related to the dynamics of free particle by
well known Niederer’s transformation [39] (this fact has also counterpart on the quantum level). It
turns out that this relation can be generalized to an arbitrary half-integer / [24] on the Lagrangian
level; on the Hamiltonian one, we encounter some difficulties since there is no straightforward
transition to the Hamiltonian formalism for a theory with higher derivatives. However, in the
recent paper [40] the canonical transformation which relates the Hamiltonian (5.3) to the one
for free theory (the first line of (5.2)) has been constructed; it provides a counterpart of classi-
cal Niederer’s transformation for the Hamiltonian formalism developed in Section 5. Using our
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results one can obtain similar transformation for both remaining Hamiltonian approaches. We
also believe that the results presented here can help in constructing quantum counterpart of the
Niederer’s transformation for higher / as well as to study of the symmetry of the quantum version
of PU oscillator.
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Appendix A

In this appendix we prove the following Fourier expansion

> Vi cos(2k — 1)t,  p-even;
sin? tcos? 7Pt = i ] kf ) (A1)
D i Vip sin(2k — 1)z, p-odd;

and derive some, crucial for the main part of the paper, properties of the expansion coefficients;
namely

+ k=1, — + k—1p—
Yip = (=D yk,2n—1—p’ k= (=1 ﬂZn—l—p,k’ (A.2)
2p!2n—1— p)!ﬁjk =22""n—k)n+k— 1)!y,j;, (A.3)
k= Dy =Fpyi, 1 £ Q@ —1=pyT, ., (A4)
(n+ k)ykiH,P +(n—k+ 1)yki_1’p + nykf)akl =Q2n—1-— 2p)y,j;, (A.5)

(n+0y, ,—(—k+ Dyl Favpdu=Fpyl,  FQn—1-p)yT,.. (A6)

where B¥ is the inverse matrix of y* and by definition ykj; =0 whenever p <0, p>2n—1,

k <1, k > n. Let us stress that ﬂ;rk, y,:; (ﬂ;k, yk;) are defined only for p even (odd).

Let us consider, for fixed n,n =1, 2, ..., the set of functions
2cos(2k — 1)t
pk+(f) — % ,
cos t t=arctan t
2sin(2k — 1)t
P ()= % ) (A.7)
cos t f=arctan T

where k is, a priori, an integer. One can check that functions (A.7) satisfy the orthonormality
relations

OOPkJr(t)PjJr(t) ~ OOPk_(t)Pj_(t) L
/n(1+r2)2" T‘/ a4y
ooPki(r)P;E(r)

—00
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and the following identities

P =+PF, (A.9)

(1+22)(PE) =F@k— DPT +@2n— DT PE, (A.10)

(1+7%)PE, = P (1 —1%) F 21 P, (A.11)

(1+7%)PE, = PE(1— %) £2t P, (A.12)

(n—k P +(n+k—DPE =@n— 1P —2t(PF), (A.13)

(n—kPE, —(n+k—1DPE, =k - P F2(PT). (A.14)
Let X denote the operator

X = (1+z2)% —@2n—-Dr. (A.15)
Then

XPE=FQk—1)PT; (A.16)

consequently the action of the operator ¥ = X is as follows
YPE=—Qk—1)?PF, (A.17)

i.e., P’s are eigenvectors of the operator Y.

Now, the point is that for k = 1, ..., n the functions PkjE are polynomials of degree less than
or equal to 2n — 1 (this can be seen by expanding sin(2k — 1)¢ and cos(2k — 1)¢). Due to (3.1)
they form the orthonormal basis in the space W2*~1(t) of all polynomials degree less than 2n
with the scalar product

[ fose)
(fvg)_ 7'[(1—‘,-1:2)_2” T

—00

(A.18)

Since P, k+ , (P,) are even (odd) functions the expansion with respect to the standard basis
{r”}f,":}} of W?"~1(t) is of the form

2n—1

4
PHo)=V2) Bl k=1,...m
p=0

2n—1
/
Pr()=v2) Butl, k=1,....n (A.19)
p=0
Moreover, since PO+ = P1+ and P;” = — P we have ,3;0 = ,6;'] and ,B;O =— ,31:1. Denoting by

y* the inverse matrix of % we get the following relations
1 n
P =— E vii PH(T), p-even;
V2 k=1 it

1 n
P =— E Yeo Pr (T),  p-odd. (A.20)
p
V215
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Substituting T = tan¢ in Eqgs. (A.20) we obtain the expansions

cos(2k — )t
Py— § : + _ .
tan” r = kp 0052" P p-even,;

_sin(2k — 1)t
tanpt_z Voo, Prodd: (A21)

which are equivalent to the Fourier expansion (A.1).

Now, we prove the identities (A.2)—(A.6). First, let us note that the operator X was considered
in Ref. [38]% as acting on the space Wé”_l (the space of complex values polynomials of degree
less than 2n). It was shown there that the polynomials

P,(t)=( (A.22)
where the index a is an odd integer belonging to the set {—(2n — 1), ..., (2n — 1)}, form an
orthonormal basis of Wzn I and are the eigenvectors of X, i.e.,

XP,=iaP,. (A.23)
Moreover, it was proved that the coefficients of the expansion

2n—1
Py(t)= ) i"Bpat?. (A.24)
p=0
satisfy the relations
2n—1—a

,Bp,—a = (_l)pﬁpav ﬁ2n—1—p,a =(-1) ﬂpa- (A.25)
Furthermore, with (y,,) being the inverse matrix to (8,,) the following important relation holds

p!Cn—1—p)Bpa=Gn, a)yapip, (A.26)
where

2n —1 2n —1—
G(n,a)=22"—1( " : +“>!< " : “)!. (A.27)

We can use this information to obtain some relations for % and y*. To this end let us note
that we have

P = V2Re(Py—1) = V2Re(P_2-1)).
P =2Im(Py—1) = —vV2Im(P_ 1)), (A.28)
which implies
) _ p-1
Boe=(D2Bpou—t, B =17 Bpoii,
V;j,_, =2¥u-1.p>  Vip=20V2%1.p; (A.29)

where p is even (odd) for the +(—) case, respectively.

3 For our convention n must be replaced there with n — 1.
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Now, we are ready to prove the relations (A.2)—(A.6). First, using (A.25), (A.26) and (A.29)
we get (A.2) and (A.3). Recursion relation (A.4) is obtained by differentiating (A.1). Substituting
(A.19) to (A.13) and using (A.3), (A.9) we arrive at (A.5). Similarly, inserting (A.19) into (A.14)
and applying (A.2), (A.3), (A.9) we get (A.0).
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