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Abstract. The aim o f this paper is to present a method o f  constructing effective portfolios 
with application of W olfs algorithm. The effective portfolios are understood as those which 
have the lowest risk at give rate o f return, and , conversely, which have the highest returns 
at given risk level. In classic M arkowitz model, the rate o f return is understood as expected 
returns which in practice is replaced by a mean return. The variance o f the portfolio returns 
is considered as the risk measure.

Ready-made programs may be used to construct effective portfolios. In practice, using 
these application causes som e problems. In order to calculate the portfolios efficiently, we 
have written an application in the Delphi programming language using a suitably adapted 
W olf’s algorithm.
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The participants o f business processes act in the risk environm ent. This 
particularly holds true for the stock exchange investments. In order to 
reduce risk, the stock exchange investors construct effective investm ent 
portfolios; that is they invest m onetary resources in stock o f m any com panies 
quoted at stock exchange thus seeking a portfolio with the lowest risk at 
given returns o r with the highest returns at given risk level. The rate o f 
return is understood here as expected returns, which in practice are replaced 
by m ean returns. In classic M arkow itz model, the variance o f the portfolio  
returns is assum ed as the risk m easure ( M a r k o w i t z  1952).

General quadratic program m ing applications (QSB, O perational Research) 
or a specialized Portfolio  program  ( E l t o n  and G r u b e r ,  1997) m ay be 
used for selection o f an  effective portfolio. Using these application causes 
some problems. T he Portfolio  program  has lim itations in relation to the 
num ber o f considered com panies and observations; m oreover it cannot 
perform the task o f returns calculation. Available applications for quadratic  
or non-linear program m ing require time-consum ing entering o f d a ta  and
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pre-determ ination o f m ean returns and elements o f variance-covariance 
m atrix. The problem  of constructing effective portfolios has been studied by 
many scholars (T r z a s к a 1 i к and J u r e k  1995; К  о 1 u p a and P 1 с b a n i а к, 
2000) but the absence o f an adequate program  has m ade it practically 
impossible to  select effective portfolios from the set o f all com panies quoted 
on W arsaw Stock Exchange. In order to calculate the portfolios efficiently 
(quickly and for any num ber o f com panies and observations), we have 
written an application in the Delphi program m ing language using a suitably 
adapted W o lfs  algorithm .

The aim o f this paper is to  present a m ethod o f constructing effective 
portfolios with application o f W o lfs  algorithm . Classic M arkow itz model 
is based on the following assum ptions:
•  the portfo lio  includes к shares, A lt A 2, ..., A k\
•  the proportion  o f shares in the portfolio is varied, which is described by 

the vector: X  =  (x t , x 2, x*)7 with non-negative com ponents (x ,> 0 )  
normalized to one:

Z * < = 1  ( 0
i=t

in the m atrix  notation:

X JIk = 1 (2)

where / л =  (1, 1, ..., 1) is the /с-dimensional vector with com ponents 
equal to one;

•  each share Aj, i =  1, 2, к in a specified period o f time has m time 
units, in which the returns z it are recorded, where t =  1, 2, ..., m.
M ean returns o f given shares are calculated on the basis o f the following 
formula:

1 m
ž, =  -  Z zii> > =  1. •••. к (3)

m t=i

The m ean return  from the portfolio with к shares is expressed by the 
weighted mean:

z'p =  £  Xjži =  X TZ  (4)
i= t

where Z  =  ( J 1, z k) T is the vector o f m ean returns.



Thus, z p depends both on m ean returns from given shares and on their 
proportion in the portfolio. Considering the colum ns o f the Z  m atrix  with 
z„ elements, we obtain inform ation on the returns from the shares in 
question in given m om ents in time. The proportion o f the shares is varied, 
which is expressed by the vector X ,  so it is possible to  determ ine the 
following scalar products:

к
zpl = X TZ t =  ExjZft, t =  1, m (5)

<=i

where Z ,  =  (z lr, ..., zkt)T is the i-th column o f the Z  m atrix.
The returns from the portfo lio  Zp, may be com pared to  the m ean returns 

z p. It is assumed tha t the variance o f the returns from the portfolio  is the 
measure o f the deviation o f Zp, from z p:

=  ~ 7 f > „ - ž p ) 2 =  - - T £ x ^ ( Z t - Z ) ( Z ' - Z ) TX  = X r C X  (6) 
m -  1 I = 1 m - l ( =i

where:

C =  - ^ - T f ; ( Z t - Z ) ( Z t - Z ) T (7)
m -  1 ( =i

is (k x  /c)-dimensional variance-covariance m atrix  from the sample. The 
m entioned risk m easure s j  for the portfolio m ay be expressed as follows:

к

«p =  Z  x ?c f  +  2  ľ  W r y  (8)
i = l 1

where:

is the variance o f  the returns for the i-th and )-th  share, whereas:

1
CU = Xczu-zjizjt-zj)  ( 10)

is the covariance o f the re turn  for the i-th and ;-th  share.



M inimizing the expression:

X TC X  —»m in (11)

with the following constraints:

& Х > у  (12)

ż  X, =  i (13)
/=1

i = 1, k,

where:
у -  is the pre-dcfined return from the whole portfolio , assum ing y ^ m a x z ,.

In order to used the W o lfs  m ethod o f quadratic program m ing ( G r a 
b o w s k i  1982), we need to transform  the expression (11) and constraints 
(12), (13) to  the following form:

— P X  +  A ^C G —*min

A X  š  В (14)

A > 0

where P is a vector, and G is a non-negative square m atrix.
X  is renum bered so that x, relating to the com pany with the highest 

variance is the last.
x k -  the p roportion  o f shares with highest variance from (13) we receive:

x k = i -  £  x i ( 15)
i=i

x k is substituted to  (11) and we receive:

- Q X  + X ^ D X - ^ m m  (16)

where:
D — [k — 1, к — l]-dim ensional m atrix  with elements:

d i j  =  c lj +  c kk — c kj ~  c ik (1 7 )

Q -  (k — l)-dim ensional vector with the elements:



4i — — 2 C** +  C*j +  Ci* (18)

Two attribu tes result from  the above-presented formulas:
•  elements on the m ain diagonal of the D m atrix are non-negative.

du =  £ ( 2 Й- У , ) 2 +  E ( z* - I y)2 “ 2 E ( zt t - * í ) ( z j» - ž j )  (19) 
t= i «=i

(a2 + h2 — 2ah) is non-negative, so elements on the m ain diagonal the 
D m atrix are non-negative, too.

•  because ckk is the largest element o f the С m atrix , from (18) it is 
concluded tha t the elements o f the D vector are negative.

From  (12) and (15) we receive:

Z ¥ i + ž/ l -  X*,) > у (20)
i = i  \  i = i  /

* - 1
I  (žt + žk)xt + Ikžy  (21)

i= i

k - I
Y ( ž k - ž l) x l š ž k - y  (22)

/ = i

From  (14) we receive:

k -  1

1 _  Z  x i 
i=i

* - i
Z 1 

i= 1

thus, the problem  o f selecting an effective portfolio 
form:

— Qx  +  x JDx  —> m in (25)

and constraints

A X  ^  В

X ž O

(23)

(24)

will take the following



where

* i “ ľ z i ~ y  ••• Z k - 1 - У (26)

В Ш (27)

In the W o lfs  m ethod [II], introduced are the vector o f additional 
variables X d and Yd plus the vector W  o f the artificial variables with w, 
elements:

In the above m ethod, instead o f solving the m odel in the form  (25), 
the sum o f artificial variables is minimized with the constrain ts (30-33):

According to the W o lfs  algorithm , we check the signs o f free sets o f 
equations X d +  A X  = В and 2 X T- D + Y A - Y d + W =  Q:

I) if b j ^ O ,  they'-th equation is left unchanged, treating x d as the basis
variable,

II) if b ^ <0 ,  both sides o f the j -th equation is m ultiplied by -1 and

III) if <?,<0, bo th  sides o f the j -th  equation is m ultiplied by -1 and
the yd is treated as the basis variable,

IV) if qt >  0, artificial variable w, (treated as the basis variable) is added
to the left side o f the equation.

Y X d + YdX  =  0

X d = В -  A X (28)

Yd = 2 X 7D + Y A - Q

k - 1
£  w(—>min

i= i
(29)

X d +  A X  = В

2 X JD + Y A - Y d + W = Q  

X > 0 \  X d >0;  Y >  0; Yd ž  0; W >  0 

Xl/ j  = 0; x dyj  =  0; i =  ( 1, ..., k - I ) ;  j  = ( 1, 2)

(30)

(31)

(32)

(33)

the artificial variable Vj (treated as the basis variable) is 
added t the left side of the equation.



*1 Xk- 1 A yi- 1 *1 .. .
" » - I У1 A A Ho f .c .

A * i ~ 7 0 ... 0 0 ... 0 0 0 1 0 * 1 - 7 0

A i 1 0 0 0 0 0 0 0 1 1 0

m « -1 0 0 1 0 0 Ž1 - 7 1 0 0 P i 1
* 0 0 0 0 •

wk-i 2 ^ 1 - Ц - 1 0 0 - 1 0 0 1 * k - i - V 1 0 0 K - 1 1

If  artificial variable v1 needs to be added, the starting table will be as follows:

*1 1 7 Í - 1 *1
.. .

WL - 1 >1 У2 A A V1 Ho f .c .

A * 1 + 7 V i  +  7 0 0 0 . . . 0 0 0 1 0 1 * 1 - 7 0

A 1 1 0 0 0 . . . 0 0 0 0 1 0 1 0

W 1 4 i - 1 0 0 1 0 0 Ž 1 - 7 1 0 0 0 Pi 1

0 0 0 0 :
w l - l 2Л 0 0 -1 0 0 1 Jk - i - y 1 0 0 ó Pk-l i
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In our case:
• < ^<0, for each i =  ( l ,  k — 1), so (IV) will not occur,
• b2 =  \ ,
• b { is positive if the com pany with the highest m ean returns has also 

the highest return variance. Generally, this assum ption is satisfied; 
it is not, we add the colum n representing the artificial variable V! 
to the starting table.

In order to  construct effective portfolios according to  the above-described 
m ethod, we have w ritten an application in the Delphi language, which has 
m ade it possible to prepare a user-friendly interface, easily enter the data  
and read the results. T he program  requirem ents are as follows: a d a ta  file 
(quotations o f the com panies over a given period o f time), specified set o f 
com panies (num bers), num ber o f observations, length o f the investment 
period (in days) and pre-dcfincd expected returns. As a result, we receive 
the names of com panies to  form our portfolio, the proportion o f their 
shares in the portfolio , variance and other risk measures: variance from 
the -defined re turns, sem ivariance, and sem ivariance from  pre-defined 
returns. It is possible to see and save the successive iterations as well as 
to choose the solution element. The program  has an  additional feature of 
constructing an effective portfolio for other risk measures, such as minimizing 
the sem ivariance from pre-defined returns.
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ZASTO SO W ANIE ALGORYTM U WOLFA 1)0  W YZNACZANIA  
PORTFELA EFEKTYWNEGO

Celem artykułu jest przedstawienie metody uzyskiwania portfeli efektywnych przy za
stosowaniu algorytmu W olfa, czyli portfeli, które przy danej stopie zwrotu posiadałyby  
najniższe ryzyko, zaś dla danego poziomu ryzyka charakteryzowałyby się najwyższą stopą



zwrotu. W klasycznym modelu Markowitza przez stopę zwrotu, rozumie się oczekiwaną stopę 
zwrotu w praktyce zastępowaną średnią stopą zwrotu, za miarę ryzyka przyjmuje się wariancję 
stóp zwrotu z portfela.

W celu wyznaczenia portfela efektywnego można poshiżyć się gotowymi programami. 
W praktyce wykorzystanie tych aplikacji stwarza pewne problemy. By sprawnie wyznaczać 
portfele efektywne napisaliśmy program w Delphi wykorzystujący odpowiednio dostosowany 
algorytm Wolfa.


