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SOME REMARKS ON EGOROFF™S THEOREM

We define uniform convergence with respect to a small system (M1 -

Some connections with uniform convergence with respect to the O-ideal
&

JP are examined. There are also proved the equivalent conditions
to uniform convergence with respect to the small system by as-

sumption of upper semicontinuity of the small system { ~N.

Let X denote a nonempty abstract set and 8 a o-field of sub-
sets of X.

DEFINITION 1. We shall say that a sequence sub™
families of S is a small system on S if
(i) Oe In for each ne N;

(i) for any ne N, there exists a sequence { ~leN of P°siti-"
ve integers such that if A~e Jp0 for ie N, then ¢ e M,

@(iii) for any ne N, A e dp and Be S such that Bc A, we
have that B e Pk

(iv) for anyn e N, A e JP and Be H dP , we have AU Be
n m=1 m
e cM;

) dh+l ¢ ¥ for each ne N,

It is not difficult to check (cf. [Z2]) that the family N =
(7
* fl €J forms a o-ideal of 5 -measurable sets, i.e. is closed
n=1 n
under countable unions and any S -measurable subset of a set



from JO is a member of JX. Further, JO will also denote the a

00

-ideal H dn.

n=1 n
DEFINITION 2. A small system {d\nMAeN is called upper semi-

continuous if, for an arbitrary nonincreasing sequence fAn)ne

of S-measurable sets such thatbthere exists me N such that A],1

Jd- for any ne N, we have (@ A ™ N.
m n=1 n

In the sequal, we shall assume that W~neN <i)~ (VX
IT it proves necessary, we shall additionally require that {Yi)neN
be upper semicontinuous. For a quite arbitrary o-ideal V of sub-
sets of (S"-measurable set, we shall say that a property holds
V -almost everywhere (abbreviation V -a.e.) if the set of points
not having this property belongs to tf

Let M [S,cj denote the family of JO-a.e. finite S-measurable
real functions.

DEFINITION 3. We shall say that a sequence {fnVc M g, of] con-

verges JO-a.e. to a function f6 M [i, /] if
£ him F QO+ FOO> e N
nee>

It is obvious to consider this kind of convergence with respect
to an arbitrary o-ideal ¥ of subsets of X.

For an arbitrary operator of convergence of a sequence of
real functions defined on X, we can look for a possibly 'large"
set on which this sequence is uniformly convergent. Egoroff"s the-
orem concerns this problem in the space &, S, «) with a finite
measure < over X and the convergence K-a.e. There are some ex-
amples proving that it is sometimes impossible to Tfind such a
"large” set for the uniform convergence (cf. [4], [8])-

DEFINITION 4. We shall say that a sequence (fk>keN c M [«,«*]

converges uniformly in the sense of Egoroff with respect of the
small system to a function fe M [S, ] (abbreviation

(*»)-uniformly convergent) if, for an arbitraty n e of there

exists a set AR s ¢ such that the sequence Ifk[x-A “keN con_
n
verges uniformly to the function f,v .
“n



THEOREM 1. Convergence tf-a.e. is equivalent to (<™)-uniform

convergence if and only if the small system is upper se-
micontinuous.
Proof. Sufficiency. It is proved in [2Z] that any sequence

of S -measurable and finite functions convergent everywhere isich,)-
-uniformly convergent if the small system is upper se-
micontinuous. This proof can easily be repeated in our case.
Moreover, @%H)-uniform convergence implies JrP-a.-e. convergence.
This ends the proof of sufficiency.

Necessity. Let us suppose that the small system (n)n6N is not
upper semicontinuous. There exist iQe N and a nonincreasing se-

quence (Ei)icN of S-measurable sets, such that n for

each ie N, and f] Eie ™ Let fv(X) = for each ke N.
i-1 1 K Ek

The sequence is convergent cMa.e. to the function f = Q,

but it is not MPn)-uniformly convergent. Otherwise, there would
exist a sat A. e such that the sequence {fJtjXx_A™ kAN con-

verges uniformly to f|X_ A < This implies the existence.of kQe N

such that, for any ke N, k ¢ X—k(x) =0 for x £ A . Hence
0 o}

A. n M Eu and E a A for k a k . This contradicts the
1o k:kok * X0 0

fact that EE $ <P. for any ke N.
K Lo

REMARK. Considering a small system &n)&i over the infinite

space X, such that <th = {0} for each ne N, we see that any

convergent sequence of finite S-measurable real functions which
is not uniformly convergent 1is not uniformly convergent in the
sense of Egoroff with respect to the small system Kk~ neN*

course, this small system is not upper semicontinuous.
It is possible to characterize (c*)-uniform convergence by

the convergence of some sequence of S-measurable functions with
respect to the small system by the following condi-

tion of the vanishing restriction.



DEFINITION 5. We shall say that a sequence {fn) c M

converges to a function fe M with respect to the small
system if

Y Y 3 Vo |IF <) - FX)] > E) E Jon.

e0 neN nQN J&M n

DEFINITION 6 . We shall say that a sequence {f>c M [S, < sa-
tisfies the vanishing restriction for a function fe M [s, ajwith
respect to the small system MLA"nevv if

@®

vV VvV 3 u x: IF.QQ - T)| > a) e oh.

a>0 neN n,eN k:nU ¢ *() ol ) n

THEOREM 2. Let ifn)neN be an arbitrary sequence of func-
tions from M [S,of] then the following conditions are equivalent:

(1) the sequence {fm>neN is F,N)-uniformly convergent to a
function fe M [s, 04;

(i) the sequence ifn™neN satisfies the vanishing restriction
for the function fe M [S,«¢* with respect to the small system

neN*”

(iii) the sequence {*r,jnffiNc M [8 ,0»] where 4 (X) » sup {|f )
- fO)|, 1 2 n} converges to the function « = 0 with respect to
the small system n neN

Proof. Since
k;D &K 1K) - FO1 >0 = X2 I ] > a},
=n

we see that conditions (ii) and (iii) are equivalent. Now, we
assume that (1) is satisfied. Let ifn)neN be a sequence of

functions from M [s, of]Jwhich is @Y -uniformly convergent to a
function fe M [s,c#] Let a be an arbitrary positive real number

and let nQ ¢ N. There exists a set An e such that the se-
o o

guence ~NoeN converges uniformly to the function{f X_ A }

no no

Thus there exists kQe N such that



X - Aﬂoc kD:kQ |f\K/(x) - fX)| < a}-

This implies that

)

U {x: |f\}é(x) - fO)| > a} e

k:k0 no

Hence the sequence ifn)neN satisfies the vanishing restriction
with respect to the small system {c™neN for the function f.
Sufficiency. Let us suppose that a sequence {fn>neN <M [SjoV]
satisfies the vanishing restriction for a Tfunction fe M [E,<<]
with respect to the small system n)neN” Let nQe N. By condi-
tion (ii) of Definition 1, there exists a sequence {1i>'le of

R

positive integers such that if E. e JP , then U E,eJp . By
1 Li i-1 1 no
the property of the vanishing restriction, there exists a se-

quence {} of positive integers such that

D
xX: [Tk - FOOI > jr e ,
Ién"{ L¢3 (Y] i3 .
Hence
= - - 1 '\
o= & U e M0 01 pe oy

Let us observe that the sequence (fu)”« converges uniformly on

the set X - An . Let a be an arbitrary positive real number and
o]

let iQe N be such that a>j . Let n() = ni , then

X -A ¢ fl o .0 - TO 1 < a}-
ni K

We conclude that the sequence ifnmeN is (@)-uniformly conver-

gent.
Let us observe that convergence with respect to the small sy-
stem with M-convergence implies (t™)-uniform convergence.



DEFINITION 7 (cf. [I]D- A sequence {fn>ngN c M [S"jis M-

-convergent to a function fe M [.S,~] if, for an arbitrary posi-
tive number a > 0,

{xe X: [F*x) - FX)] > a} ¢ {xe X: &) - fX)| > a}
for 12]j, 1, Je N

THEOREM 3. If a sequence {fn)neNc M [S,c°] is M-convergent
to a function fe M [S, ], then the sequence {fn)nfeN is con-
vergent with respect to the small system {™M)nEj to the func-
tion f if and only if the sequence ifn>neN is @ )-uniformly
convergent.

Proof. Necessity. Let us suppose that the sequence
{fn™neN *& not 17)-uniformly convergent. This means, by The-
orem 2, that does not satisfy the vanishing restriction
for the function f. Hence there exist nQe N and a positive

number a such that, for each ke N,
®
U o 1) - 1001 > ) T«
i=k no

But

co

_Uk ixx: H<X) - fX) ] >a) = {x: v - F)| > a}-
i= X

We have that, for each ke N, the set (x.|f|5(x) - f)| > 3)3#..0,

which contradicts the fact of the convergence of the sequence
{fn™neN to tHe functi°n F with respect to the small system
n~neN*

Sufficiency. A sequence {fn>neN e M [e, ¢#] which is (c\J-uni-
formly convergent to a function f is o/T-a.e. convergent to the
function f. Thus it is convergent with respect to the small sy-
stem {c™neN to the functi°n fe

In [5], the rotation of the uniform convergence in the sense
of Egoroff with respect to an arbitrary o-ideal V of subsets of
X was introduced.

DEFINITION 8. We shall say that a sequence {fn)re[j c



converges uniformly in the sense of Egoroff with respect to the
cr-ideal V (@bbreviation ~-uniformly convergent) if there exists

a sequence <Em)meN S-measurable sets such that X - lj)lEm€ n
m=
and the sequence IMiE converges uniformly to the function
"m
T, for each me N.
"m

THEOREM 4. EA-uniform convergent is equivalent to (cfY)-uni-
form convergence if and only if the small system N is upper
semicontinuous.

Proof. |Necessity. Let us suppose that the small system
{™M>n6N is not upper semicontinuous. Let be the sequence

of 8-measurable functions considered in the proof of Theorem 1.
As we know, this sequence is not (“)-uniformly convergent, but

it is easy to see the sequence {fn X_E is uniformly conver-
b m

gent to 0 on the set X - E[n. Thus we conclude that the sequen-

ce {fm>neN is cP-uniformly convergent to the function f ? O.
This contradiction ends the proof of necessity.

Sufficiency. We see that any sequence IfnjneN c M which
is @n)-uniformly convergent to a function fe M [508] is d/-uni-
formly convergent to f. Let us suppose that the small system
k~VneN is uPPer semicontinuous. Let M [Sic/p] be an ar-
bitrary sequence of-uniformly convergent to a function fe m [s,
and let us suppose that the sequence {fn)n6N is not (AF)-uni-
formly convergent to the function f. By Theorem 2, the sequence
{fn)neN does not fulfil the vanishing restriction for the func-

tion f with respect to the small system This means that
®
3 3 \% Q@ £ () - Tl > a3y f X0
a0 neN neN k=n o
Let

A= H u & ) - FX)| > a}-
n=1 k=n

By the condition of the upper semicontinuity of the small system



{c"p6li* the set A does not belong to 00. Let us suppose that
the sequence TM)Blj 1® «*-uniformly convergent to the function

f. Then there exists a sequence (EnjneN of 5 -measurable sets
such that X - Ene 00 and the sequence (fkjJE i« uniformly

convergent to the function T|E . If A4, then there exists

an nQe 00 such that En n Af 0. Hence E n A/ 0. But the
o o]

sequence {fF does not converge to the function ¥ on the set

En n A. The contradiction obtained completes the proof,
(o]

Let us recall the notation of the vanishing restriction with
respect to an arbitrary o-ideal V of subsets of X.

DEFINITION 9 (cf. [5])- We shall say that a sequence {fn }ney,

of S -measurable real functions satisfies the vanishing restric-
tion for an S -measurable function T with respect to the o-ideal

co

v if nI E @gVv for all a >0, where
n=1 n
En(@> = i-n 6 Xl |fI<x " FOO| > a}-”

THEOREM A. A sequence im6gpc M [5, S] satisfies the va-

nishing restriction for an S -measurable function f with respect
to the o-ideal 3 if and only if the sequence {™nineN i* conver-
gent 0 -a.e.

Let us recall two more definitions.

DEFINITION 10 (cf. [6]). We shall say that the pair (5,9)
fulfils the countable chain condition (abbreviation c.c.c.) if
each subfamily pairwise disjont sets of S\J is at most countable.

DEFINITION 11 (cf. [61). We shall say that the pair {8, V)

fulfils the condition (E) if, for each double sequence (le’n}j el

of S -measurable sets and each 5 -measurable set B not belonging
to V such that

10 Bj,nc Bj,ntl for an* 3* n e N,

2 U Bj,n=B foreach j € n.



there exists an increasing sequence {M>jeN °Ff positive integers

@
such that D B. _ f W
=1 J.nj

THEOREM B (cE. [6])- If the pair (5,S7) fulfils c.c.c., then
an arbitrary sequence {*n)n6Nc M [S, 9] convergent V -a.e. to
a function fe M [B, »] is V -uniformly convergent if and only
if the pair (&, V) fulfils the condition (B)-

Let {"™m)ncN b® an upper semicontinuous small system on S .
Then the pair (S, </?) fulfils both c.c.c. (cf. [3]) and the con-

dition ® (cf. [7D-

Thus, by Theorem 1,2,4 and Theorems A, B, we obtain the
following theorem:

THEOREM 5. Let “~ n’meN be an uPPer semicontinuous small sy-

stem on S. Let {fm>neN be an arbitrary sequence of functions
from M IXtA”and &»nineN a sequence such that $n(X) = sup {xe
e X: M) - FC)Ql, 15 n). Then the following conditions are

equivalent:
(@) the sequence ifnineN is (0*)-uniformly convergent to f;

(i1) the sequence (6N Tulfils the vanishing restriction
for f with respect to the small system (»Vnefr

(iii) the sequence converges to f with respect to
the small system 17JneN?

(iv) the sequence (fn>neN is convergent c¢-a.e. to T;

(v) the sequence U"n>neN is or-uniformly convergent to F;

(vi) the sequence {f)nen TFulfils the vanishing restriction

for £ with respect to the a-ideal
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Jacek Hejduk
PEWNE UWAGI DOTYCZACE TWIERDZENIA JEGOROWA
W artykule rozwaza sie zbiezno$¢ jednostajng wzgledem makego systemu

{<AB}#jj. Udowodnione sg warunki réwnowazne jednostajnej zbieznosci wzgledem

makego systemu { ~ neN* Przy zatozeniu pékciggtosci matego systemu.



