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A NOTE ON INTERSECTIONS
OF CERTAIN TOPOLOGIES ON R

Intersections of topologies related to the density topology and their
category analogue are characterized in this paper.

In this note R will be denote the real line, T - the natu-
ral topology on R, 1int A and A - interior and closure of A with
respect to the topology T. Let S be the collection of Lebesgue
measurable sets, |JA |- a Lebesgue measure of aset Ae S and
I - the o-ideal of sets of the first category.

Let It and V be collections of subsets of X. We denote ItnV
Wec X2 WeV and We v} If U and V are topologies, then
U nV is the largest topology contained in ltand V .

In [1I] and [8] the density topology 7d = {4(A) -N: A e 8§,
IN 1= 0} was presented, where 4(#) is the set of all x e r at
which the metric density of A isequal to 1. R. O'Malley

in [7] introduced the a.e. - topology e = {Ue Ul =
= Jint UI> N. F. 6. Martin in [4]Jand H. Hashi-
moto in [2] proposed a topology - constructing method based

on a topology on X and an ideal of subsets of X. The particular
case of such a topology is TH = {G -N:- Ge T, I[N]= O}
THEOREM 1. T, n S,ge={U-M:Ue T, [UD M |= O}
Proof. Suppose that A e Tn and A e Ta-e. . Then A =
=V -N where Ve T, [N]J=O.
int A=int ¢/ -N) = int Vn N) = int Vn int N* =
=IntvVn R\XN =Vn R\N =V \N
Besides, A e Tat-e-j JA1= Jint Al = [V-NI=|v- (Vn N)J.



From JA]= IVIwe have [Vn N|= 0.

On the other hand, if W=U-M, Ue T, [lUn M]=0, then,
obviously, we OH, W e 7~ and

lintWj = Jint U-M]=WIN-M]=U-Un W] =

= U= 1w,

which ends the proof.

PROPOSITION 1. The collection {U\ M: U e T, JUn M] = O} is
not identical with the collection {U -M: Ue T, M |= O

Proof. L&t X be a Cantor set of positive Lebesgue measu-
re, U=R - X = MI U where U are components of U. Let now u

n= n

be the central point of an interval Un and let (Lﬁk*)kgh, be a

sequence of points of such that

limu-) =Un and u(e *v for ke N.

00 co

e kQ:I{U:k)}. AS lun A= JA U {ui,zu,, Uy Y|

= 0, therefore U\ A belongs to the first of the above - men-
tioned collections.

Suppose that U - A=V - M with Ve T, [M]| = 0. For any ne N
une U-A, so une V. As V 1is an open set it contains a

neighbourhood VR of un, and {u"l*, u™2), u"3), ...} n Vnc M,

We put A =

so the set M contains a sequence converging to un.
By the arbitrainess of n, {ux,u2, ...}c M and X c {U-,

U» u3, -..} c m. This gives a contradiction as |X] > O.

(Notice that the collection {U - M: [M] = 0} is not countably
additive.)

Now, we shall consider the category analogue of the topolo-
gies Tor T and Tae

In [e]J]W. Pored a, E. Wagne r-Boj akowska
and W. Wilczynhnski considered the notion of an I-den-
sity point of a set having the Baire property. Using this no-
tion, they defined the category analogue of the density topology
- the so-called I-density topology (denoted by Cj). We can now
introduce the topologies
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g = {G-P: Ge T, Pe 1} (compare [3]D
and
={Ue Tj! U - int Ue 1} (compare [5])-
THEOREM 2. 7*n 7~ = {G-P: G6 T, (GO P) e D.
Proof. Suppose that Ae 7 and Ae 7 Then A=V - P

where Ve T, Pel. Since (A - int A) e 1, therefore
VnP=(n C-PHu (VnP=E-P - ¢-PHu
UuqnP)=E@-int AHAu (Vn P)e .
Conversely, if U=G-P, Ge T, Gnpel, then, ob-
viously, Ue 7, U e Tj and
U-intu = (G-P) - (G-P) =Gn (P-P)cGn Pe I
PROPOSITION 2. 7*0 ={G-P:GeT, Pe 1} = {G - P: GET,
P is a nowhere dense set}.
Proof. LlLetAeT*n jl, soA=G-P,G6T, GnP)e L

We can assume that Pc G, we have P= PDG U P-6)=C O
I U (GDP -G ¢c Pn G U (G -06G)e 1l because the set G - G
is nowhere dense, so P and P are nowhere dense sets.

Since the collection of all continuous functions f: R =R is
identical with the collections of all TH~continuous functions
and 7*-continuous functions ([4], theorem (4), therefore the col-
lections of all 7,.n 7 4o ccontinuous and T*n , - continuous
functions are also identical with the collection of all continu-
ous functions.

Thus 7, n T, g.and 7*n 7Yy are not completely regular. They
are, obviously, Hausdorff topologies.

PROPOSITION 3. The topologies 7'n 7a.e and 7Un 7}\ are

not regular.
Proof. Suppose that yn7 is regular. Let

F-<1,22u =/ /%" ... }, x-—0.
The set F is closed with respect to the topology 72 n "a e >

so there are two open sets V and W such that xs V, Fc W,
VnW=0. The setV=U-N where UeT, Jun N] =0, and
there exist an interval J such that Oej, J-NcV and a po-



sitive integer n such that i e j. The point ~ew, V and W
are disjoint sets, so (Jn W) ¢ n and we have a contradiction.

The same example shows that 7*n 7* is not a regular topo-
logy.
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NOTATKA O PRZEKROJACH PEWNYCH TOPOLOGII NA PROSTEJ
Artykut zawiera charakterystyke przekroju topologii (wprowadzonych przez

R. O Malleya i N. F. G. Martina) zwigzanych z topologie gestosci na prostej
oraz ich odpowiednikéw dla I-gestosci.



