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REMARKS ON CONVERGENCE OF SEQUENCES
OF MEASURABLE FUNCTIONS

Let (X, S) be a measurable space and lit I c S be a proper O-ideal
of sets. In this note there Is considered a notion of the sequence of
functions {fn} which satisfies the vanishing restriction with respect
to the function f. This condition 1is equivalent to the convergence of
the sequence {fJ to f I-a.e. (Theorem 1). There is proved (Theorem 2)
that If *n(®) - sup |Ffi(*) " f(X) |, then the sequence converges

to zero with respect to the O-ideal 1 if and only if the sequence {fn]

satisfies the vanishing restriction with respect to f.

Let (X,5) be a measurable space and let Vc $ be a proper
o-ideal of sets. lLet f, fR, ne N, be 5-measurable functions
on X. Put

E@™* 11 {xe Xt AKX - fFX)| > a

n i=n 1
for a >0 and n€ N. It is evident that the sets En(@) belong
to 5 and iIf mgn then En@ c Emn(@). Obviously, ifO<a<g
then En(P) c Ena).

DEFINITION 1 (see [ID- We shall say that the sequence ifn)neN
of S-measurable functions satisfies the vanishing restriction
with respect to the 5-measurable function f if and only if

for all a > O.



Clearly, the sequence ifn)ncN satisfies the vanishing re-
striction with respect to f if and only if lim supfxeX: M) +
n

- fQ)| >ar e V for all a > 0.

DEFINITION 2 (see [4])- We shall say that the sequence
{fnneN of ~-measurable functions converges to the 5 -measurable
function f in the sense of Egoroff if and only if ther& exists

a sequence {EmjmeN oF sets belonging to 5such that X - (@ Emel7
m=1
and for every me N the sequence ifnlEm)n6n converges unifor-

mly to f]JEm-

We shall say that some property holds ~/-almost everywhere (in
abbr. M-a.e.) if the set of points which do not have this pro-
perty belongs to V.

PROPOSITION 1. If the sequence {fn)ncN of S-measurable func-
tions converges to the £ -measurable function ¥ in the sense of
Egoroff, then {fn}ngw satisfies the vanishing restriction with
respect to f.

Proof. From the assumption it follows that thereGD exists

a sequence {Em}ihgﬁ of S-measurable sets such that X - \I,I_ En ©
m=r

e V and for every m 6 N the sequence {fn|En}neN converges uni-
formly to fJ[Em. Then for every me N and for every a > 0 there
exists a natural number n(a, m) such that |fn&) - fX)] < a for
every n £ n(@a, m) and for all x e Em. Hence for every m e N and

for every a > 0 there exists n(a, m) e N such that y {x e
ren(ot,m)

eX: m&) - f)] >a ¢ X - Em. Consequently, for every m e N
and for every a > 0 there exists n(a, m) e N such that

<> Emc X “ En(a,m)(a>
Let a > 0. We shall prove that lim sup {xeX: Q) -£X)| >

® ® n

>ay <X - UI Em- Let Xx e UI Em> Then there exists moe N
m= m=

such that x e Em . From condition (*) it follows that there

o}
1 N
exists a natural number n(a, mg such that x EnCa,mof(a)' But

the sequence IEn(@” neN 1is a nonincreasing sequence of  sets.



Thus x 1 limsup xe X2 |[F X - )| > a}- Consequently,
n

limsup {Xg X2 I - fF) | >ate Ir for all a > 0.
n
THEOREM 1. The sequence {fn>neN of 5 -measurable functions

converges to the 5 -measurable function f i7-a.e. if and only if
the sequence {fn>neN satisfies the vanishing restriction with

respect to f.
Proof. |Necessity. Let C= {xe X: fO) = 1lim fk(x)>.
k-+°>
Then X - Ce 5. Put Chn<a) =X - ER@ for ne N and for all

a>0. Observe that C= P) 1J Pi X<X [F.xX) - fX)] g @) =
a>0 n=I i=n
a, @
) U C @-. Therefore Cc @ Cn(@ for all a >0, so X - U
o0 n=1 n n=1 ,, » n=1

C@<X-CeV. Wehave X - I) C (o) = fl E (@ei7 for all
n n=1 n n=I

a > 0. Consequently, the sequence (fn)neN satisfies the vanishing
restriction with respect to f.
Sufficiency. Let C = {xe X: f(X)

lim ft()}. We have C =
k—«

® D0 ® 2

= f U (&-E_(1/k)). Hence X -C ¥ " E (/k). From the
k=1 n=Il n =1 n=1 n

()]
assumption it follows that 0 E (a)6 T for all a > 0. Conse-
nt n

quently, X -Ce V.

Obviously, the convergence in the sense of Egoroff implies
convergence i7-a.e. If the pair G, V) fulfils (C.C.C) and the
condition (B (see [3]. [4]), then the inverse implication holds.
Let KQ denote the o-algebra of sets having the Baire property and
let X be the a-ideal of meager sets. It is known (see [3]) that
the pair 1$,X) does not fulfil the condition (E). The example
from [2], p- 38 shows the sequence of continuous functions which
is convergent to the function fs o on a real line, so it sa-
tisfies the vanishing restriction with respect to F, but it is
not convergent in the sense of Egoroff because it is uniformly
convergent only on nowhere dense sets.

DEFINITION 3 (see [3])- We shall say that the sequence



n néN of 5-measurable functions converges with respect to
the o-ideal V to the 5-measurable function f if and only
if every subsequence {f )neN of ifn>nc(j contains a subsequence

n

{fm }ﬁcM which converges to ¥ V-a.e. We shall use the de-

notaltion fﬁl‘* f

Put

@ asup {1+t - FOY |- 1 e N; 1 >n}

Obviously, the functions @n, ne N are 5-measurable and if
meEn, then $fH<x) S for all x e X.

REMARK 1. If a >0 and ne N, then

En@ = {xe X2 HQ) > D=
For the proof see [1].
COROLLARY 1. The sequence {fn}neN of b5-measurable func-

tions satisfies the vanishing restriction with respect to the
S-measurable function f if and only if

cD

D XeX: & >ate3
n=1 n

for all a > 0.
LEMMA 1. The sequence kKheN converges with respect to the
a-ideal V to a function @ s O if and only if

00

Pi {xe X: cnx) >ae O
n—-1

for all a > 0.
Proof. Suppose that there exists a positive number a such
that P.I {xeX: @ X >a£f£ S". PutB= PI {xe X: @ ) >a).
n= n n= n
Then the sequence {@>€N cannot contain any subsequence, which
is convergent to @ 7-a.e. on X, because B = {xe X: @) > a for
ne N) £ 7 . Consequently, qmv Q.

Suppose now that the sequence {mn)neN not convergent
with respect to the o-ideal & to the function cp»0. From Lemma

4 in [3] it TfTollows that there exist a subsequence & } of
n neN



{gNEN/ a set As 5-? and a natural number kQ such that
Iimnsup q?-'R(x) > /K, S7—a.(§. on A . Hence {xeX: lim supncp_(x)ﬁ
> 1/Jq}# . It iseasy to see that {x e X: lin"sup hx) >

> I/kQ) = {xeXxs dn(® > I/kQ}, because the sequence {m>neN
|

n= m

is nonicreasing. Consequently, we have ﬁl X e X $H©h >
n=

> 1/kQ>>* V.

THEOREM 2. Let {fn }nCn be a sequence of S-measurable func-
tions and let T be an S-measurable function. Then the following
conditions are equivalent:

(1) the sequence {fmM>n6N converges to ¥ 57-a.e. on X;

(i) the sequence {fm)neN satisfies the vanishing restriction
with respect to F;

(iii) the sequence {™)nN6N converges to zero with respect to
the o-ideal V .

The proof follows immediately from Theorem 1, Remark 1 and
Lemma 1.

IT the sequence ifn)nen °f 5-measurable functions converges
with respect to the o-ideal V to an S-measurable function ¥,
then {fn>ntN need not satisfy the vanishing restriction with
respect to f. In the case when V is the o-ideal of sets of Le-
besgue measure zero then for we can take an arbitrary

sequence of measurable functions defined on [0, I], which is con-
vergent in measure but 1is not convergent a.e., for example the
sequence of characteristic functions of the intervals [o, I],

o, 1. I\, 11, O -l I\ e, 1, ...  This sequence

does not satisfy the vanishing restriction with respect to f s 0
because E @ = U e X: |f,i) - F)] >a) = [0, 1] for
n i=n
O<a<1l ana for every ne N. We can take the same example for
the o-ideal of meager sets.
DEFINITION 4 (see [I])- We shall say that the sequence
{fn} Al ot £ -measurable functions is M-convergent to an 5 -mea-

surable functioa ¥ 1if and only if for all a > 0 we have



KeX ITX) -FfX|>ac x6 X [F*"&> - fX)] > a)
for i1 j, i, jJeN.

PROPOSITION 2. If the sequence (fn)nfdN of S-measurable func-
tions converges with respect to the c-ideal V to an S-measur-
able function f and {fn)re;) is M-convergent to f, then the se-
quence tf)neN satisfies the vanishing restriction with res-
pect to ¥ and converges to ¥ 7-a.e.

Proof. Suppose that the sequence {fn N does not satisfy
the vanishing restriction with respect to f. Then there exists

(o]

anumber a >0 such that f] [P {&xe X: |[f.&X) fX|>a) £3

n=1 i=n a
From the assumption it follows that @ {xe X: |f.x) - f&)]| >
i'n a
>ay = {xeX jfF X - fX)| > a-. Hence ﬁl XxeXi IE£LX)
n= n

ao
-fQX)] >a i1 V. Put B = P|I {XxeX: |F=90 - fX)] >a. The
n=

sequence {fM)N6N does not converge to f with respect to the
o-ideal V because it has not subsequence convergent to f V -a.e.
on B which gives a contradiction.

DEFINITION 5. We shall say that the sequence (fn }neM of S-
-measurable functions is bounded with respect to the o-ideal V
if and only if the sequence ian™nJneN converges with respect to
the o-ideal 7 to zero for every sequence {an>n€N of real numbers
tending to zero.

Obviously, if the sequence is bounded, then it 1is
also bounded with respect to the o-ideal CE

REMARK 2. If fRJ f and gR J g, then fn9n J fg.

The proof is obvious.

REMARK 3. Every sequence of 5-measurable functions which is
convergent with respect to the o-ideal V is bounded with respect
to the o-ideal 5.

The proof follows immediately from previous remark  because
every constant function is S-measurable.

The analog of Bolzano-Weierstrass®™s theorem does not hold.



Put fn(x) = Xan ), where AH *6u0 ﬂ2n _2ﬁr]» for ne N

This sequence is bounded but none of its subsequence is conver-
gent in measure.
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UWAGI O ZBIEZNOSCI CIAGOW FUNKCJI MIERZALNYCH

Niech (X, 5) bedzie przestrzenig mierzalng i niech V<z.S bedzie wkasci-
wym C-ideatem. W artykule rozwazane jest pojecie ciagu funkcji {F} majacego
znikajace obciecie wzgledem funkcji f. Pojecie to jest rownowazne zbieznosci
ciggu {fn) I-p.w. do funkcji F (twierdzenie 1). Udowodniono (twierdzenie 2), ze
jesli € ) “sup M) - F(X)]., to ciag {$ } jest zbiezny do =zera wg

]]- -1l
O-ideatu v wtedy 1 tylko wtedy, gdy ciagg {f } ma znikajgce obciecie wzgle-
dem funkcji f.



