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REMARKS ON CONVERGENCE OF SEQUENCES 
OF MEASURABLE FUNCTIONS

Let (X, S) be a measurable space and lit I c S be a proper O-ideal 
of sets. In this note there Is considered a notion of the sequence of 
functions {fn} which satisfies the vanishing restriction with respect 
to the function f. This condition is equivalent to the convergence of 
the sequence {f̂ J to f I-a.e. (Theorem 1). There is proved (Theorem 2) 
that if *n(x) - sup |fi(*) ' f(x) |, then the sequence converges

to zero with respect to the O-ideal I if and only if the sequence {fn] 
satisfies the vanishing restriction with respect to f.

Let (X,5) be a measurable space and let V c. $ be a proper 
o-ideal of sets. Let f, fR, n e N, be 5-measurable functions 
on X. Put

for a > 0 and n € N. It is evident that the sets En(a) belong 
to 5 and if m g n then En(a) c Em(a). Obviously, if 0 < a < g 
then En(P) c E^a).

DEFINITION 1 (see [l]). We shall say that the sequence ifn)neN 
of S-measurable functions satisfies the vanishing restriction 
with respect to the 5-measurable function f if and only if

E (a) * 11 {x e X: |f4(x) - f(x)| > a) 
n i=n 1

for all a > 0.



Clearly, the sequence ifn)ncN satisfies the vanishing re­
striction with respect to f if and only if lim supfxeX: | fn(x) +

n
- f(x)| > a} e V for all a > 0.

DEFINITION 2 (see [4]). We shall say that the sequence 
{fn}neN of ^-measurable functions converges to the 5 -measurable 
function f in the sense of Egoroff if and only if there existsoo
a sequence {Em}meN of sets belonging to 5 such that X - (J Eme!7

m=l
and for every ra e N the sequence ifnlEm)n6n converges unifor­
mly to f|Em-

We shall say that some property holds /̂-almost everywhere (in 
abbr. ^-a.e.) if the set of points which do not have this pro­
perty belongs to V.

PROPOSITION 1. If the sequence {fn)ncN of S-measurable func­
tions converges to the £ -measurable function f in the sense of
Egoroff, then {f_}„*, satisfies the vanishing restriction with n new
respect to f.

P r o o f .  From the assumption it follows that there exists00
a sequence {E }_ „ of S-measurable sets such that X - Il E e m ihgn V:-, mm-i
e V and for every m 6 N the sequence {fn|Em}neN converges uni­
formly to f|Em. Then for every m e N and for every a > 0 there 
exists a natural number n(a, m) such that |fn(x) - f(x)| < a for 
every n £ n(a, m) and for all x e Em. Hence for every m e N and
for every a > 0 there exists n(a, m) e N such that y {x e

n=n(ot,m)
e X: |fn(x) - f(x)| > a) c X - Em. Consequently, for every m e N 
and for every a > 0 there exists n(a, m) e N such that

<*> Em c X ‘ En(a,m)(a>-
Let a > 0. We shall prove that lim sup {xeX: | f n (x) - £(x)| >

n00 00
> a} <= X - U Em- Let x e U Em’ Then there exists mo e N m=l m=l
such that x e Em . From condition (*) it follows that there 

o
exists a natural number n(a, m) such that x ̂  E . „ >(a). Buto n(a,mo)
the sequence iEn(a^ neN is a nonincreasing sequence of sets.



Thus x i lim sup {x e X: |f (x) - f(x)| > a}. Consequently, 
n

lim sup {x g X: | fn(x) - f(x) | > a} e 17 for all a > 0. 
n
THEOREM 1. The sequence {fn>neN of 5 -measurable functions 

converges to the 5 -measurable function f i7-a.e. if and only if 
the sequence {fn>neN satisfies the vanishing restriction with 
respect to f.

P r o o f .  Necessity. Let C = {x e X: f(x) = lim f. (x)>.
k - + °>  K

Then X - C e 57. Put Cn<a) = X - ER(a) for n e N and for all
OO CO

a > 0. Observe that C = P) 1J Pi (x <= X: | f. (x) - f(x)| g a) =
a>0 n=l i=n

a, «>
f) U  C (a). Therefore C c (J Cn(a) for all a > 0, so X - U  
ot>0 n=l n n=l „ » n=1
C (a) <= X - C e V . We have X - I) C_(o) = f| E (a)ei7 for all 
n n=l n n=l
a > 0. Consequently, the sequence (fn)neN satisfies the vanishing 
restriction with respect to f.

Sufficiency. Let C = {x e X: f(x) = lim ft(x)}. We have C =k—«
00 <0 ®> ?

= fl U  (X - E_(1/k)). Hence X - C = |J || E (1/k). From the 
k=l n=l n k=l n=l n

00
assumption it follows that 0  E (a)6 Ï for all a > 0. Conse­

n t  n
quently, X - C e V .

Obviously, the convergence in the sense of Egoroff implies 
convergence i7-a.e. If the pair (S, V) fulfils (C.C.C) and the 
condition (E) (see [3], [4]), then the inverse implication holds. 
Let iQ denote the o-algebra of sets having the Baire property and 
let X be the a-ideal of meager sets. It is known (see [3]) that 
the pair l$,X) does not fulfil the condition (E). The example 
from [2], p. 38 shows the sequence of continuous functions which 
is convergent to the function f s 0 on a real line, so it sa­
tisfies the vanishing restriction with respect to f, but it is 
not convergent in the sense of Egoroff because it is uniformly 
convergent only on nowhere dense sets.

DEFINITION 3 (see [3]). We shall say that the sequence



of 5 -measurable functions converges with respect ton n6N
the o-ideal V to the 5-measurable function f if and only
if every subsequence {f )neN of ifn>nc(j contains a subsequence

n
{f }« M which converges to f V -a.e. We shall use the de- m_ ncN

n Vnotation f_-* f. n
Put
(pn(x) a sup {If±<x) - f (x) |: i e N; i > n}.
Obviously, the functions cpn, n e N are 5 -measurable and if 

m£n, then <Pn<x) S for a11 x e X.
REMARK 1. If a > 0 and n e N, then 
En(a) = {x e X: </>n(x) > <*)•
For the proof see [ 1].
COROLLARY 1. The sequence {fn}neN of 5-measurable func­

tions satisfies the vanishing restriction with respect to the 
S-measurable function f if and only if

CD

D {x e X: <p_(x) > a} e 3 
n=l n

for all a > 0.
LEMMA 1. The sequence i<Pn}neN converges with respect to the

a-ideal V to a function cp s 0 if and only if 
00

Pi {x e X: Cpn (x ) > a) e 0 
n—1

for all a > 0.
P r o o f .  Suppose that there exists a positive number a such

CO «0

that P. {x e X: cp (x) > a) £ S'. Put B = P  {xe X: cp (x) >a).
n=l n n=l n

Then the sequence {cpn>n€N cannot contain any subsequence, which
is convergent to cp 7-a.e. on X, because B = {x e X: (pn(x) > a for

vn e N) f. 7 . Consequently, cpn cp.
Suppose now that the sequence {<fn)neN not convergent

with respect to the o-ideal & to the function cp»0. From Lemma
4 in [3] it follows that there exist a subsequence {<p } of

n neN



{cpn)n€N/ a set A s 5 - ? and a natural number kQ such that
lim sup a? (x) > l/k„ S7-a.e. on A_. Hence {xeX: lim sup cp_(x)>n T in o o n * n n
> 1/Jcq} # it . It is easy to see that {x e X: lin^sup <Pn(x) >

> l/kQ) = {x e Xs cfn(x) > l/kQ}, because the sequence {<pn>neN
n=l m

is nonicreasing. Consequently, we have f) {x e X: <Pn(x) >
n=l

> l/kQ> * V.
THEOREM 2. Let {f } be a sequence of S-measurable func- n nc n

tions and let f be an S-measurable function. Then the following 
conditions are equivalent:

(i) the sequence {fn>n6N converges to f 57-a.e. on X;
(ii) the sequence {fn)neN satisfies the vanishing restriction 

with respect to f;
(iii) the sequence {^n)n6N converges to zero with respect to 

the o-ideal V .
The proof follows immediately from Theorem 1, Remark 1 and 

Lemma 1.
If the sequence ifn)nen °f 5 -measurable functions converges 

with respect to the o-ideal V to an S-measurable function f, 
then {fn>ntN need not satisfy the vanishing restriction with 
respect to f. In the case when V is the o-ideal of sets of Le- 
besgue measure zero then for we can take an arbitrary
sequence of measurable functions defined on [0, l], which is con­
vergent in measure but is not convergent a.e., for example the 
sequence of characteristic functions of the intervals [o,  l],
[0, |], [\, l], [0, -j], [\. [£, f ], ... This sequence
does not satisfy the vanishing restriction with respect to f s 0

CO

because E (a) = U  (x e X: |f, ix) - f(x)| > a) = [0, l] for 
n i=n

0 < a < 1 ana for every n e N. We can take the same example for 
the o-ideal of meager sets.

DEFINITION 4 (see [l]). We shall say that the sequence
{f } ot £ -measurable functions is M-convergent to an 5 -mea-n nfefl
surable functioa f if and only if for all a > 0 we have



{x e X: If^X) - f (x) | > a} c (x 6 X: | f ̂ (x > - f(x)| > a) 
for i i j, i, j e N.

PROPOSITION 2. If the sequence (fn)nfcN of S-measurable func­
tions converges with respect to the c-ideal V to an S-measur­
able function f and {fn)ne;) is M-convergent to f, then the se­
quence tfn)neN satisfies the vanishing restriction with res­
pect to f and converges to f 7-a.e.

P r o o f .  Suppose that the sequence {fn N  does not satisfy
the vanishing restriction with respect to f. Then there exists

00 00

a number a > 0 such that f| [J {x e X: |f. (x) f (x) | > a) £ 3.
n=l i=n ao

From the assumption it follows that (J {x e X: |f.(x) - f(x)| >
i"n a,

> a} = {x e X: jf (x) - f(x)| > a). Hence fj {x e Xi If_(x)
n=l nao

- f(x)| > a) i V . Put B = P| {x e X: |f <x) - f(x)| > a). The
n=l

sequence {fn)n6N does not converge to f with respect to the 
o-ideal V because it has not subsequence convergent to f V -a.e. 
on B which gives a contradiction.

DEFINITION 5. We shall say that the sequence (f } M of S-n ne N
-measurable functions is bounded with respect to the o-ideal V 
if and only if the sequence ian n̂JneN converges with respect to 
the o-ideal 7 to zero for every sequence {an>n€N of real numbers 
tending to zero.

Obviously, if the sequence is bounded, then it is
also bounded with respect to the o-ideal Cf.

REMARK 2. If fR J f and gR J g, then fn9n J fg.
The proof is obvious.
REMARK 3. Every sequence of 5-measurable functions which is 

convergent with respect to the o-ideal V is bounded with respect 
to the o-ideal 57.

The proof follows immediately from previous remark because 
every constant function is S-measurable.

The analog of Bolzano-Weierstrass's theorem does not hold.



Put f (x) = x. (x), where A_ * U I — 5r]» forn An n ¿*0 L 2n 2n n e N

This sequence is bounded but none of its subsequence is conver­
gent in measure.
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Niech (X, 5 ) będzie przestrzenią mierzalną i niech V<z.S będzie właści­
wym C-ideałem. W artykule rozważane jest pojęcie ciągu funkcji {f̂ } mającego 
znikające obcięcie względem funkcji f. Pojęcie to jest równoważne zbieżności 
ciągu {fn) I-p.w. do funkcji f (twierdzenie 1). Udowodniono (twierdzenie 2), że
jeśli <t> (x) “ sup | f^(x) - f(x)|, to ciąg {$ } jest zbieżny do zera wg

11 ii"
O-ideału V  wtedy i tylko wtedy, gdy ciąg { f } ma znikające obcięcie wzglę­
dem funkcji f.
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