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A NOTE ON THE EXTENSION OK FUNCTIONALS

In [4] there is defined an extension of amapping Jq: B = <0, &> 0
J* H=* <0, “>>, where B is a sublattice of a lattice H. In this paper
we introduce the notion of an ncover of an element of H with respect
to a system subsets of B. Then a relation between the ele-
ments of H having n-covers with respect to {"Mt}eT and the elements with
small J*values is given.

Let B be a sublattice of a given Ilattice H, a mapping
J*: H <0, “> be an extension of JQ: B < <0, »>. For every non-
negative integer n, let us denote

on = {xe H: J*&X) < £}, Qn = {xe H: J*X) S £}.

Further define a system (c™M)teT °f subests of Bby c = {x e
eB: Q) <t }, where Tc (O, “). We are going to introduce
the notion of an n-cover of an element of H with respect +to
{tFteT. Now let be the set of all elements of H having
an n-cover with respect to {c"jteT-

In this paper we give some simple conditions for T and for
JQ, B, which guarantee the validity of

*n c < c Gn
for every nonnegative integer n. The relation between sequences
{&%, {3} and {Qn> constructed by analogous way for rings and
o-rings was investigated by J. Lloyd in [1I] and P. C a-
pek in [2Z]- The inclusion cP* < in [2] (see Lemma 3) is
incorrect.



Let H be a distributive, relatively o-complete Ilattice with
the least element 0. Suppose that there is given a binary ope-
ration \ on H, satisfying the following conditions:

D IfXx,y, zeH, x<y, then z\xgz\y, y\z£x\z

2D x= vy \y whenever x, ye H, XAy =0.

Let B be a sublattice of H, closed under the operation \ . As
regards B, we assume in the following that for every x e H there
isa be B such that x £ b. Finally, we assume that there is
given a mapping JQ: B & <0, <> satisfying the following condi-
tions:

@ O =0;

(i) For x££y, X, yeB is JQX) < JO(W);

i) QX vy 8 I0Q) +IQ@) for all x, y s B;

(v) ifxn/ x, xRe B, n=1, 2, ..., xe H, then xe B and
3 = lim JoGa);

M JOG) =IQXay) +IQxx\y) for all x, ye B.

Let N denote the set of all positive integers and let us re-
peat that

#t = {xe B: JQX) < t}, te O, “).

Let Kt}teT be a system of subsets of the lattice B, where

T is a nonempty subset of the set of all positive real numbers
such that 0 is a limit point of T.

DEFINITION 1. Let ne N. By an n-cover of an element x e H
with respect to the system {#(}teT we mean a system ixi”6x of

elements x* e with being a sequence in T, satis-
fying the following conditions:
D Vj XA exists in H,
xg V. A
D xg iel 1’

3 S k, S J.

iel 1 n

Let o/ denote the set of all elements of H having n-covers
with respect to



We extend J : B » <0, »> to J*: H e <0, “> For every xe H
we put

J*X) = inf {3Q(FHs fr B, x£ f} (see [4], Definition 1.1.).

The mapping J*: H < <0, «> satisfies the following conditions:

1D J* is an extension of JQ,

2) J* is non decreasing,

D X vy £I*X) + I*(y) for every x, ye H.

We repeat that
n = {xeH IJ*&X) <i}, an xe H J*&) S ne N
LEMMA 1. o c Q.n for every ne N.

Proof. Let xe o, i.e. there exist a system of
numbers of T, and x. e 0. , 1e |l ¢ N such that x § V X, e H
1 Ki iel 1
and £ k. <
iel 1 n a
IT the set 1 is finite, then V x4=V _ x, e B and since
iel 1 i=1 1

J*(X) < - x,l) = Jg(i'\/':I Xi) < _z:

JOKJ)< S k < £,
i=I °(le) i=l 1

n

we have x e Qn.

IT the set 1 is infinite, then by (iv) V X. = V X. e B
iel 1 i=1 1
and

(V. x,)=3 (V" x)=1mJ (OO x)) S lim Z Jn(4)
i=l 1 °a=l 1 n>» °i=l 1 s i=l ° 1

£ J X®X)g £ k< =+,
izl ° 1 1 n

J*X) B J*(VI X. )1 —, which completes the proof.
i=l 1

LEMMA 2. IF T = {9 ne N}, then $nc for all ne N

Proof is very simple, so we can omit it.
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From Lemmas 1 and 2 we obtain the following theorem.

THEOREM 1. IfF T * {§j- ns N}, then fh c dB c for every

ne N.
Denote by () the following condition: for every f, g e B,
f <g» <* the set (JO(M! r6 B* F<r <g) is dense

in IO, JQ@)>.

The lattice Z is called complementary, if for every x, y e Z,
X 8 y there exists ze Z such that x v z =y and Xxa z = 0. This
property of the lattice Z we denote by (C).

LEMMA 3. Suppose that the mapping JQ: B * <0, <> satisfies

the condition () and the lattice {xc B: xS y) has the pro-
perty (C) for every ye B. Then fn <a <C* for all ne N.

Proof. Letxe &, i.e. xeH, JI*X) < jj- The defini-
tion of J* gives the existence of fe B such that xS f and
J (F) < Let {f} do not be an n-cover of x. Put t * jj - JQ(H
and choose tQe T, 0 <tQ<e and pe N, p > 2 such that

P - DQ < JQ® <ptQ < M + c.

Now we define the sequence {fj}J, fje B, j=1, 2, ..., p-1
as follows. By the condition (D) there exists 6 fi* F
with
Suppose that *e B, j=1, 2, ..., i for 15 i<p-2 are de-
fined having the following properties:

fj < f’ ‘J - 11 2, ---y i

Jo(® <

p” S Jo(fj) < to” i=1"2 i”

fka fL*0 for k/ 1, k, 1 =1, 2, ..., i.

In virtue of (D) there exists fe b such that V fa < f < fand

31 3
Jo(f) belongs to the interval



Qg' f + + dn(® Ja(>
tc - -v -
o1 fi' P YT —
. t Jo(®
W M p
WNFE rj- v + = 5—)

Since the lattice {xe B: xS £}

has the property (C), there ex-

i+l v, i.
ists f. ,, 6 B such that V »? and f, . a (_V fj:; “ 0.
1+1 Jj=1 3 J=1

Evidently +1 < ¥ and fi+l » =0 for j=1, 2, ..., i. Fur-
ther, by (W) and @

Jo (Vv wooe V £ - Jo(fi+lJ + Jo(V V"

i 3At) | i t
s5 vv +- v <Jo(fi+i) + fml J«ew< ,= w + N+
RON
2p

hence

Jbo(H

-V < Jo(fi+l> <V

=]

Finaly, by (© there exists fpe B such that V. f:]> = f and
f aff =0 for j=1, 2, p - 1. We have

Jo(fp) = JOCP) - JOo<V fJ) -V F>"1" Jo(fJ>8§

) JAT) 3AT)
<jc® - (P-D =-V"< V
Hence f. e 7 for every je {1, 2, ..., p} and taking into
3 to

account that pto< ~, we have that ¢S an n-cover of

the element x.
From Lemmas 1 and 3 we obtain

The proof is complete.

the next theorem.



THEOREM 2. Under the hypotheses of Lemma 3
-(F%COC;C Am for every ne N

LEMMA 4. If T 3 <0, 1>, then Inc W fTor all ne N.

Proof is evident. Lemmas 1 and 4 imply the following theorem.
THEOREM 3. If T 3 <0, 1>, then $n c c¢5 c An for every po-

sitive integer n.
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0 ROZSZERZENIACH FUNKCIONALOW

Wprezentowanym artykule rozwaza sie problem rozszerzenia odwzorowania Jq:

B *+ <0, “> do J*: Hm<0, «>, gdzie B jest podkartg karty H. Wprowadza
sie pojecie n-pokrycia pewnych elementéw z H wzgledem ustalonego systemu
podzbioréw zbioru B. Podany jest réwniez zwigzek pomiedzy zbiorem

elementéw z H majacych n-pokrycie wzgledem systemu a tymi elementa-

mi z H, dla ktérych warto$¢ odwzorowania J* jest matla.



