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ON A K_M. GARGTS PROBLEM XN RESPECT
TO DARBOUX FUNCTIONS

There is considered the problem 3.11 from [3] by K. M. Garg in

the class of Darboux functions.

In his paper [2] K. M. Garg has proved that every Dar-
boux function f R +R is continuous with more abstract domains
In [3] the following question has been put: under which assump-
tions with respect to X and f a connected function f: X ®R 1is
monotone, or weakly monotone, relatively to the set Sc(f) in ge-
neral. Some partial answers can be found in [4], [51, [6] and [7]-

As an immediate consequence of the mentioned papers we ob-
tain:

THEOREM. Every connected function f: 1 #R is continuous
and weakly monotone on Sc(f).

In the face of the Theorem 2 of [2] it 1is natural to set
the question: will the above theorem remain valid for the wider
class of Darboux functions i.e. the functions mapping arcs onto
connected sets (see [8])? Since the answer is negative (Theorem
1) it is natural to look for additional assumption under which,
the function fi. could be continuous and weakly monotone.

I
As a result we obtain Theorems 2 and 3.

within the whole paper we use well-known traditional symbols
and notation, the same like in [I], [2] or 18j. In particular R,
Q, IN and 1 denote the set of: real numbers, rational numbers,
natural numbers and the closed interval [0, I], respectively. IF
a, b e R the symbol (@, b) denotes an open interval with end
points a and b (a > b 1is also possible).
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Let A, B be subsets of a topological space X such that A c b .
Then the closure of A in the subspace B will be denoted by
clB(®» and also by A if B = X. For every net {x0}¥j: in X the

symbols A - limx and A - acp %X, will mean the sets of limit

ael a cel O
points and accumulation points belonging to A, respectively; if
A * X, we write shortly: lim x and aci) X . Let T be a mapping
ael oe

of a topological space X into a topological space V, A be a sub-
set of X, <xo0)O0eg be a net in X. We say that the above net is

f-agree with A, if A-acpx FO or f(A) - acp f(x) 5 0 The
OEE cgf
combination of mappings and f2 is denoted by 2 (see [11)

We say that X 1is o-coherent (see [3]), if the intersection of
every decreasing sequence of closed connected sets Iin X 1is con-
nected.

Let - X Y be a mapping where X, Y are Hausdorff spaces.
We say that Yo 6 Y 1is a limit element or cluster element of the

function f at a point xQe X, 1if there exists a net (0)06f c
c X\ {Q} such that xQ = Ig’rzn xQ and yQ = Iin21 f(q)- We denote
by L(f, xQ) the set of all gluster elements gf T at x0.

We say that yoe Y is a (*) - limit element or (*) - cluster
element of a function f at xQ, if yQ e L(Ff, xQ) and, moreover,
if {x} _ is anet such that x. = limx andy = lim f(x ),

0 aez °c al a aeZ
then there exists aQ e I such that f(x0) =yQ for o £ oQ. We
denote by L*(f, xQ) the set of all (*) - limit elements of F
at xQ.

We say that f is a closed function at the point xQ e X, 1if
LCF, xQ) \ {fCQ)} ¢ L*(F, xQ) (see [9D-

According to the notation in [3] for any function f X *R
we write:

Yc *P)

Sc(®

{ae f(x): f_1(@ 1is a connected set),

T _1(vc(®).



We say that a function T: X #K is weakly monotone if Sc(f) = X.
It is weakly monotone on Ac x 1if f. 1is a weakly monotone func-
A
tion.
The paper is based on the continuum hypothesis.
THEOREM 1. There exists a Darboux function f: 1 ®R such

that f, is not a continuous function and it is not weakly
Isc (f>
monotone.

Proof. Let aq = (X, V) e 12: x =0 ory=J sinJ
Then AO = AO. Denoting by Aa = {p e 12: p(p, AqQ)

a) (for a po-
sitive number a) we easily obtain 12 = CEO A . Let us define the

function TQ: AQ - R by setting

y when x = 0 and ye [o, j]
QX ) 1-y when x =0 and y e [ 1]
1 when x # 0 and y - \ sin "

In the family of sets {Aa: a > 0} we can define an equiva-
lence relation in the following way:

Aa *AF(J)<:>a—PeQ.

Let be the family of all classes of abstraction for that
relation * and let p be a one-to-one map of P onto (=, 1).

write F.(X) = thCA 1), where Agq denote the set of the fa-
milv {A :a>0), to thich X belz)ngs; [A ] - the class of
abstraction determined by A , and ~ : 12 \Aé <R . An important
fact is that = fQ V f: I2 5 IR is a Darboux function. Indeed,

let L c 12 be an arbitrary arc. There are three possible cases:
1) L ¢ ag, then it is obvious that f(L) is connected;

21 £c Aa for a > 0, then f(L) is a one-element set;
3) there exist c®, a2 e [o, 1] such that o» * a2 and L n A" t

#0#LMAIA , then the definition of the function T implies

that:



(~=», ) when tnJ[a \ {&, y): x *0}] =

@)
(==, Il when tn Jao \ {(X, y): x * 0F] # O.

2
ty seen, that Sc(f) = {(x, Y el : x>0 and y =
A osin j + j3, whence AQ\ {(X, y) e 12: x = 0 and ye (O, U

U <Z)) D}c Thus, really T, is not a continuous

C
function (at the point (O, j)) and it is not a weakly monotone
function (for example f7* @ = {@©, j), O, v)>*
'sc(T) 4) 4
We shall introduce now some new definitions which are needed to
answer the question put in the introduction.

DEFINITION 1. A function f: X #Y is said to satisfy a
condition (Ox) in respect to a set Ac X (we denote it by:

fe DA) if, for any net {xa>06} and for anY x0 6 A " (l)éli] pea

fl](xo : oerT} U {xo} is a closed function at V

DEFINITION 2. A function f: X Y is said to satisfy a
condition (D) in respect to a set Ac X (denote: fe D_]a), if

for any net ixajoegc A such that A - acg xo = 0 and for any
ae

arbitrary B = Be {xo: ae E} the set fT(AD B) is closed in

(@) (as a subspace of the space Y).
DEFINITION 3. A function f: X @Y is said to satisfy a con-

dition (P3) in respect to a set Ac X (denote: f e dA) if for
any f-agree with A net {x0)0b; such that A - acp xq = 0 and
for any closed in {x0: oe £ set B (as a subspace of the space
X), the set f(B) is closed in fF(AU {x - ae I} (as a subspace
of the space Y).

For a function f: X «+Y, we also write fe D" if Fe D. G =
=1, 2, 3).

It is supposed throughout this paper that X is a arcwise con-
nected and locally arcwise connected T/-space [I] and f: X »R 1is

a Darboux function. To simplify the notation we shall write fe
e DADj, whenever fe D and fe Dj.



THEOREM 2. Let X be o-coherent space. If fe DID2" then T

is continuous and weakly monotone on Sc ().

THEOREM 3. Let T e D3. A function ¥ is continuous and we-
akly monotone if and only if fe

At Ffirst we shall prove the following lemma:

LEMMA. A function Ff6 Dx 1if and only if F 1is a continu-
ous function on Sc(®).

Proof. Necessity. We have to prove that F is a continu-
ous function on Sc(f). Suppose that it is not so. Then there is
a point Xy € Sc(f) such that f is discontinuous at Xy - It means
that there exists e > 0 such that

f(xg)e FV) & (FCQ) - ¢, FT(xQ) + ) for any neighbourhood V

of the point xQ (@)
Now let us denote by B(x0) a base of the space X at the point
Xqo- For each U s B(x’c\)) there exist an open set Va such  that
Xg 6 Vu c U and

for any y 6 Vy there exists an arc L = L(XQ, V) such  that

tcU (@)
In face of O and (@ we come to conclusion that for any Ue
e B(xq) there exists anarc Lc u such that f(xQ) e f(UL) £

E€E (FCQ) - . FCxQ) + ). Since T is a Darboux function, for
every U e B<x0) we have
Q) - . F(xQ)] ¢ fU) or TF(x0), f(xQ) + .1« TFL) (©)

Let I = {U, n): UgBXd) and n 6IN}. Now we define a relation
S, which direct the set 1 as follow

U, D S (Ur nx) <> U=Ux and n £ nj.

The symbol S between two natural numbers means a common relation
(less or equal). Selecting for each a = U, n) e I an element xq

belonging to U n (F-L((FXQ) - e, F(xQ) - -=-"~e)P U FL((FXQ) +
+ e, TOQ) -+ z)))y we define a net {x0}&j; such that xQ -
= lim x (@it is possible due to (3)). Write:

aeZz O

Nx - {ne)N: xae f 1(FxQ) - .. FXQ) - n IPRE



N2 = {nelN:xQe F I1((fCQ) + ~ Q) + e))}-

Then at least one of these sets is infinite (it may always be
assumed that card N 2 XG)*

Let 5 = {(U, n): Ue B(xq) and n e N~} Then is cofinal

in 1, therefore {x0)0ef is a subnet of &O}aej» hence xq *

= lim x , moreover Ffix ) - e = lim TON and f(x - e 4
oeZzl O °) oeX1 ) (-c)

* L*(fltxa:o0eZl1} U{xQ} xo0)" but it means that FO r
Sufficiency. Let {X0JOGE be an arbitrary net such that xQe
e S.(M - adg] Xg- Than ﬁl'{xc Oggygl'{,xQ} is continuous at the
point xQ, hence
L(F{xqg :ogE}U {xq}" x0) X {f(x0)} = OC L*(F|{xo:0eE}U{x0)" xo0;*

Proof, of Theorems 2 and 3. In face of the above lemma
it is sufficient to show that F|s~-fF) 1is weakly monotone (fF

only X is o-coherent and fe or fe DVj). First we
shall prove that:

® if a is a two-sided point of accumulation of the set
Ya(P), then Tl 1 Se(P is a connected set.

Indeed, let {“n™=1" ~n™n=l c be arbitrary sequen-
ces satisfying the conditions aR / a / Bn- Then by the lemma

f lan)" f ~n" are closed sets in Sc(f) for n= 1, 2, ...,
whence they are also closed iIn X.
Now we shall prove that:

¢ f 1((@an, «)), T 1((-“/ an)) are open sets in X for
n-1, 2, ...
Let xQe f 1((an, +)). Since f 1(an) is a closed set, there

exists a neighbourhood V of the point x such that: given any
O o

yevV there exists an arc L = L(X, y) such that & n f 1@ ) *

# 0. Since f is a Darboux function we have Ve © f_l((an,+‘>)),

which leads to the conclusion that f_l((an/ +=)) 1S an open set.



Arguing similarly as above we can state that F an)) is
also an open set. In face of (**) we may conclude that

T 1((®, an]D» +“~ are closed sets-
Moreover T-1((~«, and) U T“1([an, +®)) = X 1is closed, arcwise
connected set (h =1, 2, ...) and Ff , unT]f Man,+®)) =
= f_1@n) 1is a closed connected set (n = 1, 2, ...). Similar ar-

gumentation may be applied for sets f 1((-“, Pn ) and F “kiy +“))=

Using a method of the proof given by K. M. G a r g in the pa-
per [3] (Lenma 32, p- 23) it is possible to show that F

PnD 1is a connected set (for n = 1, 2, ...).
Suppose that the assumptions of Theorem 2 are fulfilled (X is

o-coherent) then f ~N@) = I-l fAL“n" MI* 3 connected set
in X, thus a e Yc(®) which évidently yields tc (*).

Therefore let us suppose that the assumptions of Theorem 3 are
satisfied and assume that there exists ae f(s (f)) such that
fis-m@ *s a disconnected set. Then f 1<ab) is also
a d¥sconnected set, so f_l(a) =PMU p®, where P.,, P are no-
nempty separated sets in X. Since X 1is a T"-space (see [IJ The-
orem 2.17, p- 97), there exist disjoint open sets U and V such

that Plc U and P2c v. For n= 1, 2, ... let us choose zR e
e N @UUV). The element zn exists (for n =1,
2, ...) because T-1([on, p P 1is a connected set such that un
n f’1(fan® Pnp * 0 * VO f_ 1([an" ]

Then f(zn) »a, thus <zn)r_i 1is T-agree with Sc(f) and ob-
viously z ~ f*@@) (n=1, 2, ..)). Now there are two possible

cases:

1. There exists an element x* belonging to S () - ac zZ .
c r=1,2... ™ n
Then x* $ f 1(@). Let 1ist)ceT be a sequence Finer than {2n>n=1

and {s’t*}téTiM converge to x*. It follows that {Buln f@&™) = a and
atf@®) for te T and fix*) # a. Therefore;



AE LN {st: teT} U H&)" x» ~

ULMT |{sts teT) u {x*}, X*))-
But it is iIn contradiction with the fact that fe D1.

2. Sc(hH) - ia(1::p zn = 0. LetussetB=4{ :n=1, 2..}%
n-1f2eee
Then a 6 clf(~ — vy r ~ N (f®)) \ f(B)# which fol_

lows from the fact that f e d3.
The obtained contradictions have proved finally, that a is a

two-sided accumulation point of a set Y if), then Fri-nri(a) is
c Isc11*
a connected set.

Let us suppose now that a 1is not a two-sided accumulation po-
int cf the set Yc(f), but TF||“[@ is nonempty disconnected

set. C

Then because of the continuity of f.~-rr;, we have fTi-_(a)
_ A A A A *C N C
= P1U P2 where P2 are dosed, disjoint sets. Let , U2 be

open, disjoint sets such that Pxc ux and P2c u2 and let pe”™,
qe We can notice that a 1is one-sided accumulation point of
Yc(F). 1t results from facts: pe Sc(f)\ Sc(P), a is a not two-

-sided accumulation point of Yc(f), the function T |g-yjy is con-
tinuous. c

Suppose at the moment that there exist a sequence {a J}e X c

<Yc() such that aR / a and there is z >0 such that [a, a +
+¢e nyYc( =0.

Let P(P), 3(q) denote basis of a space X at the points p
and q consisting of sets contained in Ul and U,, respectively.
Then

) Ye@® n FUQY N F(VQ) n © -1, aJ# 0 for every neN
and arbitrary UQ e |3(P), VQe G@Q)-

Write A= {{, V, nN):Ue p(p) and Ve B(@ and ne N}

Let 5 be a relation directing the set A in the following
way':



G, VvV, N 4@, vx, nx) <>Uo Uxand Vo Vx and n< n”
By condition (***), for each 6 = (U, V, n) e A there exists y6 e
eYc(H D FfU A FfV) n (0 - al- Then f_1(Yé¢) is a connected
set such that £ 1(Yj) n 207 F1(vf) n U2*

Thus for arbitrary ie A there exists w e f 3(Y ) such that
u'5é Ug U/U—- Now let us notice now that Sc(f) - %@R Wy = 0.

Indeed, if it is not true, there is i%’,e Sc(f) - %gg d.. Then,
because of the continuity f|g~(TJj we have u0 6 But it
leads to a false conclusion that (U~NUU~NJn {w*: 6e A} # 0. Mo-
reover, we may deduce that is T-agree with Sc(f).
Write Bx = {ofx 6e A} and B2 = fie A}. Let us notice
tat, e cl /gC JEGB2))\ a°d de cIA’gC(f)j NN\

\ FG")= This evidently shows that f & t2 and f £ Dj is contra-

ry to the assumptions of Theorems 2 and 3.
The contradiction obtained have ended a proof of the Theorems
2 and 3.

REFERENCES

[ Engelking R., GCeneral topology, Warszawa 1977.

[Z1 Garg K. M., Monotonicity, continuity and levels of Darboux functions,
Coll. Math., 28 (1973), 91-103.

[31 Garg K. M., Properties of connected functions in terras of their
levels, Fund. Math., 97 (1977), 17-36.

[4] Grande Z., Les ensembles de nivereau et la monotonie d’une fonc-
tion, Fund. Math., (1979), 9-12.

[5G1 Pawlak H-, Pawlak R., On some properties of closed func-
tions in terms of their levels, Commen. Math., 26 (1986) 81-87.

[6] Pawlak R. J., On monotonicity of connected functions defined on
the locally connected continua, Acta Univ. Lodz., 34 (1980), 85-99.

[71 Pawlak R. J., On the continuity and monotonicity of restrictions
of connected functions, Fund. Math., 114 (1981), 91-107.



Bl Pawlak R. J., Przeksztakcenia Darboux, Acta Univ. Lodz. (1985).
[ Pawlak R. J., On local characterization of closed functions and
functions with closed graphs, Dem. Math., 19/1 (1986), 181-188.

Institute of Mathematics
University of t4dz

Ryszard J. Pawlak, Andrzej Rychlewicz

O PROBLEMIE GARGA W ODNIESIENIU DO FUNKCJI DARBOUX

W prezentowanym artykule rozwazany jest problem 3.11 2z pracy [3], posta-
wiony przez K. M. Garga, przy czym zalozenie, ze rozpatrywane funkcje sa spdjne
zastgpione zostalo przypuszczeniem, ze posiadaja one wkasno$¢ Darboux.



