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TOPOLOGIES RELATED TO ((xGB)—POROSITY

In [1] L. Zajiiek, using the notion of porosity, defined
superporosity, the porosity topology and the *-porosity topology. In
our paper we introduce the equivalents of these notions which we get
by replacing porosity with (xa)-porosity and (xa, c)-porosity. We exa-
mine relationships among the notions which we define in such a way
for different a and c.

Let Ec R and a <b. By A(E, a, b) and by A(E, b, a we
denote the length of the largest open interval included 1in (a,
b) \ E. Obviously, AE, a, b) = AE, a, b).

let EcC R, ze R, ae (@, 1] and ce (0, «]. Put

p (E, 2 = lim sup [X(E*" Zth + h)lot
° h-o Ih

We say that E is (xa)-porous at z if Pa<kE, 2) > O; (xa, ©)-
-porous at z if Pa(, 2) 2 c. We say that E is (X“)-superporous

at z if EUF 1is &*)-porous at z whenever F is (Xa)-porous
at z. In the same way we define a set which is *“, c)-super-
porous at a point. If &= 1, then we simply say that E is porous
(superporous) at z, instead of saying that E 1is (xX)-porous
((x-superporous) at z.

Let P(@) and P(a, c) denote the families of all sets (xa)-po-
rous at 0 and (xa, c)-porous at 0, respectively. The properties

of the function xa imply

PROPOSITION 1. Llet 0O <a <3 <land O<c £ Then P(l, ©)
c PC) ¢ P(p, ©) c PP c P(a, ©).



Let SP(@ and SP(a, ¢) denote the Tfamilies of all sets
x*“)-superporous at 0 and (xa, c)-superporous at 0. Evidently
SP(a) c P(&), SP(a, ¢) c P(a, ¢ and all Tamilies SP(a) and
SP(t, c) form ideals.

PROPOSITION 2. I1f 0 <c <1 and O 1is an accumulation point
of E, then E 1is not (X, c)-superporous at O.

Proof. Put d = ¢/(2 - ¢). We may assume that O is a right
accumulation point of E. Then there is a sequence (xn) of positi-

ve numbers from E, such that »n+1 < (1 - c)xn for every n. Put

T+a-% therefore F is (X, c)-porous at O.

Let (a, b) be a subinterval of (0, x~ which does not inter-
sect E U F. Since =*n+1 + dxn+1 < xR - dxR Tfor every n, there
exists a positive integer n such that (@, b) ¢ (xfi - dxn, xn)

or (@, b) c (xn, xfi + dxn). In the first case, we have

and in the second,

Hence E U F 1is not (X, c)-porous at 0 and, consequently, E 1is
not (X, c)-superporous at o .

PROPOSITION 3. Let 0 <a <1 and 0 <c <». If 0 Is an accu-
mulation point of E, then E 1is not (xa, c)-superporous at O.

Proof, we may assume that o 1is a right accumulation
point of E. Then there exists a sequence (xn) of positive num-

bers from E such that nxn+1 < xfl for every n. Hence there is

a positive integer n, such that



for n S nQ. Put

F = RV pﬁ-b (Xn " 2<CXn)1/a® xn + 2 (CXn)1l/a)*
Since

£«:,,>|/*]*

xn + |(cxn)l/a 1 + ici1/ax~r1/a)_1

therefore F is (xa, c)-porous at O.

Let (a, b) be a subinterval of (0, x ) which does not inter-
o]
sect E U F. Then there 1is n i nQ such that (a, b) c

c (R - y(cxn)l/a, xn) or (@, b) ¢ (xn, xR + i(cxn)l,/a). Hence

¢ ayds W c

xR " 5(cxp .0t 201(1 " pcl/axpl/a)-1)

Thus E U F 1is not (xa, c)-porous at O and, consequently, E 1is
not (xa, c)-superporous at o .

Propositions 2 and 3 guarantee that if we examine (xa, c)-su-
perporosity, we may restrict our considerations to (X, 1)-super-
porosity and (Xa, <=°)-superporosity for ae (©, 1).

THEOREM 1. No family from the collection (SP(a); ae (O 1]} U
U {SP(a, »); as (@O, D} u {SP@, 1)} 1is included in any other
family from this collection.

To prove Theorem 1, we shall use the following Ffive examples.

IFEcr, then -E = {-X; x e E} and |E|] denotes the Lebesgue
measure of E.

Example 1. Let Oe (0, I) and pe (0, 1). Put

® nso
» - Il’Jﬁ bn -*-£_ p“].



Then the set A =E U (-E) is (&”™)-superporous at 0. This set is
neither (X, 1)-porous at o nor (xa)-superporous at o or (xa, »)-
-superporous at o for o <a <o.
Proof, since
n sdl (n/p)-n
¢n - - Pntl 1-p n - P

e 1 - P <1,
exe

n n

thus A is not (X, 1)-porous at 0. On the other hand,

n/P a
2-n -

(_“_)__ - aD_(g_Ezfe —_—— > @
pn na n>*

This means that R\A is (xa, “)-porous at 0. Consequently, since
R=AUQ®\W and R is not (xa)-porous at 0, we conclude that A
is neither (xa)-superporous at o nor (xa, =>)-superporous at o.

Now we show that A is (X*)-superporous at 0. Let B be ()-
-porous at 0. Without loss of generality we may assume that B is

(xX™)-porous on the right at o, i.e.

lim sup B* > 0. Hence there are a positive number r
h-o+ h

and a sequence (hn) tending decreasingly to o, such that

(€)) (hn - rh*~, hfi)yn B = 0 for every n.

Let (kn) be a sequence of positive integers such that

k k -1
@) p i hn <p for every n.
- ror/i” - S - -
Since -g--- » 0, there iIs a positive integer nQ with
n
k +1
(©)) p n ShR - rh*~ for n 2 nQ.

Let (c, d) be an interval of the maximal length, contained

in *hn ” rhr/""" hn)\A\B- From (1), (@ and (3 we conclude that



the set (hn - rh%’\, hn)\A\B consists of one or two components,
So,

d - c * ¢1(hn - rhd/f, hn)\A\B]

*W /P . . Eg1-227%
2 n

SAQaP-4 A ' x>V 1 /VpIP-

Hence i1t follows that

-pVr,» )
> 2a rfe Q

Thus AU B is (X™)-porous at 0O and, therefore, A is (X*)-super-
porous at o .

Example 2. lLet ae (O, ) and pe (O, 1). We defi-
ne inductively a sequence (an) by putting

ax = p,
el = 8y - aA/a for nil.
Obviously, the sequence (an) decreasing and tends to 0. Put
al/a
E=Utan - -V*" alJ-
111

Then the set A =E U (-E) 1is (xa)-superporous at O and is not
(xa, “)-porous at 0. In consequence, A is neither porous at O,
X, 1)-porous at o, (xX™M)-porous at o nor (X, ®)-porous at o
for a <o < 1.

Proof. Let (c, d) be an interval which does not inter-
sect A. We assume that ¢ >0 (if c < 0, then the proof is si-
milar). There is a positive integer n such that (c, d c



d~0a< (an " an+l)x _ an
d an+l a, - aﬁ/a
and, consequently, A Is not (xa, ®)-porous at O.
Now, we show that A 1is (Xxa)-superporous at 0. Let B be

(xa)-porous at 0. We may assume that B is (xa)-porous on the
right at 0. There are a positive number r and a sequence (h )
tending decreasingly to o such that

(€)) (n - rh~a, hn)fl B = 0 for every n.
~nn a se<iuence of positive integers with
aa 1 h <a , for every n.
n n n

Let (c, d) be an interval of the maximal length, contained
o fhji hn)\A\B. We consider two cases:
(@) hn - rhj/* < ak
n
Then, by (1) and (2), we have

"0 LTV LB H-

Hence

13r.c)? s F G T2 Gisoy-im i0 .-

X-1 1 j5 °

n

My * sy miv

From (1) and (@) it follows that the set “(hn - rh*/ot, hn)\A\B

consists of one or two components. Thus



[ra - -

From (i) and (ii) we conclude that

lin sup XAV B, 0. M]a

h-o
This means that AU B 1is (xa)-porous at 0O and, therefore, A
is (xa)-superporous at o .

REMARK. Put E* = {an; ne N} and A" = E* U (-E"). It is easy
to see that A" has the properties described in Example 2. This set
cannot be used in the proof of Theorem 3.

Example 3. Let pe (O, ) and 1let (bn) be a decrea-

bn+i

sing sequence of positive numbers such that lim- - = o0 and
<« n

bn+tl < bn * bi/P for every n- Put an = bn " bn & and

[00)

Then the set A =E U (-BE) is &, «)-superporous at 0. This set
is neither (P)-superporous at o nor (Xa)-superporous at o or

(xa, “)-superporous at o for o < a < p.

Proof. Since — e-i-= 2- =1 for every n, thus R\A is
n



(x™)-porous at 0. Therefore A is neither (Xx™)-superporous at O
nor (xa)-superporous at o or (xa, °°)-superporous at o .

Let B be (X*, ®)-porous on the right at 0. There 1is a se-
guence (hn) tending decreasingly to o such that

[€)) (hn - nh2%p, hn)D B = for every n.
Let (kn) be a sequence of positive inetegers with
@) b’\n 5 hn < n—l for everY n-

We shall consider intervals (c, d) contained in

(hR - nhﬁls, hn)\A\B. We examine two cases:

\/

Put (¢, d = (O +1, ak ). Then, evidently, (c, d)c
n n

c(hn “ nhn/P" hn)XANB and

(ak,, " bk +1)

d - o)p _ n
d

[bk @ -

@ Vls hn

Let (c, d) be an
M tn - RVAR
the set

(hn
Thus



d - C * |I1(hn - nhd/P, hn)\A\B|

a f[nhj/p - bk -a ) - (@ - a )]
n n n n
> ilnhj/» - 2» ~ 1 > - 21.
So,
d - o)p d -gf in..-. 2)f AV
d hn 2P n-«

From (i) and (ii) it follows that

lim sup " &———-= '_I.—O’_I.—h):LP

h-o Ih|
Hence we conclude that AU B 1is &, °°)-porous at O and, con-
sequently, A is &, «)-superporous at O.

Example 4. Lpt «e (0, 1). Since 1lim -— 1°a”™1™ -= 0
X+o0+ X

there is b1 e (0o, 1) such that x1™ log (1/xX) < x for each x €

e (0O, b~]. Put

bn+l = bn * bi/aiog(a/bn) for n £ 1-
We have thus defined the decreasing sequence (®n) for which

limb =0 and [Iim(b /bn) =1_. Put an = bR - bn(n - bR+1)
r+oo

and

E=09,CGn bl -
[ |

Then the set A =E U (-E) 1is (xa, =>)-superporous at 0O but it is
not ™)-porous at O for a < p < L In consequence, A s

neither (&, «)-porous at o nor porous at o or (X, 1)-porous
at o.

Proof. Let (c, d) be an interval which does not intersect
A. We may assume that c¢ > 0. There is a positive integer n such
that (c, d) ¢ (bn+l, an). Then

t)

ft



d - o)P (bn " bn-F)P
d bn+l

b~/a[iog(i/bn )13
bnd - bJu/a,"1log(1/bn)) n>"

This means that A is not (xX*)-porous at O.

Let B be (xa, <)-porous on the right at 0. There is a se-
quence (hn) tending decreasingly to o such that

(1) (hn - nhly,a, hn) n B = 0 for every n.

Let (kn) be a sequence of positive integers with

(2) b"n s hn < bkn-l for everY <
We consider two cases:
@ h,, - <b~"j.

Let (c, d) = (bk +1, )- Then, by @ and (@, (c, d)c*
n n

c(h - nh”a, hn)\MB and

@-0o _ ‘Vj(akﬂl'\(s

d
n

@ - bk dabk [log(1/bk )]°

b. =
n

LU= s h" < nh" /¢
Let (c, d) be an interval of the maximal Ilength, contained in

(hn - nh**a, hn)\NA\B. From (1) and (@) it follows that the set

(hfi - nhj~a, hn)\A\B consists of one or two components. Thus



d - c 2 |](hn - nhd/o, hn)\A\B]

\%

~[nhn/a ™ (bkn “ akn] ' <bKn—1 “ akn—l"

> - 2b bj£ lo«(l/bt )]
£ n n n n

-1 »vJ 11 -b"I""-Hosd/b DHin
* n n n

- 2bk ~logd/b )|
n n

d - ©)a d - o)a
d

[Nl - bJ1{*y1log(1/bk _1)n /fot2bk _1log(1/bk DJ°
> n n n n

2a

From (i) and (ii) we conclude that lim sup [*<AU °1 h)3 =».
O ihl
Hence AU B is xa, °>)-porous at O and, consequently, A 1is
(xa, ®)-superporous at o .
REMARK. Put E* = {bn; n e N} and A~ = E* U (-E"). It is easy

to see that A" has the properties described in Example 4. This
set cannot be used in the proof of Theorem 3.

Example 5. Let te (0O, 1) and let (bn) be a decreasing

sequence of positive numbers such that Iin*(bn+i/bn) = o and
n==»

bn+l < tbn for every n> Put

E=Q [thn, bn].
n-1

Then the set A =E U (-E) is (X, l1l)-superporous at 0. This set is



neither superporous at o nor (xa)-superporous at o or (xXQ, <)-
-superporous at o for o <a < 1.

b - tb
Proof. Since n ---- =1 -t >0, therefore R\A is
n

porous at 0. Thus A is neither superporous at O nor (xa)-super-
porous at o or (xa, <)-superporous at o.

Let B be (X, 1)-porous on the right at 0. There is a sequen-
ce "hn* tendin9 decreasingly to o such that

) hn, hR)n B = 0 for every n.
Let (kn) be a sequence of positive integers with

@) Sh <bt , for every n.
n n n

We examine two cases:

bk
() Llim sup > 0.

Put ¢ = max{hn/n, b» +*} and d = tb~ . Then, evidently,

(c, d c (hn/n, hn)\A\B and

max{h /n, b. .}

A T B Vi , 1
d th, n—+"
n
bk
() limsup — =o.
> hn

Put (c, d = (bk , hn). Then also (c, d) ¢ (hn/n, hn)\A\B and

moreover,
d -c _ kn
d " " hn

Thus, from (i) and (ii) it follows that [ILim sup =1

h-o Ihi
Hence AUB is (&, 1)-porous at 0 and, therefore, A is (X, 1)-
-superporous at-o .



In the sequel, A £ B will mean that A is not contained in B.

Proof of Theorem 1. Let 0<O<P<Y<1l»

The conditions SP(P) g SP(a) and SP(P) £ SP(a, < follow
from Example 1.

Example 2 implies the conditions SP(P)ESP(P, ®), SP(p)<ESP(Yy),
SP(p) 4 SP(y, SP(P) t SP(1) and SP(P) £ SP(1, 1).

The conditions SP(P, ») SP(P), SP(p,°>)st SP(0) and SP(p, ®) *
4 SP(a, “© result from Example 3.

Example 4 implies the conditions SP(p, ® £ SP(Y)# SP(P, ®)<i
€£SP(y, “), SP(P, ») 4 SP(1) and SP(p, » 4 SP(1, 1).

The conditions SP(1) <€ SP(1, 1), SP(1) < SP(0) and SP(D?i
i SP(a, > follow from Example 1.

The conditions SP(1, 1) t SP(1), SP(1, I1)£SP(0o) and SP(1, 1#
<£SP(a, ® are implied by Example 5.

Let ae (O, 1] and c e (0, «]- We say that aset Gc R is
(xa)-porosity open if R\G 1is (xa)-superporous at each point of G;
(xa, c)-porosity open if R\G 1is (xa, c)-superporous at each
point of G. Since the family of all (xa)-superporous sets at a
fixed point z forms an ideal, the family of all (xa)-porosity
open sets forms a topology. We call it the (xa)-porosity topolo-
&«

-porosity open sets is a topology which we call the (X , c)-po-

gy and denote by T Similarly, the family Tmt’\ of all (xa, ©)-
rosity topology. Evidently, all topologies Ta and T®Q are finer
than the Euclidean topology. Properties 2 and 3 imply that all
topologies T for ae (O, 1) and c e (O, ®) and all topologies
T_lfJ for d e (0, 1) are equal to the Euclidean topology. On the
other hand, Examples 1-5 imply:

THEOREM 2. No topology from the collection {Ta; ae (0, 1]} U
u (TOlt L ae O, D} U {T.g-} is included in any other topology
from this collection.

Proof. We only show that Tx X Let A be the set

defined in Example 5. Then the set G = R\A is (X, 1)-porosity
open and it is not porosity open. The remaining conditions are
proved analogously (compare the proof of Theorem 1).

Let and t2 be topologies on a set X. We say that and



t2 are S-related if, for any set A c x, we have int A # 0 if

T1
and only if int A ? O.
2

Let a set Ac R be (xa)-superporous ((xa, C)-superporous)
at a point z. It 1is easy to see that also A is (xa)-superporous
((xa, c)-superporous) at =z. Hence, as in L. Zajié&ek's
paper [1] we can prove that all topologies Ta and Ta c are S-re-

lated to the Euclidean topology (see [1], Proposition 3).

Indeed, let U=int T G fO and ze U. Then R\A 1iIs (xa)-
a

-superporous at z. Consequently, R\int G = R\int U = R\U is (xa)-
-superporous at z, whence int G # O.
Put

*

T,, = (G\P; G 1is (xa)—porosity open and P 1is a first category
set},

TarC = {G\P; G is (xa, c)-porosity open and P is a first ca-
tegory set}

The families Ta and Ta c Tform topologies. Theorem 1 from
[r]1 implies that they are category density topologies (i.e. they
have the form {$(A)\P; A has the Baire property and P is of the
first category} where < 1is an operator of lower density). We

call them the (x ) -porosity topology and the (xa, ¢) -porosity
topology, respectively. From Examples 1-5 we conclude:

THEOREM 3. No topology from the collection {T*; ae (0, 1]} U

*

u a6 (0 1)yu {T™ ~3 is included in any other topology
from this collection.

Proof. It is sufficient to show that Tj % $ ti (the re-

maining conditions are proved similarly). Let A be the set defined
in Example 5. Then the set G = R\A is (&, [I)-porosity open,

hence it belongs to T* _ .
11

Suppose to the contrary that G belongs to T*. Then there are
a porosity open set U and a first category set P such that G =
U\P. Thus R\U = A\P 1is superporous at O and, consequently,

A = A\P is superporous at 0, This contradicts Example 5.



REMARK.  The topology 'Ij" is equal to the I-density topology
defined by W. Wilczynski (see [2D-
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Tomasz Filipczak

TOPOLOGIE ZWIAZANE Z  (x**)-POROWATOSCIA

W pracy rozwazane sa uogélnienia superporowatosci, topologii porowatosci i
topologii *-porowatosci otrzymane przez zamiane w odpowiednich definicjach po-
rowatosci na (xa)-porowatos¢ lub (tt» c)-porowato$¢. Badane sa zwigzki mie-

dzy tymi pojeciami dla réznych a i c.



