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In the paper, an example of a closed set F of real numbers sa
tisfying the conditions F + F - [0, 2] and F - F t [-1, 1] is presen
ted. It is a negative answer to the problem posed by M. Laczkovich. 
Also, some necessary condition for sets of this type is formulated.

For the arbitrary set A c R we will use the following no
tation:

A + A = {x + y, x e A, y e A}
and

A - A = {x - y, x e A ,  y e  A}.
It is well-known that for Cantor set C, C + C = [0, 2] and C - C = 
= [-1; 1]. For the set F = {1} U [0; 1/2], F + F # [0, 2] and 
F - F = [-1; 1]. S. P i c a r d  [1] showed in 1942 that there 
is a set X such that X + X = R and X - X is of measure zero. 
M. Laczkovich asked if it is true for closed sets that condition 
F + F = [0; 2] implies F - F = [-1; 1]. The answer is negative.

E x a m p l e .  Let
F = [0; 2/20] U [3/20; 4/20] U [15/40; 25/40]
U {15/20} U [17/20; 1].

F is obviously closed. Moreover,
[0; 2/20] + [0; 2/20] = [0; 4/20],
[0; 2/20] + [3/20; 4/20] = [3/20; 6/20],
[3/20; 4/20] + [3/20; 4/20] = [6/20; 8/20],
[15/40; 25/40] + [0; 2/20] = [15/40; 29/40],
[15/40; 25/40] + [3/20; 4/20] = [21,40; 33/40],
[15/40; 25/40] + [15/40; 25/40] = [30/40; 50/40] ,
[17/20; 1] + [15/40; 25/40] = [49/40; 65/40],
{15/20} + [17/20; 1] = [32/20; 35/20],
[17/20; l] + [17/20; l] = [34/20; 2],



so F + F = [0; 2] . It is easy to check that 51/80 F - F, so 
F - F * [-1; 1].

Now, we will prove that if F is closed and has at most four 
components, then the implication F + F = [0; 2] -*■ F - F = [-1; 1] 
holds. The theorem will be preceded by the following

LEMMA. If a closed set F c [0; 1] satisfies condition:
There exists a component (a; 0) of [0; 1]\F such that

(1 ) $ - a > min (a; 1 - 0 ), 
then F + F * [0 ; 2] .

P r o o f .
F + F c [0; 2a] U [0; 1 + a] U [20; 2].

By (1),
0 - a > a  or 0 - a > 1 - 0 .

Thus
F + F # [0; 2] .

THEOREM 1. Let F c [0; 1] be a closed set such that:
(a) [0 ; 1] \ F has at most three components ;
(b) F - F # [-1; 1], 

then F + F + [0; 2].
P r o o f .  We started with a case when the set [0; 1]\F has 

exactly three components. Suppose that there exists a closed set 
F such that [0; 1]\F has three components, F - F t [-1; 1] and
(2) F + F = [0; 2]

F = t V  yoJ U C*l; xl3 U [x2' y2̂  U Cx3'
where

0 = xo * yo < X1 * yl < x2 * y2 * y3 = 1‘
Let us introduce the following notations:

I1 = [xo' yJ '  I2 = Exl; yl-l ' I3 = tx2> y2̂  '
*4 = [*3; y3]/ = (yo; XQ), U2 = (yi; Xj),

U3 = (y2; x3)- 
We can assume that 
<3) llj.1 * |I4|.
If it were not the truth, then one should consider the set 1 - F.

Since F - F f [-1; 1], therefore there exists a number 
d e  (0; 1) such that (d + F) n F = 0 and d e U u2 u U3.



First, let us consider the case 
(*) d e 11̂ .
Since
(4) d + l1 = [d; d + yQ] c Ux, 
we have
(5) llj < lUj.
By Lemma, F + F # [0; 2] which contradicts (2).

Now, consider the case:
(**) d e U3.
Using the same argumentation as in (*), we obtain
(6 ) |IXI < |U3I
By (6 ) and (3),
(7) |I4| < |U3|.
Component U3 satisfies the assumptions of Lemma so F + F # [0; 2] 
which contradicts (2 ).

It remains the case:
(***) d e u

d + Ij = [d t xQ; d + y j  c u2;
Thus
(8 ) | I-l | < |U2|.

Let us consider three following subcases: 
d + x1 e U2,
d + xx e (1 ; “),
d + Xĵ e Uj.

If d + x1 e U2, then d + y1 e U2 and |U2| > d - yA - d = ylf 
so by Lemma, F + F ± [0; 2] . If d + x1 e (1; <») and d + yQ e UQ, 
then
(9) IUJ > 1131 + |U3| + |I4|.
Since |Û  ̂| S 11  ̂| < |U21 (which is a consequence of (8 ) and Lem
ma), we obtain
(1 0 ) |u2 ! > |UXI > |I3| + |u3I + II4 | 
and U2 satisfies the assumption of Lemma.



If d + Xj e U3, then
(1 1 ) |i2| < |u3|
and
(1 2 ) 113 1 < lUj.

def
Let p(A; B) = inf {|x - y| ; x e A, y e  B}. By (8 ) and (3)

(13) p(I2 + I4; I3 + I4) = |U2| - |I4| > 0.
It is obvious that only the set I3 + I3 can cover the gap be

tween sets I2 + I4 and I3 + I4. But then 2y2 i x2 + Xj, so
(14) |I3| £ |U3|.
Similarly, pi^ + I2; + I3) = |U2| - |Ix| > 0 and for the set
I2 + I2, we obtain the inequality 2 x̂  ̂S yQ + y1 which imply

(15) |Uj £ |l2|.
By (11), (12), (14), (15),

|u3| £ |I3| < IUj I £ |i2| < |u3|.
This contradiction establishes the theorem in case when the set 
[0 , 1]\F has exactly three components. If [0 , 1]\F has one or 
two components the proof is analogous to the proofs of cases (*) 
and (**).

REMARK. If the closed sed F c [0, 1] satisfies the condition 
F = 1 - F, then

F + F = [0; 2] <S=> F - F = [-1; 1].
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O ZBIORACH A + A i A - A

W pracy przedstawiony został przykład zbioru domkniętego F liczb rzeczy
wistych spełniający warunki F + F “ [0, 2] i F - F ł* [-1, 1]. Jest to nega
tywna odpowiedź na problem postawiony przez M. Laczkovicha. Sformułowano tak
że pewien warunek konieczny dla zbiorów tego typu.


