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ON BIASED REGULARIZING ESTIMATORS. PART I 

1. INTRODUCTION 

We will introduce some subclass of biased estimators for the 
parameter vector fi in the following linear models: 

JfJO. -о ( « n " \ * , Y - Xfl + «-» ЩМ k o • k, n o n, 9 
Y 

-dTY(Xfl,ct2l)), 

( f t n " k , . \ Y - xe + •? 
k o < k, n o • n, 9 

Y 
-tfyUQ.or 2!)), 

jrot 2 - ( f t n " k , S . Y Ж xe + k o - k, n o n, 9 
У 

-cX»y(XB, o ) ) , 

(9,n'k,S,Y ВС Xfl + *•*» k o < k, n o n, 9 
Y 

-Л» у (Хв , Q ) ) , 

ZX Xfl + k o - k, n o < n, 9 
Y 

- sdr v(xe, U )), 

SJftW*1*- ( * п " к , Я , У m Xfl + k o < k, "o < n, Y - Sdry(Xfl, Q ) ) , 

where: 

ftn"k - a set of real n»k matrices, 
& - a complete probability space, S = (U,?,9), ' 
'U - a set of elementary events, 7 - the Borel o'-field of 

subsets of U, 9 - a complete measure with 9(u) • 1, 
Y,3: (U,«F) — • <f n ) , 

* Lecturer, Institute of Econometrics and Statistics, University of Łódź. 

[47] 
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X « # П * к , A 6 <R.k, k Q, k, n Q, n, d 2 e «, rank Сх) - k Q, rank 

Qb(Y)) • n Q, fc(Y) =» X 8 , Л(У) - d 2I (or Q), <t and Л are 
expectation and dispersion operators, 

"<Py • ЗЛ* у(ХВ,П)" read as "probability distribution of Y is 
a singular multidimensional normal distribution with mean vector 
fe(Y) » XC and dispersion matrix Ju(Y) • Q " (note that singular
ity of P y comes from n Q < n). 

Let B̂ ^ denote the 1-th biased estimator В of the vector 
0. The word "biased" will be understood in the sense of 

D e f i n i t i o n 1 . The estimator B^ is biased estim
ator of В if fete^ - fl * 0 , O eft k, 1 is an identifier of 
the analytical form of estimator. 

Using Definition 1 we can define the total bias as 

TBIAS(B X) - II *(Bj) - All2, 

2 
where II • II denotes the square of euclidean norm of a given 
vector or matrix. • 

One can distinguish two groups of causes for the biaeedness 
of a given estimator. The first group is resulting from the mo
del assumptions: 

a 1 ) under к < n we can assume к < к or n < к , 
о о о 

а 2 ) a shift in the mean vector of Y, i . e . an atypicality 
(outliers) shift "Г У^±- N

m " N N j ,
n-m' N " t 1 ' n ) • Nm-n 

m 
is the set of indices for typical results of observationst N m 

is the set of indices for atypical results of observations gene
rated by 

^ o l - l * " " * ' * ' * - X f l + Ц M i + 2 ' k o " k ' n o " n ' 
i 6 N m 

*>y ~jry(xu • "Г M i " * 2 1 ) ) ' 
i€N„ J J 

where e HN is the unit vector with 1 at the i-th coordina
te of }.', 
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2 . ON CONSEQUENCES OF BAD-CONDITIONING OF X'X 

In § 1 it was shown that „ B(c) is biased due to its analy
tical form. Before giving a justification for using such a kind 
of estimator we must first understani some numerical points of 
error analysis. We first recall that under dCM the l.s.e. of 

О л Ж 

fl is the solution of homogeneous system of equations 2Je " °» 
*o'" " Y " X e " 2 • T h i s e o l u t i o n c a n b e written as.: 
(1a) X'XB Q

0 ) - X'Y, X'X b o
o ; - X'y, or under det(x'X) * O, ) o

o ) - X'Y, X'X b o

o ) 

db) в ( о ) - (x'x)"1x'y, ь„ ; - (x'x) _ 1x'y. о 

Using singular value decomposition of matrix X, i.e. X -

- UAV'j U 6 Я п " к , V € ftk"k, U'U - I R - V'V - W ' we rewrite O b ) 

as: 

к 
(1С) B o°> - VA 1 U * Y - £ ^ V ^ U ' ^ y , 

i-1 

or its sample value analogue 

к 
(Id) b< 0 )- V/l'Vy - V i- V <u\y. 

i-1 1 

The 1-th coordinate of vector b ^ ° * is 
о 

к n 
bo,i - E h vii Z u t i y f 1 - 1 k* 

i-1 1 t=1 

The second group of biasedness causes is resulting from the 
estimator form.' An obvious example is a ridge estimator of the 
form B(c) - (X'X + с1) _ 1Х'У, с s Я which under OC<M,Q is biased 
since fe(B(c)) + fl. 
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Suppose now that Я 1 > Я 2 > ... X^, О < А^ < 0 . 0 1 and other А ± > 
> 1, i - 1, к-1. In this case the only part of (le) which 
makes a large increase in the value of b . is 

o,l 
n 

h vik E u j k v j 
j-i 

due to the factor A^ 1 (for instance if A^ • 0 . 0 1 , then A^ 1 -

- 1 0 0 or if A k - 0 . 0 0 0 1 , then A - 1 - 1 0 ООО). This increase 
is especially big if 

vik E ujk vj > 1 

which is the usual case for non-standardized data. 
Until now we have discussed the situation of lack of meas

urement errors. Let us assume now the existence of such errors 
in the process of measurement of Y. Let y # = у + £ ж, and £ щ -
= ( •••« S K „)' be the vector of measurement errors with 

respect to the unobserved vector y. We assume that the size of 
2 2 

total measurement error is II | #|| = у || y|| . Under (la) and 
У* • У + we obtain X 'x(b Q + q # ) • X'y + X' | # and hence 
(2a) x'xe,# « x'^, q # e ftk, | # e * n o r 

к 

(2b) a,#- ( x ' x ) " 1 x ' s # - v a ' V s , - E к V . i U . i * * ' 
i-1 

Let us consider the simplest case of a change in the meas
urement error, i.e., | # - | # + a S « " ^ I # t ° » T n e n 

| # - v / T V | * , 

к к к 

E к V A % * E W * . - 4 . + E ч 
i=i i-i i-i 
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( З А ) - £ ^ V , I ^ , I • Z % U U V 

i-1 i-1 

о 

or for the fixed 1-th coordinate of ДЕ|# we get 

*, i 
1 — 1 » . . . , k . ( З Ь ) . • E S 1 - U -

i-1 1 

due The increase In the measurement error of Y 1 by £ # . 
to the existence of bad conditioning (expressed by, for exam
ple, the fact that О < < 0.001) is especially magnified by the 
factor X~ 1. Under other conditions unchanged if %w ^ - 0.1 and 

- 0.001 we have § # 1 - 100 times amplification of the 

value uii vii i n the value of ЬЦЩ ^. This increment is espe
cially big for Ц ц У ц > 1, V A . 

We have made some efforts in explaining the size of influ
ence of measurement errors and bad conditioning on the size of 
solution error for the system (la). In practice one should have 
ways of measuring the level of bad conditioning in X'X in or
der to make assessment whether we really have this phenomenon 
or not. The most popular measures are 

/v ч „(1) „ * m a x ( X ' X \ X(X'X) is the eigen value of X'X, 
14a) V X ' X * m i n ( X ' X ) 

(4b) vfil m
 A m a x (IA| . I A ~ 1 | ) . IAI - C l - i j l l J j e 1 t A - x ' x « 

X m „ ( | A I I A ~ 1 I ) is the maximum eigen value of the product of 
max (2) matrices A and A modulus. The measure v

x » x
 i s called the 

minimal size measure of bad-conditioning of A, 

к к fc 

(4c) v £ 3
x - max £ l» A j« » * Z ' «ij »» ^ ' [^J , 
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( 4 d ) v ( 4 ) „, v - к max I a. . I max I a. |, 
x x i f j i : | r j i j 

(s) _ ..-i frr л V / 2 / r - ..2 V / 2 

For orthogonal and orthonormal matrices X'X the considered 

measures ( v x ' X * ' 1 "* 1 , 2 , 5 a 1 1 t a k e v a l u e 1» 1-е., v

X ' x ™ 1 ' 

i - 1,2,5. For singular matrices X'X the measure v
x » x takes 

value V I I I m 0 0 since Я. . ( x ' x ) » О (other measures, for det X X min 
( X ' X ) » 0 , are not defined). The problem of determining the 
threshold value (level)of v ^ I ^ for which the matrix X'X is to 
be bad-conditioned is not generally solved. There is a view 
that this level should be linked somehow with the measurement 
errors of X and/or y. 

One approach (proposed by L a n c z o s [ з ] ) is to use a 
kind of iteration procedure the Iterate function of which 
depends directly on the fixed level of v

x » x » The second ap
proach is based on the use of regularization principle build-in 
to the estimation criterion function. The rurpose of this re
gularization is to smoothe the range of estimation quality func
tion because of bad-conditioning of matrix X'X or large meas
urement- errors in y. The estimators derived under the regul
arization principle are called regularizing estimators. They 
are relatively robust against bad-conditioning (or in more ge
neral setting against ill-posing the problem of solution of 
operator equations) or/and measurement, errors. If we include the 
autocorrelation matrix into an estimation criterion function, 
then the estimators derived., from such a function would be re
latively robust against autocorrelation. The described two ap
proaches do not change the specification list of explanatory va
riables (columns of X ) in order to reduce the influence of 
bad-conditioning (strong correlation) in X'X can have on the 
solution errors of 1a. We assume that in the situation when 
such a list is given on the grounds of outside statistical rea
sons (the assumptions of tested theory of some part of science) 
these approaches are fully justified. Other approaches which 
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include dropping some strongly correlated variables will not be 
analysed. 

In this paper we will present the formal characterization of 
ill-posed linear model estimation problems and the derivation 
of solving regularizing procedures (estimators). 

3. SOME CONCEPTS OF ILL-POSED ESTIMATION PROBLEMS IN THE CASE 
OF GENERAL LINEAR MODELS 

Let A - X'X, Z - X'Y, Z : (U, 7 ) -*•( ftk , У R ) , z = X'y, z <= 
£ & к be a sample value of Z , 2 J = (ftk,p •,)• Then the system (la), 
being an implicit form of the estimation problem 

(5) min II Y - X O II 2, 

fl 
can be written (for the sample-value case) as 
(6) Ab = z. 
For (6) we can formulate the following definition: 

D e f i n i t i o n 2. The problem of solving (6) is well 
posed on a pair (23, Sf) of metric spaces if: 

a) for each z e SJ there is a vector b € © being a solution 
vector of ( 6 ) , 

b) vector b is the unique solution of (б), 
c) the problem of solving ( 6 ) is stable on (S.SC), if 

(7) V Б > 0 3 6 (e) > О Vz 2e2(V z 1 e Z: o^( z 1 ,z 2) <S(C))=s> 

= = * > ( e s C b 1 ' b 2 ) 4 Z ) > 

z.,,z2eSf, b ^ b j e f i , гл + z 2, b 1 * b 2 , o ^ ( o f i ) is a metric 

in the space SC (or В ) . • 
D e f i n i t i o n 3. The problem of solving the system 

(6) is ill-posed if it is not well-posed, that is, if one (or 
more) of the conditions {a,b,c} is (are) not fulfilled. • 

D e f i n i t i o n 4. The estimation problem (5) is 111-
-posed on (S,JC) if the problem of solving (б) is ill-posed on 
( e , z ) . • 
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Remarks on Def. 2: 
rl) checking the condition (a) in Def. 2 consists in check

ing the inconsistency of (6), i.e. whether b e <R,(A), ( R ( A ) » 
• {z e Sfi Ab • I , b E fi, cA : S-+3S} , where cA is a linear map
ping (operator) of fi into 8f or whether the rank (A) « rank 
(A : z) for A being the matrix of operator cA ; 

r2) checking the condition (b) of Def. 2 consists in check
ing whether det(A) Ф Oi 

r3) the truth of (c) in Def. 2 depends on assumptions about 
the metric spaces fi, Sf, forms of metrics values of £, 
6(E); 

r4) the concept "stability of solution" used in (c) of Def. 
2 is equivalent to the concept "uniform continuity of solution 
b on 5?", where b e tA° z, eAa i J?-*-©; "stability (uniform-
-continuity) of b with respect to z" will be also called "sta
bility (uniform-continuity) of first kind"; 

r5) limited applicability of the concept "stability of the 
first kind" (for (б)) results from the fact that it "catches" 
he cases of small changes in г € X but it does not catch the 

small changes in A; 
гб) from the definition of metric ( z ^ Z J ) and сЛ b » z 

we have S%^z^,z2^ ~'/?o/tAbl' b 2 ^ 7 f o r 6х^гУ'г2^ " " z 1 " z 2 , | 2 ' 
it is easy to show that II z 1 - z 2 I I 2 - || cA (b, - b,)|| 2 4 IIсЛ I I 2 • 

Therefore in metric II • II the dependence of distance be-
2 

tween z 1 and z 2 on the distance between b 1 and b 2 and II cA II 
is seen immediately. It motives a natural modification of the 
concept of stability of the first kind. We have 

D e f i n i t i o n 5. .By stability of b on (X , (A) we 
mean such a property of b that 
( в ) Vz26arVA2€«\ VE > О Зб 1 (E) > О 36(e) > 0 VA1 € cA vz 1 € i?j 

( ( ^ 4 ( A 1 ' A 2 > * 61 ( £ ) ^ Л W Z 1 ' a 2 ) *» 6 ^ ) ) ) => (оь(ЪА,Ъ2) < В), 

II b, -

2 ' 2 ' 
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N o t e 1« <A С fi * ЯГ ; stability of b in the sense- of Def. 
5 will be called "stability (uniform-continuity) of the second 
kind" (with respect to ( A , Z ) ) J stability (uniform-continuity) 
of the second kind, by A, is strictly connected with the concept 
of "bad-conditioning of system Ab • z" or "bad-conditioning of 
matrix A". 

D e f i n i t i o n 2a. The problem of solution of the 
system (6) is well-posed on the triple (B,9T,cA) If the condi
tions (a), (b) of Def. 2 and the condition (8) of Def. 4.. are 
fulfilled. • 

D e f i n i t i o n 3a. The problem of solution of the 
system (6) is ill-posed on (£,5£,<Л) If it is not well posed, 
i.e., one (or more) of the conditions of Def. 2a does (do) not 
hold. • 

D e f i n i t i o n 4a. The estimation problem (5) is 
ill-posed on (fi, SC, cA) if the problem of solving (6) is 111-
-posed on (£,9Г,сА). • 

N o t e 2: If one changes the assumption of uniform con
tinuity ((c) in Def. 2 and (8) in Def. 5) on the assumption of 
continuity he will obtain the concept of "classical (or Ada-
mard) well-posed problem of solving the system (б) and using 
this modified definition one can arise at Adamard's analogues 
of Def. 3, ..., Def. 4a. 

The definitions introduced above concern estimation problems 
for all the models presented in § 1 . 

Among the methods of solving ill-posed estimation problems 
there is a class called "regularization methods". In the case 
of ill-posed problem (5) they consist in regularizing the Le-

4. ANALYTICAL FORMS OF ESTIMATION QUALITY FUNCTIONALS 

gendre-Gauss functional $ Q ° 

(9) 
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The least-squarea solution of ill-posed problem т1пф^°\в) 
В 

is B Q° -A~ 1X'Y. It is non-robust on the existence of (u,c#»), 
(d,c»f), ( у,d,JC) -outliers and bad-conditioning of matrix A, 
that is, mcny of the known estimator B Q performance's measures 
are getting slightly worse. To get rid of these troubles with 
robustness there were introduced some outliers and bad-condi
tioning (or in general ill-posedness ) smoothers (smoothing func
tions ) into ( 9 ) . They smooth the range of ф£°^. In order to 
unify their presentation we write down a distance between Y and 
XB as 

(10) Ф ( 0 > - fc?y0){Y'XB)' 

where у is a metric space with a metric g^, i.e. y-(ft n, £ n)» 

у e Л 
' rtg one cann 
' ( o>. It is, 

one establishes the concrete functional form of metric p^. The 
re are, for example, the following options: 

In this general setting one cannot find practically meaning
ful solutions of min ф . It is, however, easy to do it if 

(10a) * 1 ( 0 > * Ё , Y t " Ё X t j e j ' " , ( Y ~ X f l ) ' ' • 1 

t-1 j-1 

(10b) Ф 2

( 0 ) - Ё i v t - Ё 

U - 1 j-1 

1/2 

(10c) *з ( 0 ) - £ 
t-1 

к 

j-i x-tjV 
1/3 

(I0d) $ ( о ) . ф ( о ) + $ Ы » ( • ) . # ( • ) . , ( • ) . 

(10е) $ < o ) 

Z , Y t - Ё Xtj Bj 
Lt^l j-1 

(CO 
1/co 

max {Y. - V X. .В. I, 
K U n * t j 3 
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ч(о) _ * 3 

*4 
(о) 

(о) *4а .(о) 

5^, i - 1 , ,.., 5, are corresponding to ф ^ ° \ i - 1,5 residu
als vectors. 

dog) ф{5) 

^ t if Y t * Z Xtj f lj' t - 1 , . . . , n ° . K n ° < n , 
j-1 t-1 

if Y
t " X i X t j e j ' t - 1 , . . . , n ° , 1 < n ° < n , 

j-1 

(lOh) ф(°> 
O^CY.XB) i f O y (Y .Xf l ) < 1, 

1 i f Оу (У ,ХА) > 1, 

dOl) ф;^ (о) ж I 

I II V - Хв I I 2 i f II Y - Xfl I I 2 < ó', I 

6 II Y - Xfl I I 2 - j « 2 i f II Y - X f l l l 2 > 6 , 6 е Л г 

It is seen that the metrics ф ^ , ф ^ ° \ $5°^ *™ 
easily generalized in writing by 

( 1 1 ) 
a(o) 

Ё , Y t - Ё * t j v p 

j-i t - i 

V P , p e (0,00 ]. 

One can easily check that: 

if p - 1 , then ф { о ) . - Ф { ° \ 
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if P - 2, then ф ^ , . ф(°), 

if P - 3, then ф { о ) , . ф<°>, 

if P - 5, then ф ( ° \ . ф<°>. 

Each of the above metric- give, rise to the formulation of 
one estimation problem 

(12) min ф ! о ) ( А ) , 1 - 1 , 14, 
fl A 

and derivation of corresponding estimator. 
The properties of these estimators are not well recognized 

(up to now the relatively richest experimental and theoretical 
results concern BJ,°^ - A - 1 X ' Y ) . The results [б] about the per
formance of estimators B | ° ^ , Bg°^ show that they are relativ
ely robust against outliers. 

The estimation quality functionals do)-(lOh) do not lead 
to estimators which are robust against autocorrelation in 2 (as 
it is introduced in the models JTcM ,̂ dCM.^', SdMlfi SdfiMJ:'* ). The
se functionals do not contain expressions which represent the 
autocorrelation in S . Before going to some detailed proposi
tions it must be noticed that autocorrelation relationships 
should somehow "weight" coordinate-wise' distances # y ^ V i ' 
E x .a.) and a total distance between Y and Xfl. Suppose that 
j 3 3 

(2) 
the weight function is w (Q). Then 

(13) $ ( 2 ) - w ( 2 ) ( Q ) 0 y
( 0 ) ( Y , X ; B ) - e£ 2 )(Y,X fl). 

Some of the possible forms of ф are as follows 

n к n 

(13a) ф { 2 > - E 1 Y t - Z W Z u l t' 
t-1 j-1 1-1 

where u. is the (l,t)-element of matrix О and to1* is the 
— 1 + 

(l,t)-element of matrix Q or Q if n e < n, 
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(13b) $ (2) 
n n 

E | y t - E x T J V 2 " T T : *Z E I Y
T 

t-i j-i 

- E xtj Bj I W T L , Y I - E X I J B J 
j-i j=i 

- II Q ~ 1 / 2 ( Y - Xfi)|| , 

t=1 1-1 

1/2 

(13c) Ф< 2 ) -
г n n n 

E i Y t - E x t j V 3 < - t t + E E | y t 
t-i j-i t-i i-i 

- E W 2 W T L | Y I • E X I J E J 
j-i i-i 

1/3 

(13d) ф ( 2 ) в ф < 2 ) + ф ( 2 > # 

n n 
(13в) Ф< 2 ) - max IYfc - £ X l j f l j , Y. » U . * 

(2) 
6 

(2) 

+Ф1 
Г2Т1 

7 Е ^ . + ф ' 2 ' 8 Е р + Ф ^ 2 > 9 E ; i + Ф< 2 ) 

№ - ф (2) 

* 1 0 " Е^ГГфр7' 
Е ^ , 1 - 2 , 5 , are corresponding to the ФА, i - 2 7 5 , residuals 
vectors. 
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Ct3g) ф{ 2 ) - j 

n n 
Z * Z w l t i f v t * Z x t j V 
t-i 1-1 j-i 

t - 1, ..., n°, 1 < n° < n, 

i f y t • Z x t j e j ' 
j-1 

t - 1, n°, 1 < n° < n, 

(13K) Ф 
(2) 
12 

Z \ Ч m v
T ? Z x t j e j ' 

t-i 

t - 1, .... n°, 1 < n° < n, 

O otherwise, • X f c(Q) ie the t-eigen va

lue of О, 

(131) ф{ 2 ) - -j 

where 

о (
а
2 )(У,Хв) if p(

v
2)(Y,Xfl) < 1, 

1 if о^ 2 )(У,Хв) > 1, 

t-1 

The estimators derived from the weighted estimation quality 
functionals ($i 2^{»i 0 X 6 n o r e Insensitive * to autocorrelation 
effects than the estimators derived from the functionals 
!*«>>, 12 
№ 1 ' 1-1* 

In both families of functional* there la no "stabilizer" 
which will smooth the range of ф because of lll-posedness of the 
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estimation problem caused by a strong pair-correlation ' between 
columns of X tbad-conditioning of data). Such a stabilizer 
(regulizer), regularizing functionals may have different forms. 
In general it should be some weight function of distance between 
A and a priori value of fi (that is b ^ ) or some weighted 
function of distance between a priori value of Y (i.e. у ' " * Ъ . 

and XB. In both cases, weights themselves should be some 
functions of stabilizing (regularizing) parameter(s) f (Г • 
» diag (jf1 T k ^ ' T' ?i £ General forms of regulafizers 
may be as follows 

(14) ы ( Г ) o a(B, b ( i ) ) , 

(15) w ( y ) e 3 < Y ( P ) , XB), 

(16) w ( D o e ( B . b ( i ) ) . 

(17) w ( r ) o a ( Y ( P > , XB), 

(16) w ( f ) o B(a, o ) . 

(19) w ( r ) о я(в, 0). 

Under (14) and w (у) - у we may distinguish 

к 

(14.) * i ? i - t Z l*j * Ь л
( 1 )1 - Т 1 ( в - Ь ( 1 Ь»1 -I, 

J-1 

j-1 

1/2 
« 7 И в - : Ь ( 1 ) И , 

( H p ) •S..1 - T E 
j-i 

ie4 - b j 1 

2/3 

( I 4 d ) ф(о) , ф ( о ) + < ь ( о ) 
*rv,i " CJ.l + ФП,1* 



b2 

(14е) 

(14f) 

ф(о) ф ( о ) ф (о) ф (о) 
*V,i *I,i + < PII,1 + ФШ,1' 

* V T i Т m a X 1 Я-1 Ь . 1 ' T I / T T ч / - V ' 
V I , i Kj<k j j 7 1 1 , 1 E ' 1 + 

(o) 
VIII,i 

*<o) 

""II* vII,i 

««•> • , . A • • 
E i i i + < p n i , i 

(o) ф<°> 

ф(о) *iv,i 
E' 1 + Ф^0) ' E I V 1 + *IV,i 

ф(о) 
VI, 1 

X L i p.| + ф С о ) ' *XII,i , i + ф ( о ) ' 
* *V,i "Vl" *VI,i 

Bj» j e I» ...» VI are corresponding to the ф^ ^, i ml, VI 
residuals vectors. 

*X?iI,i " ' 

r £ j i f B J ^ B J 0 , .... j G , 1 < j ° < k 
j-1 

О if B j - b j 1 5 , j-1, .... j, 1<j°<k. 

Under (15) and w (f) » у we have 

n к 

(15a) ф { ° ) - T £ y<P) - J ] x t j f l j - r(lY<P> - x e i ) ' 1 , 

t=1 j-t 

( 1 5 b ) ф £ > - f| 
Z , y t p ) - Z x t j e j ' : 

j-1 Lt=1 

1/2 
- y l l Y ( P ) - XB II , 

(15c) 
• Х Й - r Z F - E V / / J 

j-i t-i 

2/3 
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05d> ф < ; } . ф { ; \ 

к ф(о) 

. ' ф ( о ) ф ( о ) 

ft (о) I I -.(О) * I I I 
Ч " > * v i i - E , 1 + ф ( о ) ' « v x x i - B . 1 + ф ( о ) ' 

" н * W I I e I I l ' * I I I 
ф(о) ч ф ( ° ) 

ф(о) . W I V ф (О) . W V 

Under (16) and Г - diag (f-\' ł 1^ w e h a v e 

к 

j-i 

(I6b) 

( I 6 c ) 

Г к 

I 

j-1 
*j i ej " b j ( 1 ) ' 2 

1/2 

Ф 
(o) 
X V I ,i 

-j-1 

2/3 

(I6d) Ф ( о ) - ф ( о ) + Ф ( о ) ф ( о ) - ф ( о > + ф ( о ) + 

U6d; « X V I I , i w x i v , i + * x v , i ' * x v i n , i v x i v , i + * x v , i + 

+ ф ( 0 ) 

* X V I , i ' ф(о) 
( , 6 e ) * й д - • & ^ , e j - b 1 - E, • 

1<j<k E X I V H + Ф Х 1 у д 
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Ф 
(o) 

. « « > « & - . . ; ™ & • • A , , 
bXVI *XVI,i 

p» XVII 

ф(о) 

' * *XVII,i 
XVIIjl 

E j ° \ j - XIV, 0CVII» are corresponding residuals vectors. 
Under the general regularizer (17) and w (Г) * Г we have 

к 
(17a) 

(17b) 

t-i 

.t-1 j-1 V 
1/2 

(17c) 
.t-1 j-1 

3/2 2/3 

(I7d) ф(о) m ф ( о ) + ф ( о ) 
*XIV *Х1 **хтт» 'XII' 

( 1 7 e ) ^ - E v t j V - * 
(о) 
XVI 

ф (о) 
XI 

j-1 •н 1 + Ф Х 1 
То)' 

(17f) Ф 
(о) 
XVII 

ф(°) 
*хп 

E' 1 + ф ( о ) < 

" X I I 1 * Х И 

*<o) 
* ( ° > . X I I I 
* X V I I I и» 1 + Ф<°> ' 

e X I I I ł * X I I I 

ф(о) 
*XIX 

ф(о) 
*XIV 

^ X I V 1 + * X I V 

ф(°> . - **v • .,. 
*XX в' 1 + Ф ( о ) 

B X V ł + *XV 

j - XI, ...» XV, are corresponding residuals vectors. 
У under the general regularizer (18) and w ( T) - f we have th. 

following explicit forms 

к 
(18a) 

j-1 
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(18b) 4 (o) XXII E 

L j-i 

1/2 

(18c) *XXIII 
Г к 

Z * - V 3 / 2 

L j-1 

2/3 

(I8d) ф ( о ) - Ф(о> + Ф ( о ) . ф ( о ) - ф ( о ) + Ф ( о ) 
u e ' *XXIV *ХХ1 + *XXII* VXXV *XXIV *XXIII' 

(18в) ф(°> *XXVI max yiOsl» Kj<k ^XXVII 
(o) 
XXI 

E' 1 + Ф(о)' bXXI *XXI 

ф(о) 
ф(о) 

xxii ф ( о ) _ *XXIII 
def) *xxvni Е . , + 1 £ о Г * ^xxix ~ Г 7 ¥ Ё Т Г ' 

Jxxn 'XXII XXIII XXIII 

ф(°) *XXIV 
X X X E' 1 Т ф ^ XXIV *XXIV 

Ej, j - XXI, XXIV, are corresponding to Ф^ 
vectors. 

• 

Tor (19) and w (Г) - Г we have 

(о) residuals 

(19a) 9 (o) XXXI E 

j-1 
XXXII 

Г к 

j-1 

V 2 

(19b) Ф ( о ) 

^xXXIII 

Г к 

E 

j-i 
* j ' V 

3 / 2 2/3 
ф<°> - ф < о )

 + ф ( о ) 

*XXXIV *XXXI vXXXII, 

(19c) Ф (O) 
XXXV max f.Ifi.I, Ф Kj<k 3 J 

ф ( о ) 
*XXXI (o) , 

XXXVI ~ , л , ж(о) 1 

bXXXI VXXXI 



66 Władysław Milo 

ф(°) л(о) 
( 1 9 d) ф(о) XXXII ф(о) *XXXIII 
• 4CXXVII , , . ф(о) ' ^XXXVIII p , t л.(о) 

XXXII XXXII XXXIII е *XXXIII 

ф(о) ф(о) 
ф(о) XXXIV 4(o) XXXV 
*XXXIX " , i л(о) ' *XL * v , t ф(о) ' 

XXXIV* *xxxiv xxxv' *xxxv 

Ej/ j - XXXI, XXXV are corresponding residuals vectors. 
N o t i c e 1. Possible options for B^ 1 ̂  are: 

Bd) 4 x<i>v]"V*>V U ł, N ( n - i n l>, 

n is the size of sample "1", l s t n e 8 e t °* sample " 1 " 
indices: Y ( l ) » (У. ,У. , У. ), X ( i ) - (xi*1xiS ... X * i J ) , 1 , i 2 1 ^ 1 , 2 , X 

X (. Ł ) • fxfł
 4 , X . ( i ) , ) ' , J it , ..., k; b ( i * is therefore 

1 (i) 
the vector of values of estimator В obtained by using sam
ple ( x ^ , Y* ), i - i,, i , where i. is the number of 

i n^ i 
data samples which are at our disposal a priori. 

N o t i c e 2. Possible choices for y( p) are: 
a) У ( р ) : - У ( 1 ) , y ( i ) - (У. , ...У. ) ' , i - i, 1 are 

. 1 хпА
 1 ni 

other a priori n-size samples of У obtained out of model-like 
modes, 

b) y( p^: • Y ^ p ) , p 4 i, p • pj, p p are other a priori 
n-size sample values of У obtained by using model-like modes 
(not necessary linear models and not necessary with the same 
number of explanatory variables); in this case yfP) can be in
terpreted as the p-th kind predictor of Y, which by defini
tion, is a function of the assumed form of estimator B^ p^ for 
the parameters of p-th kind model that approximates Y. 

The two kinds of functionals (distinguished by Arabic and 
Roman numerals as subscripts) introduced above may be matched 
with each other. At the outset of this matching we obtain: 
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;2oa.) Ф^;»^.-*!*0+*i0)' 1 - 1 . , Ы ; m = I, ..., XL, 

(20b) Ф[°д°1« - Ф { ° ) + Ф $ . f l - L Ul q - I . .... XXIII, 
1 " 1 T 1 n 1 ' I 

( 2 0 C > Ф(,2™0)» - Ф , ( 2 ) + Ф £ 0 ) . v - 1 , 13, m « I , XL, 

(20d) Щ£Ь - *V 2 ) * * q ? l ' ( V - 1 1 3 ' XXIII, 
1 я i.i •«w 1 1 

n, 
The result of matching is, therefore, a great abundance of 

estimator quality functionals. To each functional corresponds a'n 
estimation problem (cf. for instance, (5) in § 3 and next sec
tions) and, as a solution of this problem some estimator. It is 
easy to see how many different estimators will be obtained on 
the grounds of the proposed functionals. In the next section 
we show a few examples how to do it. 

5. SOME REGULARIZING ESTIMATORS DERIVED FROM QUADRATIC FUNCTIONALS 

For the functional Ф ^ J J the estimation problem is 

(21) min Ф(°1Т (В). 

Using differential calculus we have its intermediate solu
tion in the form 

эФ^т(в) Э Ф < о ) аФ<° 
'за 

(о) 
2 _ aa 

>(о) 
II 
ав 

|2(-Х'У + Х'ХВ) + r2y[-X'Y ( p) + X'Xfl] - О, 

and the final solution is 
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e - B 2,II.P 1 + T o + 1 + R ' P P T " " V 

Under the functional ^2°ххц t n e esti.mati.on problem is 

( 2 2 ) " J " * £ x x x x < e > ' 

Its solution may be obtained by solving the following system 
(with respect to 8) 

Э Ф ( о ) 

— 2 ' ™ U - J (-X'Y + X'Xfl) + jffl - О. 

The solution is just Hoerl-Kennard's ridge estimator Bi -

= B 2 ? X X I I - < X ' X * * D ~ V Y . 
Under $2°XXXII w e s n a 1 1 find the solution of the problem 

( 2 3 ) min Ф<°ххх11<8). • 

Because 

аф(°) 
2 | X ^ X I * - I C-x'y + x'xe) + I re, 

therefore a $ 2?XXXII / a f l * 0 l f f 

" B2?XXXII " < X ' X + T V y . 

In the case of functional ф1°2 т < the estimation problem is 
i, xx , 1 

(24) min -ф<°}. Ab). . 

Since 

a * 2 ? I I , i / M " 2 ( " X ' Y + X ' X f l ) + 2 * В " ł « * b ( i \ 

therefor. **2?II,l / 3 e " 0 i f f 

http://esti.mati.on
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si - в < ° } 1 Д - ( x ' x + т х Г Ч х ' х • t*ii)s>> i - V 

In the case of $2°XV,i w e s e a r c h f o r 

(25) min * ^ X V f l (»)• 
• 

Because Эф 2°^, д/ЭВ - -*(-X'Y * Х'Хв) + |(Гв - Г Ь ( 1 ) ) , therefore 

э ф ( о ^ /ав - о i f f 

В: в B
2 ! x v , i " ( х ' х • Ь^ХЖГ* * ь ( 1 Ь 

All these quadratic metric estimators are, more or less, 
robust against strong correlation between explanatory variables 
In the model <X'f^-0 and anomal results of observations for У. 

Under the assumptions of model <**cM-0 and definition of t, A, 
MSE we have 

" Г Т-у* * r^x 'xrWy'P*) * fl, p « P l , . . . , P p , 

* ( b 2 ? X X I I } " ( x ' x * *x**1 x'xe f B, 

« » $ x x x i > - ( x ' x + r ) ~ V x f l * fl' 

г(в\о)
гт t) - ( x ' x + 1 - N " 1 ( x ' x e + . - E - D ( I ) ) + B, 1 - I j i - i - , • • • , i 

n i 

W B 2 ? X V , 1 * " ( X ' X * ( Х ' Х В + R F A ( 1 ) ) • •« 1 " Ц » •••• L
N • 

The relations confirm biasedness of all chosen quadratic me
tric regularizing estimators. 

If cov (B^ o ), Y ( p ) ) - 0, then 

* B 2 ° I I o> " * ( B 2 ° I I D " « B 2 ° I T B » < B 2 ° I I n " Й ( В2 (°11 и)У */II»P 2,II,p 2,II,p 2,II,p 2,II,p 
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* ( » i ° L ) - ( т - Ь ; ) 2 * * ( Х ' Х Г 1 + ( Г Т Т ) Сх'х Г'х'Му^хи'х Г 1, 

J O ( B ^ x x i i ) - d2(x'x + fl-iT1 x'x(x'x * r i ) " 1 / 

Л(в^° х х х 1 1) » d2(x'x + r)" 1 x'x(x'x + Г Г 1, 

*»xtix,t' - ^ U i i 1 ' 

* ^ X V , i J -*< В2?ХХХ1Х>' 

By definition MSE(ej°B - « ( ( В ^ ' - fl)' ( B ^ O ) - fl)). For biased 
estimators (see T h e o b a l d £7]) we have 

M S E ( B J o ) ) - tr Л ( в ] о ) ) + tr (bias B< o )))(Mas ( в < ° Ъ ) ' . 

Using this relation it is easy to derive mean square errors for 
our chosen estimators. For example, 

M S E ( B 2 ° x x i i ) - t r * ( B ^ X I I ) + tr ( ( X ' X + f l ) " 1 X ' X -

- l)flfl'((X'X + f l ) _ 1 X ' X - I ) ' . 

Because tr A • tr P'AP, P'P • PP' • 1, therefore, 

MSE(B^° X X I I - d 2tr (A + yl)" 1 Л(А + fl)'1 + 

+ tr ((A + fl ) - 1 A - I ) B O ' (A + 11)"1 A - I ) ' , 

where A - diag (A^, ..., ), is the diagonal matrix of eigen 
values for X ' X . 

2 , X X I I (л , + r ) 2 Щ u 4 + t ) 2 

Regularizing estimator B 2 ° X X I J dominates B 2 ° ^ - b Q ° ^ in the 
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sense of MSE iff MSEtBj^jj) < MSE(B^ o )). The latter relation 
holds iff 

t2
 £ \ «I , 

(26) i 1 1 < t f
2 . 

2* E Я 1 + k * 
1-1 

Applying similar reasoning for the estimator B2°xxxil w e h a v e 

«*4&тЙ> - «' t * t / " г У ' 
I-1 * л 1 * I V 1-1 (̂1 + - 4 

Hence 

^ E< B2 ? x x W < »«"Св<вЪ iff 

(27) £ < Ь 2. 
2 £ * m + E *i 

i-1 i-1 

2 

Por J we have under b ( i ) - P'b ( i ) 

• 11*I * 

к 2 
OL 

and hence 

• ' M S B ( B J ° } X ± ) < M S E ( B J o ) ) iff 
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к к к 2 

( 2 8 ) « £ ! l i < с / 2 . 
к 

j-1 

Krom relations (26), (27), (28) which determine the domina
tion of estimators B2°xxil' B2°XXXII' B2°II 1 (domination in 
the MSE sense) over the Gauss-Legendre estimator B

2 ° ^ l t 1 8 

easy to find conditions on the regularizatlon parameters f (jf̂  ) 
which assure the truth of these relations. The calculation of 
values for f(y^) may be done by solving the equation II Y -

- X B2° m II » 6 2 , where 6 2 is such that l| У - XB II < ó 2, m -
- XXII,XXXII or solving the equation II У - ХБ*°£ Т . II-62 (solv-
ing all the two equations with respect to У , ^ ) . 

6. FINAL REMARKS 

We have proposed an unified approach to the analysis of re
gularizing estimators. Our analysis is by no means complete. The 
careful reader of this paper may easily see that the presented 
classification of regularizing estimators would be extended by 
introducingj 

- different assumptions concerning the form of estimators for 
R - d I V 

- assumptions that we do not know a priori the vector b 
but we shall estimate it by using some estimators 

- some additional weighting of regularizing distance between 
В and B ^ . These weights should tell us about dispersion in 
B ^ , and/or dispersion in Y. 

In writing this text we were mainly inspired by the works 
of T i k h o n o v , A r s h e n l n [8], L a n с z o s [з], 
H o e r l , K e n n a r d [1, 2], M o r o z о v [5]. 

The text is the extension of M i 1 o' s [4] work done wi
thin the contract R.Ill .9.5.7. More detailed presentation of 
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Władysław Milo 

0 OBCIĄŻONYCH ESTYMATORACH REGULARYZUJACYCH. CZEŚĆ I 

Celem artykułu jest przedstawienie: 
a) numerycznej analizy konsekwencji złego uwarunkowania macierzy X*X, 

the above results can be found first in our 1 9 8 1 , 1 9 8 2 . w o r k s 

under R . r i l . 9 . . 

In this paper w e have derived, as an illustration, only five 
d i f f e r e n t e s t i m a t o r s corresponding to five different e s t i m a t i o n 
q u a l i t y f u n c t i o n a l s . The detailed analysis of their p r o p e r t i e s 
as well as the d e r i v a t i o n of other estimators will be presented 
In the subsequent paper. 



7 4 Władysław Milo 

b) propozycji definicji źle postawionych zadań estymacji parametrów o-
gólnych modeli liniowych, 

c) zunifikowanej statystycznej analizy estymatorów regularyzujacych. 
Dla ilustracji wprowadzono konkretne postacie estymatorów z kwadratowe

go funkcjonału jakości estymacji oraz podano warunki dominacji tych estymato
rów nad estymatorem Gaussa-Legendre'a w sensie błędu sredniokwadratowego. 


