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ON RIDGE ESTIMATORS OF THE PARAMETER VECTOR
IN THE GENERAL LINEAR MODEL

1. INTRODUCTION

Our analysis is focussed on a subclass of biased estimators,
i.e., the ridge estimators of the parameter vector 8 of the
model '

doge = ("X, 8,Y = X8 + T, u(x) = k V(SO = n,
2
QY .'X'Y(xn' d I))n
. where: i
Q™X . a set of real (nxk) matrices, g

§ = (U,%,9) - a complete probability space with ® as the
measure for which ®(U) = 1, U it the set of _elementary
events, ¥ is the Borel o-field of subsets of WU, Y, 2 :

(u, F)—= (", ¥ ) 2" is t.he n-dimensional space of tealu, !

F , = the orel -d -field of subsets of K",

Y, gean < sample values of X2,
£, ® - expectations and _dilperuqn operators,
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£(y) = x8,8¢) = 0’1 = 2(3),8ex",xe™*, 0% k_,k,n ,n¢ R,
W(X) = rank(X) = k < k, v(d(Y)) = rank(s(y)) = n, < n,

"?Y =wy(xs,d21)" read as "probability distribution of Y is
multivariate n-dimen‘slonal normal distribution with ¢(¥Y) = X8
and &(y) =g 2y,

Minimizing the quadratic form Qo =l Y - xall® with respect
to A we obtain the least squares estimator Bo of the paramet~
er vector A in the model M‘r,' i.e.,

e R e ?
B, .(xx) XY,

For the model dd.d,, in the case of bad-conditioning 6f the matrix
X’X, one can propose the following estimation criteria  func-
tions: §o, =l¥ - xal? + ca’s ana @, = k¥ - xal? + a‘cs.
Minimizing the form @01 with respect to B we have the ridge

estimator

B -(x'x+c1)'1x'v,cen+, R, = (§€R: b > 0)

o1 +

(X’ 4is the transpose of X), and doing the same with the form
-‘1’02 we obtain

kxk

Bgy. = (' + ©)7'x’y, ¢ = atag (cgs +usy ©), € €R,, CER

02

For the reasons of easy handling the derivation of theore-
tical results concerning the properties of 501 and 802 it is
necessary to reparametrize the model de. in the following way.
‘Let X, =XQ, o =0Q'8, X8 =2X00'8=X o, QQ=0Q"= Tk
Q'X'XQ = A, where A =diag (A, «.eq Ay)s o Ay = A(X'X) are
the eigen value matrix and the i~th eigen value of the matrix

(X'X. Then the model dl.a,' can be written as

=(A™K. 8,y = X, 04 ..,v(x) = ko,v(a(v)) B
- "0'9\' -wv(x*q,dzr)).
Minimizing the form tb* =iy - X, a II2 with respect tu o  we

obtain the least-squares estimator (1 B.e. ) of the  parameter
vector a for the model M‘, s Lie,,
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: A, = A“‘x'v.

As was shown by Theobalad [13] the relation MSE(B)>
k

> HSE(B ) holds if 0 < ¢ < 2d2k/(d2 :E: x - :E: ai), where

1=1 1=1
MSE(B(s)) = £(B(yy - 8)'(B(y) - 8) = €(lB(,y - 81°), and the
relation MSE(B,) > MSE By, holds 1ff Ve, : e, > A, (a?

ST A Pl BN S S
These relations concerning MSE are to be true if Ca (ci,
i =1, ..., k] are given. If they are not one can propose:

1.1, Estimators for ¢ [2, 8, 4]:

TR P 2 & R
BT ey Koy g G L 5

= E'E/(n-k), E=Y - XA

X
2 2
& =k ss/( Z A "oi)'

i=1
k
2 2
83 = k sg/( z A°1>.
i=1
Using the definitions of é‘, 62, 83 we can define the fol=-

lowing ridge estimators
Boyp = (x'x + 8, 1) 'x7y,
Byiz ™ (x'x + 6‘21)"x'¥,
’ ; -1
Byyy ™ (x'x + 631) X'y.

1.2. Estimators for ¢ [1]:

& =atag (8, ... &), 8, = S:M:(i)' = Ve evne Ry
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A s - A s 2 rut s 2
C, = diag (&,,/ +v0r &), &, A Sg/(BIX'XB - 68L),

2(k=2)(n-k)
T nrk+2 !

. 9
A
. 2 (1)
€y = diag (613. sy ekg)' 613 s 2/((’ ’ n—k) :
B

' 0<d <

Using these definitions we can define

-1
Byyy = (XX + 61) X'y,

By, = (X% + &) x1y,

022

Bana = (X'X + 63)"x'v.

023

The purpose of this paper 1is to present some results on
chosen properties of ridge estimators. '
In § 2 we will present some analytical results for Bys By
Ao Aoy Aoyt
In § 3 we will preunt some of the rcnultl concerning pre~
cision and predictive power for Boiyr 012," 013' 3021' 03.1

8023 obtained by the use of Monte-Carlo experiments. The ' plan
of experiments was prepared ' jointly. Konarzewska carried  out

Bya!

the experiments and thcir analysis, and wtoto § 3. Milo wrote

510 §2 and s‘.

2. SOME RESULTS ON THE PROPERTIES 0' B 0! B o1’ .02

- In what tol‘loés we wi.llnule
Theorem 1 (see[11]). Let ® = (y,V). Then

T i) E(Y'AY) = tr (AV) + p’aAp,
i1) the r-th cumulant of f‘Ax is

%, (Y'AY) = 257 (p=1)1fer (V)T + rpea(va)™ ',
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(hence: var (Y'AY) = 2tr (av)? + 4u'AVAY) ,
i11) cov (LY, Y'AY) = 2LVAp. ¢

Theorem 2 (see[9]). Let B be the linear estimator
of B8, B8 c oK with the dispersion matrix $(B) = 2(8 - ¢(B))
(B =~ ¢(B))’ and the total MSE(B) =%(B - 8)'(B -~ 8). Then if
¢(B) # B holds we have

MSE (B) = tr (D), D = (B - 8)(B - 8)" = #(B) + bias (B) bias (B'),
bias (B) = ¢(B) - 8, bias (B’) = [bias (B)]’. @

Theorem 3 (see [10]).  Let 'PU'-cX'U(y;Q) and Y =
=a+Cup deR Q¢ K", Then

9y-dr'y(Cp+d., cac’). ¢
Theorem 4 (see [5]). Let ‘Py-d(’y(p,n)'and 0w

= Y'AY + 2 a'Y + &, AeR™", ae®k"”, @€ R. Then LR x2(s, 1)
if ;

s =.tr(aAv) = v(VAV), VAVAV = VAV,

-~

v(a + Ap) = VAV(a + Ap), A =38 + 2a'p + u'Ap . &

Using the definitions of ¢, &, ®, MSE, var, B, 90,

Eo' Bo\' 90‘, Eo\' Byor ‘202. (»':X‘ and the theorems 1%4 we
obtain '
a) the case B_, 90. E i

la) B, = xx'y, x=x'x;
2a) ¢(B) =8, 9(B) = a2 x

B.U.L

2 -1 -
B, -aeao(s, ", g sl usz(ao) = g%ex (X 1);

3a) @

' - I "2 ’ ’ - 2 ‘1‘ .
4a)  B/B = ¥'X X °X'¥, t(aoao) der (X™') + B'8;

5a)  var (B(’)Bo) a'2d%e (X% & 4q23' x'za;

4 2

; 2 3
2 6 -2 -2,
6a) 9‘6‘0/"2 + Iséao/dz("') since 4 (X X °X') #ad°X X “X;
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\

- = S~ = - —1
7a) QO XBy = {I - MY, M=T1=XX

X'
ga) £(2) = x8, (%) = (1 - M);

9a) ‘?90 - oof'Qo(xe, a2 (1 - m)), Msz(a’?o) = d¢%k;

10a) €18 = v'(x -y, e(#22) = % + B'X B;

11a) var (2:2) = 2% + 4d%8'X 8;

12a) PQ‘;QO/dz & xg.g Ja® (k, ;'? 8'X s);
’ 0o 0

13a) E_ = MY = M3, €(E)) = 0;

2 2.8
14a) a(ao) = d°M, 930 = oorzo(o, 3a“M);

= 2 - ' = ’ = ! o .
15a) uss(zo) a“(n~k), E(E, = Y'MY = Z'MZ;

16a) z(séao) = ¢%(n-k), var (z",zo) = 20%(n-k); -

172) ® = % ((n=k), 0);
EoEo/d Eogold
b) the case of By 901, Eo]‘

1b) B,

= (X+ cI)-‘_x'Y; ‘
2b) #(8,) = (x+c)”' X's, 8(8 ) = a? (x+en) x (X +
+qcl)-1; ‘

) e, =iy (B ), 8(8,)), MsE(s,) =a%er (x (X +

ol ol ‘
+ el )-2)_ + 28! (X 4-c1) %p;

) : -2 2 2
49) By18op = ¥'X (X + e1) 'Y, 2(B},B ;) = ¢ tr (c Oceet)?) +
+ 8 X (X +c1)%x8;
I} 4 ‘ 2 ( -4 2 ’ ( .
sb) var (B} B ;) = 2d°tr (x®(x +c1) .+ 40%8'x(X +

+ 1) X (X + cIT?IB;



6b)

7b)

8b)

9b)

10b)

11b)

12b)

13b)

14b)"

15b)

16b)
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9. 5 ¥ 12' 2(.,.) because d
By18p179 Bg1B51/9 ;

a®% (X + e1) ™2 x(x + c1) %x’ # 9% (x + c1)"%x’;

¢ . =xB . =x (X+c) 'x'y;

ol ol
(8,0 = X (X + eD)™' x8, 2(L,) = ¢%x (x ¢ 1) X(X +

+ex) Yy i

9901 ‘x901(‘&(901): &(QO"))' MSE(Q°1) = dztr (xz ( x 5
+ 1)) + ?a’ (x + er)™ X (X + 1) 's;
9519

e(¥5,¥) = atr (x2(x +c1)?) + a'x(x +er) 'xlx +

oy ™ ¥'X (x +e1) ' x(x + cI)-1X’Y,

+ o) ' xa;

¢ 9 4G (x -4 -y : g
var (92,%)) = 20%x (x® (x+ c1)™") + 40%’ (x (X .
+ cx)")‘xa;

2
P # X (.,.) since
&, 2 2 '

2,270 80180179 '

(x4 er)Tx(x + en) ' x(x #c1)'x(x + 1) 'x #

#atx(x +er)xl(x + cx)? x;

2
= ’ - * = - +

. ol o1

o1
+c1) 'x,
e(E ) = M_,XB;

: 2 ' = . 2 ' 2
a(zq') = d"M Mg 9301}- _«x'zm (umxs, M MGy

¢ - 2 ' v Sxpfaad ap | tm! .
MSE(E_;) = d"tx (901"01) HBIXM M XB, BB = YIML MY

' 7@ ’ XAy
e(EJ Byq) = d"tr (Mo‘um) + B'X'MI M X8,
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17b)

1¢)

2¢)

3c)

4c)

5¢)

6c)

7¢)

£

9¢c)

10¢)

i 2 2 2
vat(Eé1E°1) 2d2tr(M61M°1) + 44 s'x'(ut'“um)‘ X8B3

2 % 2 4., -
S e gat T N gy gl fie) stnce otz % # o' m
o1 o1/ ol 01
c) the case of Boz' 902, 802:
By, = (x + ¢) 'x'y;
#(B,,) = (x + ) 'x’s, a8 ,) =0 (x + c)'x(x+ )y
' 2 e
By =y (‘e(aoz).a(aoz)), MsE(B,,) = d tr ((X + ¢)7%x)+
02 02 .
+ (8¢ + e x) N1 + xc”H"8);
- -2 ’ 2 "2
Bl,Byp = Y'X(X + ) °x'y, €(B],B ;) = d%ex (xX(x +.e) %)
+ 8'X(X + ¢) %xs;
var (Bl B ,)'= 26%er (x(x + €)72)% 4 4d®8'x(x + ) 2x(x +
+ ©)xs;
2
x (.!.) since

pn' B_./d> A IR
02 02

02 02
8% (x+ c)2x(x + ¢) %’ +0% (x+ c)x;
8., =¥B, =x(X+ c) 'xy;
£(2,,) = X (X + €)7'xg, “B(f,) = d’x(x + Y 'x(x +
+ c)"x'; v : : !
?902 = ?902 (3(902? ’ 3(902), ‘ |
";,::é{?oz) soler (x2(x +¢)?)+8'X(X +cC Yixix s
+ c)"xa;

“;2902'- ¥Y'X (X + C)'_‘x(x + ¢ 'xry,
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(902 02) -o‘tr (I (x + C) 2)4-5’1(:( ¥y x(): +
+¢) 'xs;
‘1‘0) var (952902) = 20‘4tr (x‘(x + C>‘4) + 4626.1(1 + c)-] &

x(x + ey x(x + ¢y 'x(x +¢c)'xs;

12¢) Q' 2 2 * 13 5 (+4s) since
02"02”¢ ¥52%027¢ .

Ox(x + o) Mx(x + o) ' x(x +c) 'x(x 4+ ) x4

¢ adx(x+ o) 'x(x + e) 'x;

.M M2 M

Moo Mo, M. =1=x(x+c)'x,

13¢) Bo2 e o2’ 02

1
Mo2
!(202) = "02XB‘

2 i 2 ’ T
14c) 3(E 2) - dn, P oy (M XB,3°M M ):

02' Eo2 02 02 02

2
15¢) nss(soz) = d“tr(M

02 02) + B'X'M 2M ZXB' Eoz 02 » X Mo2 ozv'

16c)  e(E'.E ) = d*tx(M_M

02502 o2Moz) t BIX'M]

02 o2xa’

4 ' 2
var(Bozl-:Oz) 2d tr(uozpoz) + 4a%a'x'(m! 2y 02) XB8;
17¢) ? 5 ¥ 12 2 (.,.) since dG(M'2 o2)2 +
/d £07.
02 02 02 02
'
+ i Mo2 02 ¢
From the comparisons of (1a)-(6a), (1b)-(6b), (1c)-(6c) it
follows g : - £als
Statemen t 1. Let the assumptions of model dﬁr and
Theorems 134 hold. - Then (acoording to (1a)-(6a), (1b)-(6h), (1e)-
-(6¢)) the replacement of B, with the B , (or B, ,) signifies
the change of analytical form (with respect to the expressions
connected with Bo) of expressions defining the expectation
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value, dispersion matrix, normal density functions, the total
MSE, the "length" of estimator, the expectation value of the
'"length“, variance of the "length", density function of the
"length". '
Statement 2. Under the aésumptiona of model d&m.and
Theorems 1+4 (according to the relations (7a)~-(12a), (7b)=-(12b),
(7¢)=(12¢))  the replacement of predictor 90 with the biased

ridge predictor ¥ (or ?02) signifies the change in the ana~

ol
‘lytical form (with respect to the relevant expressions connect-
ed with 90) of the expressions defining predictor's expect-
ation value, dispersion matrix, normal density function, the

total MSE, the 'iength',“the expectation value of the "length",
variance of the “length", density function of the 5lenqth'. L
Statement 3. Under th; assumptions of model dﬂr
" and Theorems 1+4 (according to (13a)-(17a), (13b)-(17b), (13¢)-
-(17¢)) the replacement of residual vector Eo with the ridge
residual vector E_ (or E_,) signifies the change in the
analytical form of the expressions ‘defining the residual vec-
tor’s expectation value, dispersion matrix, normal density func-
tion, the total MSE, the "length", expectation value of the
",sngth", variance of the "length", density function of the
*length". ¢ :
Statement 4. Under the assumptions of model dﬂr
and Theorems 1+#4: a) estimators B 01, 02 have multivariate
‘normal distributions, b) the predictor Y and the residual
vector E have multivariate singular .normal distributions and
 the predictors $ 51 902 and the residual vectors E ;. Eg,
"have multivariace normal distributions, ¢) the only random quan-
tities which have %4 distributions are Y 9 and EAE i ot-

’ 3 9
her quantities as Boao' 01"01. 02502, 9 902102, 1201,

ol ol'
Bézzoz, do not have %2 distribution. @ ;

The above statements 1-4 state the fact of change in the
analytlcal form of the formulae defining some of the chosen
real or. random functions that describe the performance of es-
timators, predictors and residuals, For the model dla. we were
not able to find out the precise relation v(equalgty or . -dnm
feriority or superiority) between chosen real and random  func-



On ridge estimators of the parameter vector & 39

o’ ol o1' Eoz°
is easy to do it ‘for the model d&; (and in fact it was done by
Ri.lo in the previous works (6, 7]). Here we present only
some final statements.

Theorem - 14 Let the assumptions of ow;_ and Theorems

1+¥4 be fulfilled. Then: ; !

tions of Bo' 901, 802; Y X 5 Yoz’ Eo’ E Itv

a) Aol = (A4-cI)-1x;Y is biased estimator;

b) 4f eI > A, then .b(Ao) >.b(A°1);

K k '
; L 2
¢) MSE(A ) < MSE(A)) if O< c < Zdzz "1’[(2 A uf) i

i=1 i=1
- kdz}; '
; X
a) e(Al,A ) < e(AA) 1f c> -2(52252 A, +
. i=1
k. o K -
+ Z af Ai)/(kdzl'-b Z\: uf 11>;
im=1 . i=1

e) . var (A'.A ) < var (A;AO) 1f ek '+ d%k) + -

ol o
k X k i
+»c2<6 3 af a2+ 4e® 11) % c<1'2‘ Z af A
i=1 i=1 i=1
X k X |
2 2 2.4 2 3 |
+ 602 ) a2 )+ 8 ) a?ad 4o Z.xi S0, 0%
i=1 \ < {= =1 ’

Theorem &, Under the assumptions of Theorem 5 we
have: 55

a) §°1 = X*A°1> _1: biased predictor;

B) AT ) ¥ ir o1 pa’;
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i~ X
» | T
2d %1

~ ~ 1-1 "
c) nsz(vo,) <MSE(Y°) Af e < :
2 2
zz: “1 Al - a'k
i=1 :
d) lt(?é1?°,) < !(?qu) if chdition (d) from Theorem » 5

holds;
e) wvar (¥!.¥ ) < var (¥:¥)) 1if condition (e) from Theorem

S holds;

¥y is biased estimator of* £(Z), & = i ¥.. *

ol o1 ol

.

It is easy to find out that:

k
18a) usa(ﬁm) < usn(é’o) if c(z ai A+ dzk)< 0;
1=1

X
(-4 ’ 2 2
18b) z(E(;,,aol) < z(Eoﬁo) if c(z ay Ay +a k>< 0;
. 1=1

18¢) .b('z'o,) < s(Eo) if (1 + cA)? £ 0.

5

Because c¢ > 0, k > 0, d2 >0, Vi Ai >0 therefore the
] i ' ] ; 1]
relations t(A°1A°,) 2(5050), var (A°1A°1) < var Aoéo’

g(¥,¥ ) < &Y ¥, var (V{,_!?o,) < var (¥¥ ) bold independently

of conditions attached. to 'them. This is due to the analytical
form of these conditions. By the same arguments, that is
c,k—,d2 > 0,91 ¢ Ai >0 and the form of _conditions given in
order to save the truth of relations (g), (h), (i) in the
Theorem 6, the relations (g), (h), (1) do not hold. Hence:
Theorem 7. Under the assumptions of Theorem 5 the

following relations hold:
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a) MsE(EEo!) > MSE(E )

L) EE ) >2(E'E )i

1o

c) a(§01)>s(§°). 4 i

3, PROPERTIES OF RIDGE ESTIMATORS OBTAINED
BY THE USE OF MONTE~CARLO EXPERIMENTS

In experiments we have tested the behaviour of the estim-

ators Bol 501‘ v 80121 80131 50211 Bozz' 8023 in 3022 thg

parameter & was equal & = (k-2)(n-k)/(n-k+2). We have made an
~attempt to compare these estimators considering the precision
of estimates of the vector 8 of the model owo. The base of
experiments were empirical values of X and B8 obtained from
the least squares estimation. We took under consideration 4 mat-
rices X for two explanatory variables. The descriptive cor=
relation coefficients were 0.9989, 0.9977, 0.9859, 0.9580. The
values of d2 were taken as equal to those from the least squar-
es estimation. In the second variant the values were increased
by about 20% (we assuméd that bad-conditioning caused under=
estimation of a? by the use of least squares residuals). In
each experiment we have generated 100 realizations of the ran-
dom vector I, calculated the values of estimates and chosen
measures. Then we have calculated the mean values . of these
measures after - all 100 realizations. We have considered the fol=-
lowing measures of estimators precision and prognostical proper=
ties: standard error of estimate, mean bias of estimate, mean
absolute bias of estimate, square root of the MSE, mean abso~
lute percentage error, mean square predictlon error, mean abso=-
lute error, mean square percentage error, standard prediction
error, mean absolute relativé error. We novw present some of the
results of experiments in Tab. 1 and 2. .Square root -of MSE
(RMSE), sum of prediction errors (SPE), mean relative absolute
~error (MARE) were the measures which differentiated best the
'vestimators which we have analyzed.
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The results - MSE and SPE criterion (ranking)

Table 1

Value of correlation ;
coefficient | 0,9989 0.9977 0.9859 0.9580 Sums
. of
Esti- 1 2 1 2 1 2 1 2 ranks
mator
B, 3 3 3 7 1 1 1 1 20
*
Boig 7 7 4 1 6 6 6 6 43
Boi2 1 1 1 4 3 3 2 1 16
B3 6 5 7 5 5 5 5 5 43
Byoy 4 4 5. 2 2 2 3 3 25
By22 2 2 2 6 1 1 I e B 17
Boj 5 6 6 3 4 4 4 B 36
* It was the only example when the estimator Bgyy had not bad MSE pro-

perties;

at the same time it showed great bias.

The results - MARE criterion (ranking)

Table 2

Value of correlation
coefficient | 0.9989 | 0,9977 | 0.9859 | 0.9580 | Sums
of
Esti- 1 PO G T B T R N N S 2 ranks
mator ‘ ?
B, G BT B0 TV R 60 0 B B 8
Dasi § 5°1.8 §» I 41
L S 2 | ;‘ 1 6 B T B U | - 42 17
. B3 5 ‘q 4.1 4 3 '4‘ 314 ‘31
‘oz; ip2 / g. f’ i3 vl.z 2: 2 . 17
B2z c20ai s | 111 '}‘ g  1 L
Booy $ 1343t 3_ 3y ata 25

. Considering MSE

; B022 |

and SPE the best we:e the ' estlmtors B 13 and_
and then B, 30

. Ditferences between B o012 and 5022 1n‘
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absolute values of RMSE and SPE were not great. Considering MARE
(and other prediction errors) the best was B, estimator and then
8022. Greater values of prediction errors were for 8021, 8012.
The estimators 80’1, 8013, 8023 behaved very poorly 1 in every
experiment they were worse than ordinary least squares estima-
tor. '

We have considered models with matrices of observations X
taken from practice of econometric modelling. 1In many experim-
ental studies of ridge estimators the matrices X are the ma=
trices of standardized observations. The problem of standar-
dization is at least controversial (see [12])., We have con-
ducted experiments without standardization - it is not indispen-
sable in defining and computing ridge estimators. However, by
applying standardized observation matrices (for explanatory va-
riables) we can generalize results of experiments for a wider
class of matrices X and parameters B. In designing future ex-
pieriments we will .include cases of standardization, and inter-
pretabllity of estimates of standardized model parameters and
consider models with greater (than two) number of explanatory
variables. It will need more precise definition of bad-con-
ditioned matrices of observations,

4. FINAL REMARKS

The results presented give us some idea abhout ' the studied
quality of considered estimatars. Studies are far from the end.
In an analytical realm such eotimatora as Aoz' 8011. 0‘2. 013,

023, 022, 023 need further studigs. iIn doing further Monce~
~ =Carlo experiments the most difficult problem we have faced is
. to find out possible ways of parameter space reduction but with

'_keopinq in mind one of the ultimato goals of experiments: “to
cover as dense as possible the parameter space. Pt l,
.o It is an open question how to study and compare different
‘results of studies, the properties of estimators in the case of
models with and uithout ltandardizabion in ¥ and X, standardiz=-
ation and orthoqonalization 3 W 4 and X. : :
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0 ESTYMATORACH GRZBIETOWYCH WEKTORA PARAMETROW
OGOLNEGO MODELU LINIOWEGO

ArtykuX zawiera nowe wynikli analityczne dotyczgce konsekwencjii nstqpi.o-l
nia metody najmniejszych kwadratdw ‘o‘ predyktora 90 = xno, wektora reszt -
Es Y - 90 przez ich grzbietowe analogony zaxdwno przy zatoZeniu, gdy wyko-
rzystujemy maciorz korekty c¢I, C = diag (ct, veey ck) 2z tytuiu zlego uwarun-
kowania macierzy X'X, ‘jak i przy zaXoZeniu, 2e korzystamy z oszacowand ma=.
ciexrzy ¢I, C: ‘ ;

W przypadku losowych macierzy c¢I, C przy uzyciu metod Monte~Carlo sba;,
dano zachowanie sig wybranych estymatordw i dokonano ich zrangowania wzglgdem
nmiar ptadxkcyjno-dokiadm‘ciowych.



