
A C T A  U N I  V E R S I T  A T I S  L O D Z I E N S I S  
FOLIA MATHEMATICA 7, 1995

Grażyna Horbaczewska 

R E M A R K  O N  S O M E  T H E O R E M  O F  Z A J iĆ E K

For a typical continuous function /  on [0,1], /  has an I-essential 
derived num ber a t each poin t x  6 (0 ,1).

Zajicek proved [3] tha t, for a typical continuous real-valued func
tion /  and each x  €E (0 , 1), there exists y £ which is an essential 
derived num ber of /  at, x. In this paper we shall prove th a t this 
theorem  rem ains true if we replace the notion of an essential derived 
num ber of /  a t x  by an analogous notion for the Baire category.

Let C denote the set of continuous real valued functions defined 
on [0,1] furnished with the m etric of uniform convergence. W hen we 
say a  typical /  e  C has a  certain property V , we shall mean th a t the 
set of /  6  C w ith this property is residual in C.

The notation used throughout this paper is standard . In partic
ular, iH stands for the set of real numbers, =  5H U { -o o ,o o } , I  
for the cr-ideal of sets of the first category, | | / | |  for the norm  in C, 
B ( f , r )  for the open ball in C with centre f  and radius r  and \ A  f°r 
the characteristic function of a set A.

D e fin itio n  1 . ([1]) We say th a t xo £ 5H is an upper /-density  point 
of a set A  having the Baire property if and only if there exists an 
increasing sequence of real numbers {i„}ng;v tending to infinity, such



th a t

X i„(B -i0)n (-i,i)  — * 1 withrespectto  I  as n ooon  ( - 1 ,1 )

(see [2] for the definition of the convergence with respect to I) . We 
shall use the notation d j ( E , x o) =  1.

Observe th a t xo is an upper I -density point of a set A  if and only 
if 0 is an upper I - density point of A — xo =  {x — xo : x  £ A}.

It is easy to see th a t dj ( E , xo )  =  1 if and only if there exists an 
increasing sequence of real numbers {¿„}ngN tending to infinity, such 
tha t

n —*oo v

/ - a.e. on (-1,1).

D e fin itio n  2 . We say th a t y is an /-essential derived num ber of /  
at x if there exists a  set E  C having the Baire property, such th a t 
d i ( E , x ) =  1 and lim t^x , t eE  - - •¡I"- 5-- =  V-

T h e o re m . For a typical f  £ C and each x £ (0 ,1), there exists 
y £  iH which is an I-essential derived num ber o f f  at x.

Proof. Let {Pk}k£N be a sequence of polynomials which is dense in 
C. For each k £ N ,  put M* =  ||P ^ || =  supl6 [01] \Pk (x)|  and choose 
6k such th a t 0 <  6k < (k M k )~ 1 and 6k \  0 as k —> oo. Let

g  =  n  u  b  ( p ‘ - = n m r p B  i P t ' •m—1 k—m

For each m  £ N ,  the set B (P k , j fc )  is open and dense, so G is
a dense G^-subset of C. Hence G is residual in C. Choose an arb itra ry  
/  £ G. It is sufficient to prove tha t, for each x £ (0 ,1), there exists an 
/-essential derived num ber of /  at x. Fix xo £ (0 ,1). Since f  £ G, 
we can choose an increasing sequence of positive integers {fcn }n£jv 
such th a t /  £ B(Pkn, 6kn • (4fc£)-1 ) for each n £ N .  Let h n =  6kn , 
A n =  P'k (xo), zn =  (A;n)- 1 . Since 6n \  0 as n —> oo, we have h n \  0 
for n  —* oo. F o rn  large enough, we get ( xq — hn, xq + hn) C (0 ,1). We
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shall show tha t, for such an n  and for x e  (x0 -  hn , x 0 -  hn(kn) ~ l ) U 
(a.’o +  h n(kn ) ~ l , x o +  /i„), we have

f i x )  -  f ( x 0) 
x  -  x0 - A n

We can assume that x <E (x0 +  j ^ , x 0 +  hn) (the other case is 
analogous). We have

(1)

f ( x ) - f i x  o) Pkn(X) -  Pkn(x0)
x — Xo X — Xo

<  ~  A „ ( x ) |  - f | / ( x 0) -  Pfc„(x0)|
|x  -  X o |

<  « I ’ 1 1
« M M -1 2 ku -

By the Taylor formula, for some f  £ (0 ,1),

p kn{x) -  Pknix 0)
X — Xo - p kni x  o) \p 'kn( 0 ( * - * o )

(2)

1
‘ikfi

From ( 1) and (2) we obtain

f j x ) -  / ( x 0)
X — Xq

-  n > o ) < A- ’

hence

(3) f i x ) ~  f i x o )
X  —  Xo

A n zn

fox x G (xq h n,xo h n(kn) 1) U (xo 4- hnik n ) 1, xo - \ - hn).



Denote by y G iH a cluster point of a  sequence { A n } n e N -  Then 
there exists a  subsequence {np}peiv ° f the sequence of positive in te
gers, such th a t A nr —» y as p —* oo. Define

£ = 0  +

We shall show th a t

f i x ) — f (x  o ) 
d j ( E , x 0) = 1 and lim ------------------=  y-

According to  the above remarks, it is sufficient to show th a t there 
exists a  sequence of real numbers {t„}n€N tending to infinity, such 
th a t

hm XtnlE-z0)n (-i,i)(* ) =  X(-i,i)(®)n —♦oo

I - a.e. on ( — 1,1). Let tp =  (hUp) 1. Then

tp ■ ( E  -  x 0) D tT
hr

' h n ”

" (  h  knr ) U ( k ,  ’ O '

Since h np \  0 for p —» oo and kn /*  oo for n —► oo, we have t p /  oo 
as p -*• oo and 1 / k ni \  0 as / -> oo. Hence, for x £ (0 ,1), x ^  0, 
there exists p0 such tha t, for each p > po,

1 6  ( ■ 1, _ ^ ) u ( s ; ’1) '

Then

x e  t,
h"”

c  tp ■ ( E  -  Xo),

so, for p >  po, we have

Xt„(E-x0)n (-i,i)(z ) =  1-
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Therefore d j ( E , x o) =  1.
We only need to show that

• f j x ) -  f j x  o) _lim
M e 0 x ~  x °

Let e >  0 . There exists p0 such th a t 1 / k„p < e /2  for p  > p0. Then, 
for each x £ E  such th a t \x — x0| <  h npo, we have

* €  (J°° r '  i hn, \  (  h „
hUp, x 0 — -—  I U l xo +  -— , xq +  hn

p-p o kn,: kn.

From (3) it follows th a t there exists p > p0 such tha t

f j x )  -  f j x q)
X  — X q

- A n ,
1 £ 

< Zn” ~  JT~ K 2 ‘^np *

Since A nf —* y as p —> oo, there exists p\ such th a t, for p  >  we 
get

\A *r

Let p2 =  max{po,pi )  and 6 =  ftnp2- According to the above rem arks, 
for x  G E,  if \x — Xq| <  S, then we have

f j x ) - f i x  o) 
a; — xq -  y < £.

This completes the proof.
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Zajićek ([3]) udowodnił, że typowa funkcja rzeczywista m a w każ
dym punkcie x  £ (0 ,1) istotną, liczbę pochodną. W  pracy tej dowo
dzimy, że twierdzenie to pozostaje prawdziwe, jeśli zastąpim y poję
cie istotnej liczby pochodnej przez analogiczne pojęcie dla kategorii 
Baire’a.
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