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S M A L L  S E T S  IN  U N C O U N T A B L E  

A B E L IA N  G R O U P S

We discuss two kinds of small subse ts of an uncountable  Abelian  
group: negligible sets and absolutely negligible sets. We prove the 
existence of some partition s of a given uncountable Abelian group 
which consist of such small sets.

In this paper we consider some finite and countable partitions of 
a given basic set E . These partitions consist of small subsets of 
E . Notice th at here we discuss only two kinds of small subsets of E  
which are closely connected with the general theory of transform ation 
groups and quasi-invariant (in particu lar, invariant) measures w ith 
respect to such groups. Namely, we investigate here the so called 
negligible and absolutely negligible subsets of E. These notions were 
introduced and studied in the works [1] and [2].

Let E  be a non-empty basic space, let T be a fixed group of tran s-
form ations of E  and let X  be a subset of E. We say tha t the set X  
is T-negligible in E  if the following two relations hold:

1) there exists a probability T-quasi-invariant measure //. defined 
on E  such th at X  E dom(/i);

2) for every probability T-quasi-invariant measure A defined on 
E , if X  E dom(A) then X(X)  =  0.



T here are many, essentially different from each other, examples 
of negligible subsets of E  (see [1] or [2]). For instance, if E  is the 
Euclidean plane and T is the group of all translations of E  then  the 
graph of any real function of a real variable is a T-negligible subset 
of E .

In connection with negligible sets a natural question arises: how 
small are these sets? A more concrete form of this question is the 
following: does there exist a finite partition  of the space E  into T- 
negligible sets? It is clear that there does not exist a pa rtition  of E  
into two T-negligible sets. On the other hand, we shall see below th at 
some partitions of E  into three T-negligible sets are possible.

In further consideration we restrict ourselves to the case where 
the basic set E  is an uncountable Abelian group identified w ith the 
group T of all its translations. This case is im portant for various ap-
plications. However, let us rem ark th at in some situations considered 
below the condition of com mutativity of the groiip T is not necessary.

We need a num ber of auxiliary facts about the structure of infinite 
Abelian groups.

L e m m a  1 . Let ( I \ - f )  be an arbitrary uncountable Abelian group. 
Then there exist three subgroups  Ti , and  T3 o f F such that

1) the cardinality o f  each o f these subgroups is equal to l o\ ;
2) the  sum Tj +  T2 +  T3 is the direct sum o f these subgroups.

In connection with Lemma 1 notice th at it can be proved starting  
from the well known theorems concerning the structure of infinite 
Abelian groups. Indeed, it is known th at every uncountable Abelian 
group T contains an uncountable subgroup G which is the direct 
sum of a family of cyclic groups. But it is obvious th a t the group G 
contains the direct sum of its three subgroups, each of the cardinality 
l o\ . Therefore, the same is true for the original group F.

Notice th a t this lemma may also be proved independently of the 
general theory of Abelian groups. Namely, the required three sub-
groups of the group T can be constructed by the m ethod of transfinite 
recursion until u>i.

In the sequel we need two auxiliary notions. Let T be an Abelian 
group, let G be a fixed subgroup of T and let X  be a subset of I \  We 
say th a t the set X  is finite with respect to G if for every element



the intersection (x  +  G) fi X  is a finite subset of I1. Analogously, we 
say th a t the set X  is countable with respect to G if for every element 
x  G T the intersection (x +  G) D X  is a  countable subset of I \

L e m m a  2. Let T be an arbitrary Abelian group, let G he a fixed  
uncountable subgroup o f  T and let X  be a subset o f  T finite with 
respect to G. Then X  is a F-negligible subset o f  I \

T he proof of Lemma 2 is not difficult. It can be carried out using 
the m ethods developed in the works [1] and [2]. Let us rem ark in 
connection w ith this lem ma tha t if a  subset X  of an Abelian group T 
is countable with respect to some uncountable subgroup G of T then 
it is not true in general tha t X  is T-negligible in I \  The corresponding 
counterexam ples can be found in the work [1].

The next auxiliary result is due, in fact, to Sierpiński (see, for 
instance, a well known monograph [3] of Sierpiński). Notice only 
th a t in this monograph Sierpiński formulates and proves a  beau ti-
ful geom etric equivalent of the Continuum Hypothesis in term s of a 
p artitio n  of the three-dimensional Euclidean space in to certain three 
subsets each of which is finite with respect to the corresponding axis 
of coordinates. But for our purpose we m ust reform ulate Sierpiiiski’s 
result mentioned above in term s of a similar partition  of the direct 
sum  of any three Abelian groups, each of the cardinality u)\. Hence, 
we do not need here the Continuum  Hypothesis.

L e m m a  3. Let Ti, Ta and  T3 be arbitrary Abelian groups, each o f  
the cardinality l ox and let F be the direct sum  o f these groups. Then  
there exists a partition o f  T in to  three sets X ,  Y  and Z  such that

1) the set X  is finite with respect to T i;
2 ) the set Y  is finite with respect to F2;
3) the set Z  is finite with respect to  r 3.

In particular, all these three sets are F-negligible in the group F.

We need also the following auxiliary proposition.

L e m m a  4. Let ( I \  + ) be an arbitrary Abelian group and let G be 
a fixed  subgroup o fF.  Let Go be a subgroup o f the group G and let 
X  be a subset o f G finite with respect to Go- Suppose also that H  
is a subset o f  the group f  which has one-element intersection with



every G-orbit in F (in other words, suppose that H  is a selector o f  
the fam ily o f all G-orbits in T). Then the subset H  +  X  o f the group  
T is also finite with respect to the group Go- In particular, i f  the  
group Go is uncountable then the set H  +  X  is F-negligible in T.

Using the above lemmas it is not difficult, to prove the following 
proposition.

P ro p o s i t io n  1. Let F be an arbitrary uncountable Abelian group. 
Then there exists a partition o f this group in to some three F-negligible  
sets. In particular, for every probability F-quasi-invariant measure  
H defined on T at least one o f  these three sets is non-measurable  
with respect to fi (in fact, at least two o f these three sets are non- 
measurable with respect to fi).

By the same m ethod a slightly more general result than  Proposi-
tion 1 can be obtained. Namely, if F is an Abelian group and G is 
any uncountable subgroup of T then there exists a partition  of the 
group r  in to three G-negligible subsets of T.

Rem,ark 1. Using the same m ethod we can prove a certain  topological 
analogue of Proposition 1. Let F be an arb itrary  group. Let us 
consider the class *S(r) of all topologies T  defined on F and satisfying 
the following relations:

a) T is a second category space w ith respect to T;
b) the Suslin number c(T) is equal to u ,  i.e. T  satisfies the 

countable chain condition;
c) all (left) translations of F preserve the ideal of first category 

sets w ith respect to T  and the algebra of sets having the 
Baire property with respect to T .

Let X  be a  subset of F. We say th a t this subset is T-negligible in 
the topological sense if

1) there exists a topology T  from the class S^T) such th a t X  
has the Baire property with respect to T;

2) for each topology T ' from the class 5(T), if X  has the Baire 
property  w ith respect to T ' then X  is a first category set 
w ith respect to  T '.

Now, a  result analogous to Proposition 1 can be form ulated in the 
following way: for every uncountable Abelian group F there exists a



pa rtitio n  of T into some three T-negligible (in the topological sense) 
subsets of T. Hence, if T  is any topology from the class S(T)  then 
at least one of these three subsets does not have the Baire property  
w ith respect to T.  Moreover, a t least two of these three subsets do 
not have the Baire property  with respect to T.

Let us form ulate another proposition about the negligible sets 
which is sometimes useful if we want to extend Proposition 1 to the 
cases where the considered uncountable group Y is not necessarily 
com m utative.

P ro p o s i t io n  2. Let I \  and T2 be any two groups and let f  be any  
homomorphism  from  Ti onto T2. I f  a subset Y  o f the group  T2 is 
r 2-negligible then the subset X  =  f ~ l (Y)  o f the group  Tx is T i- 
negligible.

Remark 2. Proposition 2 has a  direct analogue for the so called abso-
lutely non-m easurable subsets of uncountable groups (in connection 
w ith this notion see [1], [2] and, especially, [4]). More exactly, let 
T, and r 2 be any two groups and let /  be any homomorphism from 
Ti onto r 2. If a subset Y  of the group T2 is absolutely T2-non- 
ineasurable in V2 then the subset X  =  / ~ 1(50  of the group Tj is ab-
solutely Tj-non-m easurable in T j. There are also some other in terest-
ing analogies between negligible sets and absolutely non-m easurable 
sets in uncountable groups.

Let us retu rn  to Proposition 1. It shows, in particular, th a t for 
each uncountable Abelian group T the class of all T-negligible subsets 
of T is not closed even w ith respect to the finite unions. So, this class 
is not even a  proper ideal of subsets of T. Therefore, we see th a t 
T-negligible sets are not, in fact, very small subsets of T.

T he following definition describes a certain subclass of the class of 
all T-negligible sets. It turns out th at this subclass is a proper ideal 
of subsets of a basic space E.

Let E be a non-empty basic space, let T be a group of transfor-
m ations of E  and let X  be a subset of E . We say th a t the set X  is 
absolutely T-negligible in E  if for every probability T-quasi-invariant 
m easure fj. defined on E  there exists a probability T-quasi-invariant 
m easure A also defined on E  extending ¡.l and such th a t \ ( X )  = 0.

It im mediately follows from this definition th a t the class of all



absolutely T-negligible sets is a  proper ideal of subsets of the space 
E .  So, we may conclude th a t no analogue of Proposition 1 can be 
proved for absolutely T-negligible sets. On the other hand, we shall 
see below th a t every uncountable Abelian group T adm its a countable 
pa rtition  into absolutely T-negligible sets.

We need an auxiliary proposition which yields a purely geometric 
characterization  of absolutely negligible sets and plays an essential 
role during  investigation of these sets.

L e m m a  5. Let E  he  a non-empty basic space, let F be a group o f  
transformations o f E  and let X  be a subset o f  E . Then the next two  
relations are equivalent:

1) X  is an absolutely  T-negligible set in E;
2) for each countable family {</, : i €  1 } o f elements from  

the group T there exists a countable family {h j : j  & J )  o f  
elements from  T such that

Hj hj(Ui 9 i( X ) )  =  0.

For the proof of Lemma 5 see [1] or [2]. Let us notice in connection 
w ith the result of this lemma th at it would be interesting to  obtain 
a similar purely geometric characterization of negligible sets.

Using Lemma 5 it is not difficult to prove the following

L e m m a  6 . Let (r, +) be an arbitrary Abelian group, let G be a fixed  
subgroup o f  T such that the cardinality o f the family o f all G-orbits  
in r  is less or equal to u>. Let H  be any selector o f the family o f  all 
G-orbits in F. I f  a subset X  o f  the group G is absolutely G-negligible  
in G then the subset H  +  X  o f the group F is absolutely F-negligible  
in F.

Now, we can formulate the following result

P ro p o s i t io n  3. Let F be an arbitrary uncountable Abelian group. 
Then there exists a countable partition  {X, : i E 1} o f  this group 
in to  absolutely F-negligible sets. In particular, for every probability  
T-quasi-invariant measure ¡i defined on F there exists an index i 6  I  
(certainly, depending on pi) such that the corresponding set X i is non-  
measurable with respect to /i. Hence, the measure  /i can be stric tly



extended to  a  probability  T-quasi-invariant measure X also defined  
on F and satisfying the equality \ { X , )  =  0 .

Let us make some rem arks in connection with Proposition 3. In 
fact, the result of this proposition is contained in the work [1], while 
it is not form ulated there. A short proof of Proposition 3 m ay be 
done, using the m ethods of [1], in the following way. According to 
the well known general theorems of the theory of Abelian groups 
(see, for instance, [5]), the uncountable Abelian group T under our 
consideration can be represented as the union of an increasing (w ith 
respect to inclusion) countable family of subgroups {Tn : n  6  u;} in 
such a way th a t each subgroup T n is the direct sum of cyclic groups. 
Now, only two cases are possible.

If for every natural index n  the cardinality of the family of all T 
orbits in the group T is strictly greater than  u  then, applying Lemm a 
5 , we immediately obtain th at all sets Fn are absolutely T-negligible 
in the group T. Using th is fact it is easy to get the required countable 
p artition  of T into absolutely T-negligible sets.

Suppose now that there exists a natural index n  such th a t the 
cardinality of the family of all Tn-orbits in the group T is less or equal 
to u .  Then it is obvious that the group r „  is also uncountable and, 
moreover, it can be represented as the direct sum of two subgroups 
one of which has the cardinality u>\. Hence, according to the results of
[1], there exists a countable partition  of the group r „  into absolutely 
Tn-negligible sets. From this fact, taking into account Lem ma 6 , we 
can conclude th at there exists a countable partition of the group T 
in to absolutely T-negligible sets.

Therefore, in both  cases we have the required result, and Propo-
sition 3 is proved.

In connection with Proposition 1 and Proposition 3 the following 
two na tu ral questions arise.

1. For what uncountable groups T an analogue of Proposition 1 
is true?

2. For what uncountable groups P an analogue of Proposition 3 
is true?

These questions are still open. Of course, the second question is 
more im portant from the point of view of the theory of quasi-invariant



(in particu lar, invariant) measures. Notice th a t if the cardinality 
of the group T is equal to then we have a  direct analogue of 
Proposition 3 for this group. More generally, if E  is a basic space of 
the card inality ui\ and T is a  transitive group of transform ations of 
E  acting freely on E  then there exists a countable partition  of E  in to 
absolutely T-negligible sets (see [1] or [2]).

We also want to rem ark here th a t all the results above remain 
valid if we consider the class of non-zero cr-fmite quasi-invariant m ea-
sures instead of the class of probability quasi-invariant measures. 
Moreover, these results remain valid for the class of quasi-invariant 
(in particu lar, invariant) measures which satisfy the Suslin condition 
(i.e. the countable chain condition). Finally, these results show also 
th a t m any facts of the theory of T-quasi-invariant (in particular, F- 
invariant) measures are connected only with the algebraic structure 
of the group T of transform ations of the space E.

At the end of this paper let us consider a topological application 
of Proposition 3. Let T be an arbitrary  group. Denote by the symbol 
O(T) the class of all topologies T  defined on T and satisfying the 
following three relations:

a) T  is a Baire space topology on T;
b) the Suslin num ber c (T ) is equal to uj , i.e. T  satisfies the 

countable chain condition;
c) all (left) translations of the group T preserve the ideal of first 

category sets with respect to T  and the algebra of sets having 
the Baire property with respect to T.

In particular, if (T, T)  is any er-compact locally compact topologi-
cal group then , of course, the topology T  belongs to the class 0 ( r ) .

We have the following result.

P ro p o s it io n  4. Let F be an arbitrary uncountable Abelian group  
and let T  be any topology from the class O(T). Then there exists a 
topology T ' in this class such that

1) T ' strictly extends T;
2) the ideal o f first category sets with respect to T  is stric tly  

contained in the ideal o f first category sets with respect to T ' .

The proof of Proposition 4 can be obtained using the result of



Proposition 3. Indeed, we have a countable partition  {.Y, : i € 1} of 
the group T into absolutely T-negligible sets. Obviously, at least one 
set X{ is not a first category subset of T with respect to the original 
topology T. So, we can extend both  the topology T  and the ideal of 
first category sets w ith respect to T  using the m entioned set X{.
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W pracy rozważa się pewne własności małych i absolutnie małych 
zbiorów w nieprzeliczalnych grupach abelowych.
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